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Preface

¿e subject of this book is error analysis of the moment method or boundary element
method for solving surface integral equations of electromagnetic and acoustic radia-
tion and scattering. With so many interesting applications of computational electro-
magnetics vying for attention, it can be di�cult to devote time to the more academic
issues associated with error analysis.¿e ultimate purpose of error analysis, though, is
to advance the applications of computational electromagnetics, albeit by a less direct
route than writing new solver codes.
When I �rst started publishing on the topic, paper introductions o en included the

thought that an increased understanding of numerical error will help to guide the de-
velopment of new and improved algorithms. Chapter 5 is a good example of this hope
coming to fruition. At a time when the computational electromagnetics community
was studying and trying to improvemagnetic �eld integral equation error usingmostly
empirical methods, error analysis provided a key insight that explained the typical
poorer error with the magnetic �eld formulation and brought to light a method for
increasing accuracy by orders of magnitude for simpler two-dimensional scatterers.
A lesser but still encouraging improvement has been realized for three-dimensional
problems.
To assist the reader in following the treatment of the book, a fewmain points should

be underscored. Sobolev theory, which de�nes the domain and range spaces of inte-
gral operators, provides a theoretical foundation for the method of moments. ¿is
rigorous approach provided the �rst proofs of solution convergence—a signi�cant
achievement—but ultimately fails in providing quantitative error estimates. ¿e pur-
pose of this book is to obtain quantitative solution error estimates with enough ana-
lytical structure to understand the root causes of various error contributions. ¿is is
accomplished by relaxing the generality (and perhaps even some of the rigor) of the
Sobolev approach by focusing on error analysis of canonical problems. Insights and re-
sults obtained using the canonical scatterers are extended empirically to more general
classes of physical problems.
Error is quanti�ed primarily through the surface current and scattering amplitudes.

¿e latter is emphasized not because it is the only derived quantity that is useful in
applications of the method of moments, but because the variational property of the
scattering amplitude for the method of moments means that this particular quantity

xi
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has a special relationship with the method of moments and its solution error behav-
ior. Moreover, there is a connection between some Sobolev norms and the scattering
amplitude.
One of themain themes of this book is that there are two sources of error inmoment

method solutions.¿e �rst is amultiplicative error associatedwith projection of a con-
tinuous current solution (the exact solution to a scattering problem) onto a �nite and
hence incomplete set of basis functions. We refer to this, naturally, as projection er-
ror. ¿e second type of error is an additive “suboptimality” error contribution, which
makes the moment method current solution less accurate than would be the case if
the exact current solution were simply projected onto the basis functions. ¿is error
is caused by aliasing of high-order operator eigenfunctions. Since the eigenvalues as-
sociated with high-order eigenfunctions are determined by the kernel singularity, this
aliasing error can be viewed as a projection error, but for which the integral oper-
ator kernel singularity (rather than the current solution) is projected onto the basis
functions. From this point of view, solution error is determined by adding the errors
incurred when projecting (1) the exact current solution and (2) the operator kernel
onto basis functions. Interestingly, the current and scattering amplitude respond dif-
ferently to these error contributions, which as will be shown is a manifestation of the
variational property of the method of moments. For ideal discretizations, with con-
formal mesh elements and exact integration of moment matrix elements, the second
source of error is minimized, but for nonideal implementations it increases signi�-
cantly.
¿ese error contributions will be analyzed by considering the spectral error, or the

perturbation to operator eigenvalues incurred when discretizing an integral opera-
tor. ¿e spectral error will facilitate the development of quantitative solution error
bounds that closelymatch observed numerical results.¿e initial focus will be on sim-
ple, smooth two-dimensional scatterer geometries, and then e�ects such as edge cur-
rent singularities and resonance will be considered.¿e treatment will be extended to
three-dimensional scatterers and higher-order polynomial basis functions. Finally, the
spectral estimates of earlier chapters will be used to study the convergence of iterative
linear system solution algorithms and the dependence of moment matrix condition
number on geometry and scattering physics.
I express particular appreciation toWeng Cho Chew, who initially suggested the er-

ror analysis problem tome in early 1998 duringmy postdoc at the University of Illinois
at Urbana-Champaign. Professor Chew’s emphasis on mathematical analysis coupled
with physical insight helped my work immeasurably, and he has provided signi�cant
assistance with the writing and exposition of the ideas in this book. Asmathematically
tedious as some sections may be, they would be even more so without his encourage-
ment to slow, simplify, and clarify the treatment. Clayton Davis signi�cantly advanced
the �eld of error analysis during his productivemasters degree work at BrighamYoung
University, and many of his results are surveyed in this book. Andrew Peterson’s long-
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standing interest in the error analysis problem helped to spur my own work in this
area. His incisive comments and contributed numerical results have greatly added to
this book as well. I also acknowledge Cai-Cheng Lu for generously allowing the use of
his trimommethod of moments code. I thank Barbara Lovenvirth and Rebecca Allen-
dorf at Artech House and the anonymous reviewer for assistance with the production
process. Finally, gratitude is expressed for the initial and subsequent insights supplied
by divine providence that have enabled this work.





Chapter 1

Introduction

Numerical methods based on the surface integral equations of electromagnetic radi-
ation and scattering have enjoyed widespread use in computational electromagnetics
for many years. ¿e method of moments for discretizing integrals equations was in-
troduced to the electromagnetics community by Harrington [1]. Since that time, in-
novative techniques such as the fast multipole method [2] and iterative linear system
solution algorithms have greatly increased the computational e�ciency of surface in-
tegral equation methods. As the popularity and power of integral equation methods
has increased, attention has also been devoted to characterizing the accuracy of nu-
merical solutions and the development of higher-order methods and specialized basis
functions, which brings us to the topic of this book, numerical analysis of the surface
integral equations of electromagnetics.
Simply stated, numerical analysis is the science of developing numerical methods

and understanding and improving their performance as far as solution accuracy and
computational e�ciency. An understanding of the convergence behavior of a numeri-
cal method requires an estimate or bound on the solution error in terms of parameters
of the algorithm and physical properties of the problem to be solved. Error estimates
will be developed for the integral equation formulations commonly used in compu-
tational electromagnetics, the electric �eld integral equation (EFIE), magnetic �eld
integral equation (MFIE), and the combined formulation (CFIE). If the solution is
obtained using an iterative method, then a complete understanding of the numeri-
cal method requires iteration convergence estimates as well. ¿e intent is not just to
provide solution error results, but also to connect solution accuracy and iterative con-
vergence rates with electromagnetic e�ects and the physics of radiation and scattering
problems, and to explain many of the behaviors of numerical methods that are com-
monly observed in computational electromagnetics.
As will be surveyed shortly, a fair amount of work has already been done by the

mathematics community in this area. ¿is work represents a signi�cant achievement
from a theoretical point of view but is o en too abstract for direct use by practitioners
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2 Numerical Analysis for Electromagnetic Integral Equations

of computational electromagnetics. A guiding philosophy for this book is to open up
a new middle ground between the empirical focus of the computational electromag-
netics community and the abstract theoretical approaches of numerical analysts.

1.1 Approaches to Error Analysis
It is well recognized in the computational electromagnetics community that error
analysis for numerical methods based on integral equations is not easy. It has been
claimed that “the nature of the MoM technique precludes proof of absolute conver-
gence of the solution for a given problem” [3]. Only slightly less pessimistically, Dudley
observed that [4]:

Because the theory of nonself-adjoint operators is not well understood, it
is not possible, based on any known mathematically sound convergence
criteria, to compare the approximation obtained in the method of mo-
ments to the exact solution.¿is di�culty is typical of convergence prob-
lems in electromagnetics.

In spite of the di�culty of the problem, a large body of results on the solution con-
vergence behaviors of numerical methods for electromagnetic integral equations has
been amassed in recent years using both empirical and theoretical approaches.
¿eoretical results on solution convergence are based on the theorems and tech-

niques of functional analysis and operator theory. ¿is work is rigorous, but is o en
too abstract for practical use and tends to lag behind the state-of-the-art in applied
computational electromagnetics. Not content to wait for theory to catch up, users and
developers of computational electromagnetics tools have used empirical means to val-
idate theirmethods and allow practical work to proceed. Until now, the theoretical and
empirical lines of work have proceeded largely independently. Both approaches have
attractive features—one o�ering rigor and generality, and the other quantitative in-
formation useful to practitioners—but there are drawbacks as well. A er surveying
these areas of previous work, we will proceed to develop an approach to the numerical
analysis of electromagnetic integral equations that attempts to combine the strengths
of both of these lines of work.

1.2 Empirical Methods
Empirical error analysis involves comparison of computed results with analytical so-
lutions or measured data to determine the realized solution error. Empirical results
are o en combined with insights into the physical behavior of �elds to predict or im-
prove the accuracy and e�ciency of a numerical method. ¿is approach to methods
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development has been used almost exclusively in the computational electromagnet-
ics community, and has been highly successful over the past two decades in driving
research and applications in the �eld.
¿e most common validation case is the ubiquitous conducting sphere, although

many other benchmark problems are available, including test case suites such as those
maintained by the Electromagnetics Code Consortium (EMCC). Another avenue for
empirical studies is cross-code validation of one numericalmethod using another type
of numerical method, such as comparison of �nite di�erence time domain (FDTD)
and moment method results.
Although empirical veri�cation can provide reasonable con�dence of accuracy over

classes of similar scatterer geometries, it yields only a limited understanding of the
underlying causes of solution error and condition number growth. An important issue
is the possible existence of problems for which error is large, despite good convergence
for well-behaved test cases.¿emost common examples for which this di�culty arises
are scatterers with sharp edges and resonant cavities or internal resonances.
To remedy the limitations of empirical validation, physical e�ects such as resonance

and edge di�raction will receive careful study in this book. ¿e analytical insights to
be developed will provide a framework for understanding the large body of work on
empirical validation that has been reported by the computational electromagnetics
community.

1.3 Sobolev Spaces and Asymptotic Error
Estimates

¿e theoretical work done by the numerical analysis community for electromagnetics
problems [5–13] has its foundation in the classical study of Laplace’s equation and the
theory of Sobolev spaces.¿e techniques and tools of partial di�erential equation the-
ory have been extended and applied to integral equations to achieve basic tasks such as
proving that numerical solutions for a wide class of scatter geometries converge as the
mesh is re�ned.Aswewill see shortly, this has been accomplished by obtaining bounds
on the asymptotic solution convergence rate.Other key results include condition num-
ber bounds and the development of preconditioners that reduce the computational
cost of solving large linear systems from the moment method to O(1) computations
per degree of freedom as the mesh density increases. Since Sobolev spaces provide the
framework for most of the theoretical work done by the mathematics community on
numerical analysis for electromagnetic integral equations, we will refer to this body of
work as the Sobolev theory approach.
¿e governing parameter in an asymptotic error estimate is the mesh or discretiza-

tion length h. For a triangular surface patch discretization, h represents the average
or maximum edge length. Error estimates results obtained using the Sobolev space
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approach are asymptotic as h� 0, and typically have the form

YĴ − JYHs B chα, h < H (1.1)

where c is an unknown constant, J represents the exact solution to the scattering prob-
lem, and Ĵ is the numerical solution obtainedwith themomentmethod.¿eparameter
α is the rate or order of convergence of the numerical method and gives the log-log
slope of the error as a function of the mesh re�nement parameter h. Asymptotic con-
vergence theorems guarantee that estimates of this type hold for h smaller than some
unknown, problem-dependent constant H with a positive value for the convergence
exponent α.
In this section, we will brie�y sketch some of the main ideas and results in the

Sobolev theory approach to moment method solution error analysis. ¿is oversim-
pli�ed discussion is not intended to be particularly rigorous, but instead to highlight
the key results from this work and to connect Sobolev results with familiar concepts
of electromagnetic theory.

1.3.1 Sobolev Norms

Both �elds and currents lie in Sobolev spaces of various orders. Since we are interested
in surface integral equations, we will focus on the Sobolev spaces associated with sur-
face currents. A Sobolev space consists of all functions on a given domain that have a
�nite value for a particular Sobolev norm. For electromagnetic surface integral equa-
tions, the norm in (1.1) is a Sobolev norm associated with the space of possible surface
current solutions for a given radiation or scattering problem. For functions de�ned on
the real line, the Sobolev norm can be interpreted in the Fourier domain as a weighted
norm, so that [14]

YuYHs = ∫
ª

ª
dk (1 + SkS)2sSU(k)S2 (1.2)

where U(k) is the Fourier transform of u(x). ¿e space of functions for which this
norm is �nite is denoted by Hs. For two-dimensional (2D) electromagnetic radia-
tion and scattering problems with perfect electric conductor (PEC) bodies, it has
been shown that surface currents lie in the fractional-order Sobolev spaces with order
s = �1~2. Surface currents induced on a cylindrical scatterer for the TM polarization
belong to H−1~2, and H1~2 for the TE polarization.
For s = 1~2, the space H1~2 is smaller than the square integrable function space L2,

and consists of functions smooth enough that the decay of U(k) for large k o�sets
the growth of the weight function in the integrand of (1.2). For a scatterer with edges,
the current solution for the TE polarization goes to zero at the edges. ¿is means that
the current solution is su�ciently smooth that (1.2) is �nite. If the solution tended to
a nonzero value at a scatterer edge, then the Fourier transform of the current would
decay at a k−1 rate or slower, leading to an in�nite value for the H1~2 Sobolev norm.
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For s = −1~2, the weight function acts as a smoothing operation, so functions that
are less smooth than L2 functions belong to the spaceH−1~2. In particular, this Sobolev
space contains functions with singularities of the form x−1~2, x � 0. For the TM po-
larization, surface currents can have x−1~2 type singularities at edges [15].¿e L2 norm
of such a current is in�nite and cannot be used to de�ne a meaningful current error,
whereas the H−1~2 norm remains �nite and can be used to measure solution error in
(1.1).

1.3.2 Sobolev Norms and the Scattering Amplitude

For computational electromagnetics practitioners, Sobolev spaces and norms have re-
mained largely shrouded inmystery.¿e historical origins of Sobolev spaces, however,
are quite well grounded in physics. ¿e Sobolev space of electric �elds and its associ-
ated normmerelymake rigorous the observation that an electric �eld and its derivative
(the associated magnetic �eld) must be square integrable in any bounded region [16].
¿e related Sobolev space for surface currents is the space of all possible functions on
the surface that radiate square integrable �elds.
In view of the physical basis for the Sobolev spaces of currents and �elds, it is to be

expected that the Sobolev norm in (1.1) also has physical meaning. In fact, there is a
close relationship between the Sobolev norm and the scattering amplitude [17]. ¿e
one-dimensional Fourier transform of the 2D scalar Green’s function has the same
asymptotic behavior as the weight function in (1.2) as SkS � ª. For this reason, the
Sobolev norm YJYH−1~2 is similar to the forward scattering amplitude `Ei,LJeL2 , where
Ei is an incident �eld andLJ = Ei is the 2D electric �eld integral equation.¿e Sobolev
norm can be viewed as a forward scattering amplitude that is modi�ed to satisfy the
properties required for a norm, essentially by taking the absolute value of the Fourier
transform of the 2D Green’s function and removing its singularities at k = k0, where
k0 is the wavenumber of the incident �eld.
As a corollary to this result, a bound on the Sobolev norm of the current error im-

plies a bound on the error of the numerically computed backscattering amplitude, so
(1.1) for s = −1~2 can be thought of as an error bound for the backscattering amplitude.
¿is equivalence has been shown to hold for 3D radiation and scattering problems as
well [17]. In view of this connection between Sobolev norms and the scattering ampli-
tude, a major focus in this book will be on the scattering amplitude solution error as a
measure for the accuracy of the method of moments.

1.3.3 Static Limit

A basic result that can be used to obtain solution error bounds of the form (1.1) is that
the convergence behavior of MoM for a dynamic problem for small h is close in a
certain sense to that of the static or Laplace problem. ¿is reduces the error analysis
from that of the nonself-adjoint integral operators of electromagnetics for dynamic
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problems to the simpler integral operator associated with the Laplace problem. From
the operator point of view, this amounts to decomposing the integral operator in the
form

L = (j~k0)A +K (1.3)

where the static part A is self-adjoint and positive de�nite and K is compact, and
neglecting the in�uence ofK on the convergence behavior of themethod of moments.

1.3.4 Quasioptimality and Approximation Error

Another fundamental principle in the theory of error analysis is quasioptimality. In
some cases, the static approximation in (1.3) can be used to show that the moment
method solution for a given surface integral equation is close to the best possible so-
lution in the trial subspace, with the notion of closeness de�ned in terms of a Sobolev
norm. As a consequence, the actual error is not signi�cantly di�erent from the ap-
proximation error, which is the error that would be obtained with the best possible
combination of basis functions.
Quasioptimality leads to a drastic simpli�cation in the error analysis problem, since

it reduces error analysis to a problem in approximation theory, and the original elec-
tromagnetic integral equation is completely out of the picture. Details of the imple-
mentation of the numerical algorithm become irrelevant and all that matters is the
smoothness properties of the exact current solution and how well the solution is rep-
resented by the basis functions.¿e ability of the basis functions to represent functions
of the given smoothness class then determines a solution error estimate of the form
(1.1).

1.3.5 Convergence¿eorems

¿e order of convergence α in (1.1) can be evaluated for smooth scatterers and scatter-
ers with edges. For smooth scatterers, the current is continuous and di�erentiable ev-
erywhere, as long as there are no sources on the scatterer itself.¿e typical value for the
convergence rate obtained using the Sobolev approach is α = 1~2, for 2D smooth closed
curves and screens [18], dielectric polygons [19], and nonsmooth geometries [7]. Sim-
ilar estimates are available for smooth 3D scatterers with scalar (acoustic) �elds [20]
and 3D vector �elds [5, 6].
Another application of Sobolev theory is the development of a posteriori residual-

based error bounds [14, 21, 22]. ¿ese bounds give the solution error in terms of the
residual error, or error in the scattered �eld, and require accurate computation of resid-
uals in order to bound the solution error. One application of a posteriori error bounds
is error indicators for adaptive grid re�nement [9].
¿e assumptions required in Sobolev theory proofs of asymptotic error estimates

as far as scatterer geometry and other physical properties of a scattering problem are
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quite weak, so that error estimates are valid for essentially any scattering problem.
Because of this high degree of generality, the asymptotic error estimates provide an
important result—that numerical solutions converge to the correct answer for a wide
range of radiation and scattering problems. Until these theorems were obtained, no
assurance other than empirical observations was available that numerical methods
for the integral equations of radiation and scattering are well founded. Unfortunately,
observed solution convergence rates are much faster than h1~2, so these bounds only
indicate that the solution converges and provide no further quantitative information.
¿is is one of the major limitations of the Sobolev theory approach to error analysis
to be discussed in the next section.

1.3.6 Limitations of Existing Error Estimates

¿e price paid for the generality of the Sobolev theory-based results includes the lack
of tightness in the convergence rate α, the presence of unknown constants in the error
estimate (1.1), and the di�culty of connecting the Sobolev normof the solution error to
error in physical parameters. For practical situations where quantitative information
on the actual solution error for a given scattering problem is desired, the asymptotic
error estimates obtained from Sobolev theory are inadequate.
In applications of computational electromagnetics, it would be desirable to have

error estimates that improve on the Sobolev theory results in a number of ways:

Simple error norms: Since the Sobolev norm is di�cult to compute, and even if
it could be computed, it may not be clear how to interpret the norm in terms
of physical quantities, estimates for simple error measures such as discrete RMS
current error, error in the continuous L2 norm, or scattering amplitude error
are needed.

Tight convergence orders: ¿eoretical predictions for the asymptotic solution
convergence order α should match empirical observations, and should re�ect
the in�uence of scatterer geometry and basis functions on solution accuracy.

Known error constants: For practical applications, error estimates with known
values for the constant c would be bene�cial, so that quantitative error bars for
numerical solutions can be given.

Characterization of the asymptotic convergence regime: In (1.1), the constant H
that determines the asymptotic convergence regime h < H is unknown.¿e on-
set of asymptotic convergence depends on the frequency and geometrical shape
of the scatterer, as well as details of the numerical method. Physical e�ects such
as resonance may cause H to become very small, so that the asymptotic regime
is not achieved for computationally feasible meshes with reasonable numbers of
unknowns.
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1.4 Spectral Convergence Theory
¿e intent of this book is to address the drawbacks of earlier work and to provide a
practical understanding of error and convergence behavior for the electrically large,
complex radiation and scattering problems of current interest. A more concrete error
analysis approach is needed that explicitly includes the e�ect of wave physics in a de-
scription of solution accuracy and numerical behavior. ¿is will be accomplished by
developing an error theory based on a spectral description of the integral operators of
radiation and scattering.

1.4.1 Normal Operator Decomposition

Most classical theorems of error analysis apply to self-adjoint operators. For static
Laplace boundary value problems, integral operators are self-adjoint, but for dynamic
radiation and scattering problems, integral operators associated with Helmholtz and
Maxwell boundary value problems are nonself-adjoint and are nonnormal as well ex-
cept in a few special cases. ¿is observation motivates the decomposition (1.3), which
allows theorems for the self-adjoint case to be applied to dynamic operators, subject
to the condition that the perturbation is small. Dynamic e�ects associated with reso-
nance and large electrical size can have a signi�cant e�ect on solution accuracy, which
accounts for some of the limitations of asymptotic error estimates described in Section
1.3.6.
In order to improve upon existing asymptotic estimates, the spectral approach to

error analysis is based on decompositions of the form

L = H +R (1.4)

where H is normal rather than self-adjoint as in (1.3) and has an exactly or approx-
imately known discrete spectrum, and R is a nonnormal perturbation. ¿e normal
operator will be used to provide estimates of the eigenvalues of the integral operator.

1.4.2 Spectral Error

Physical properties of the scattering problem can be parameterized through their ef-
fects on the spectrum of the operator as estimated fromH. ¿e discretization process
used to transform an integral equation into a �nite linear system can be treated as an
e�ective truncation and perturbation of the spectrum. ¿is allows the e�ects of dis-
cretization, quadrature error, and other aspects of a numerical algorithm on the oper-
ator spectrum to be quanti�ed, and provides spectral estimates from which solution
error and condition number estimates can be obtained.
We will refer to the perturbation to the operator eigenvalues caused by discretiza-

tion as spectral error. ¿is error will be analyzed by representing the spectrum of the
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discretized operator or moment matrix in terms of the eigenvalues of the continuous
operatorH. ¿e spectral error theory will lead to several basic concepts that will ap-
pear repeatedly throughout the book:

Eigenfunctions and modes:¿e surface integral operators of electromagnetic ra-
diation and scattering have a countably in�nite number of eigenfunctions. In
many cases, these eigenfunctions can be approximated by Fourier type oscilla-
tory modes with small perturbations due to such e�ects as edge di�raction. For
some canonical scatterers, such as the circular cylinder or sphere, the eigenfunc-
tions are exactly equal to Fourier modes or spherical harmonics.

Mesh Nyquist frequency: Discretization of a continuous current on a mesh im-
poses an upper bound on the spatial frequencies that can be represented. We
refer to this bound as the mesh Nyquist frequency.

Modeledmodes:Modeledmodes have spatial frequency below themeshNyquist
frequency, and can be well represented in terms of basis functions de�ned on
the mesh. ¿e number of modeled modes is equal to the size of the moment
matrix.

Unmodeled modes: Unmodeled modes have spatial frequency above the mesh
Nyquist frequency and cannot be accurately represented on the mesh. ¿e
asymptotic decay rate of the operator eigenvalues associated with unmodeled
modes with the mode order or spatial frequency is determined by the kernel
singularity of the integral operator. If the kernel is nonsingular, the eigenval-
ues of unmodeled modes are very small. For singular kernels such as the scalar
Green’s function, the eigenvalues are larger and decay slowly with order. For in-
tegral operators that include derivatives, the eigenvalues can grow as the order
becomes large.

Spectral error:¿e eigenvalues of the moment matrix are numerically close in
value to the eigenvalues of the continuous integral operator for the modeled
modes. ¿e di�erence between the eigenvalues of the moment matrix and the
corresponding continuous operator eigenvalues for the modeledmodes is spec-
tral error.

Projection error:¿e spectral error divides naturally into two contributions, one
that is a scale factor associated with projection of a modeled mode onto a space
of basis functions, and another additive component that is associated with the
eigenvalues of unmodeled modes. ¿e �rst of these contributions is projection
error.

Aliasing error: When discretized, the unmodeled modes are above the mesh
Nyquist frequency and so they alias to lower order, modeled modes. As a re-
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sult, the eigenvalues of unmodeled modes add to the eigenvalues of modeled
modes and contribute to the spectral error. Physically, aliasing error is due to
quasistatic radiation from the basis functions themselves, and edges or corners
for low order basis functions cause larger aliasing error, whereas smoother basis
functions reduce it.

Of course, the real goal is not an understanding of the spectral error itself. We want
to characterize errors for measurable physical quantities such as the surface current,
radiated �elds, scattering amplitudes, and radar cross section. A er analyzing spectral
error, relationships are developed between the spectral error and the error in numer-
ical values computed from the method of moments for these physical quantities. One
of the most interesting results will be that currents and scattering amplitudes respond
di�erently to spectral error. For ideal discretizations, with conformal mesh elements
and exact integration ofmomentmatrix elements, the scattering amplitude is only sen-
sitive to the additive part of the spectral error due to aliasing of unmodeled modes. It
will be demonstrated that this is closely related to the well-known variational property
of the method of moments.

1.4.3 Error Contributions

Solution error is determined by interactions between the physical properties of the
scattering problem and the numerical method used to solve it. Speci�c properties of
the problem, mesh representation, and the numerical method that a�ect the accuracy
of the method of moments are:

Problem

Scatterer smoothness—edge, corner, and point singularities.

Geometry of the scatterer—internal resonances and open-cavity reso-
nances.

Incident electromagnetic �eld or excitation—angle of incidence and type
of source (plane wave or near �eld source such as a dipole).

Type of �nal desired numerical result—current, scattering cross-section,
total �eld, or scattered �eld.

Mesh

Mesh density (elements per wavelength).

Low-frequency breakdown for electrically small scatterers.

Element size irregularity and mesh defects.

Geometrical discretization error—�at or curved facets.
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Numerical Method

Integral equation formulation—EFIE, MFIE, or CFIE.

Expansion and testing functions—type of basis and polynomial order.

Quadrature rule used to evaluate moment matrix elements.

Linear system solution algorithm—direct factorization or iterative.

Some of these factors, such as smoothness of the scatterer geometry and the choice
of basis functions, in�uence the convergence rate of the solution. Other factors, such
as electrical size and resonance, impact the absolute accuracy of themethod but do not
a�ect the decay rate of the error as a mesh is re�ned. Both types of error contributions
will be considered using the tools of spectral convergence theory.

1.4.4 Canonical Scattering Problems

Wewill consider each of the error factors listed above by applying the spectral error ap-
proach to several canonical scattering examples.We also showhow error contributions
can be superimposed to estimate the error for more complex scatterers. To provide a
simple example with which to develop the concepts of spectral error analysis, we will
�rst consider the circular cylinder. Since the scattering problem for a circular cylinder
has an analytical series solution, the spectral error approach can be applied directly,
without the normal approximation of (1.4), so the treatment is particularly straightfor-
ward. We will consider ideal discretizations, with conformal mesh elements and exact
integration ofmomentmatrix elements, and then add geometrical discretization error
and quadrature error to the analysis. Methods for improving solution accuracy such
as regularization will be analyzed using these tools.
To extend the spectral error analysis to more complex problems, we will consider

the �at strip as a scatterer with edge singularities. Error due to currents on the smooth
part of the strip away from the edge singularities can be combined with error caused
by edge di�raction e�ects to obtain a total error estimate for the strip. Internal and
real resonances also a�ect the solution convergence rate.¿e cylinder exhibits internal
resonances, which are nonphysical but still in�uence numerical accuracy. ¿e rectan-
gular cavity is an example of a scatterer with real, physical resonances. Spectral error
estimates for these scatterers allow the error due to resonance e�ects to be quanti�ed.
In order to apply the spectral error analysis approach to the more general 3D case,

we study the behavior of the method of moments for a �at, conducting plate. Higher
order basis functions for 2D and 3D problems are then considered. Finally, we con-
sider the use of iterative linear system solution algorithms and study the condition
number of the method of moments for 2D and 3D scatterers, including resonant and
nonresonant cases.
¿e main contributions of this book are quantitative solution error bounds that
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closely match computed results and a theory that explains a wide range of phenom-
ena observed in computational electromagnetics, including mesh element size depen-
dence of error, error for scattered with edges and corners, poor accuracy at internal
resonance frequencies, cavity resonance e�ects, and the di�erences in errors among
the various integral formulations (EFIE, MFIE, and CFIE). ¿ese results will provide
a theoretical understanding of observed numerical behaviors and a sound basis for
extrapolating empirical observations for canonical geometries to more general prob-
lems of practical interest, thereby bridging the gap between empirical error studies of
the computational electromagnetics community and the abstract numerical analysis
of the mathematics community.
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Chapter 2

Surface Integral Equation Formulations and
the Method of Moments

For conducting or dielectric bodies, Maxwell’s equations and the boundary condi-
tions on the electromagnetic �elds at the surface of the scatterer can be cast into an
equivalent system of surface integral equations. ¿ese equations are based on integral
operators that relate an unknown, equivalent current on the surface of the body to the
�elds scattered in response to a given incident �eld. We consider only perfectly elec-
trically conducting (PEC) scatterers, although the results of this book could be readily
extended to surface integral formulations for homogeneous dielectric objects. We will
also leave untouched the problem of error analysis for volume integral equations.
We will use a single-frequency (time-harmonic) analysis, so that all �eld quanti-

ties are represented as phasors, with the real �eld related to the phasor representation
according to

E(r, t) = Re �E(r)e jωt� (2.1)

for the electric �eld intensity, where r represents a point (x, y, z) and ω is the time fre-
quency of the �eld in rad/sec.Wewill work exclusively with the complex �eld quantity
E, which is the phasor representation of the time-harmonic �eld. Phasors associated
with the magnetic �eld are de�ned similarly. Another common convention for pha-
sors uses a negative sign for the exponent and i for the imaginary unit.¿e convention
used in this book can be converted to the e−iωt form by taking complex conjugates of
�eld quantities.
¿e model physical problem with which we are concerned is a PEC scatterer illu-

minated by an incident wave Einc. ¿e surface of the PEC object is denoted by S. ¿e
incident wave induces a surface current Js on the scatterer, which radiates a scattered
�eld Esca. ¿e total �eld is E = Einc + Esca. At the surface of the PEC scatterer, the

15
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boundary conditions

n̂ � (Einc + Esca) = 0 (2.2a)
n̂ � (Hinc +Hsca) = Js (2.2b)

must be satis�ed, where n̂ is a unit surface normal vector. For a PEC scatterer, only
one boundary condition su�ces for the solution. Using the radiation integral and free-
space Green’s function, we can relate the scattered �elds Esca andHsca to the induced
surface current Js. Combining these integral representations with either of the bound-
ary conditions leads to an equation in which the incident �eld is given and the surface
current is unknown. Since the unknown current appears under an integral operator,
the relationships are integral equations.
Most commonly, the incident �eld is taken to be a homogeneous plane wave of the

form
Einc(r) = E0e−jkċr (2.3)

where E0 is a constant vector that determines the amplitude and polarization of
the �eld and the vector k determines the direction of propagation. ¿e magnitude
k0 = SkS =

¼
k2x + k2y + k2z is the wavenumber of the incident �eld, and is related to the

properties of the medium surrounding the scatterer according to the dispersion rela-
tion k0 = ωºµє. For a radiation problem, the incident �eld is generated by a source
such as an antenna feed port near to the scatterer S, and Einc is not a plane wave.

2.1 Electric Field Integral Equation
When the boundary condition (2.2a) is imposed, one needs to �rst �nd Esca, which
can be related to the surface current Js using

Esca = −T Js (2.4)

where the integral operator is [1, 2]

T Js = jk0η ∫S ds′ g(r, r′)Js(r′) +
jη
k0
∇ ∫S ds′ g(r, r′)∇′ ċ Js(r′) (2.5)

¿is de�nition of the operator T di�ers from that of [2] in that it does not include
the cross product with the surface normal vector n̂. In this expression, η =

»
µ~є is

the characteristic impedance of the medium surrounding the scatterer, є and µ are
the permittivity and permeability of the medium, k0 is the wavenumber of the time
harmonic incident �eld, and the kernel is the free space Green’s function

g(r, r′) = e−jk0R

4πR
(2.6)



Surface Integral Equation Formulations and MoM 17

where R = Sr − r′S.
Consequently, the electric �eld integral equation (EFIE) is of the form

n̂ � T Js = n̂ � Einc (2.7)

¿e region of integration in (2.5) is a two-dimensional manifold or surface S lying
in three-dimensional space. To impose the boundary condition, the source point r′
ranges over S, where the current Js is nonzero.¿e �eld point r is also located on S. For
the EFIE, the surface may be closed, so that S is the boundary of a volumetric region,
or open, in which case S is a sheet with edges, corresponding to a thin conducting
screen.

2.1.1 2D Scattering Problems

For a translationally invariant or in�nite cylindrical scatterer, the three-dimensional
scattering problem reduces to a pair of independent, scalar, two-dimensional
Helmholtz boundary value problems. By convention we take z to be the invariant
direction. If the polarization of the incident electric �eld is in the invariant direction,
the magnetic �eld is then transverse to z, and the problem is transverse magnetic
(TM). ¿e EFIE reduces to a scalar integral equation of the form

LJz = Eincz (2.8)

where the TM-EFIE integral operator is [3]

LJz = k0η
4 ∫C ds′H(2)

0 (k0Sρ − ρ′S)Jz(ρ′) (2.9)

For 2D problems, C denotes a path in the plane determined by the longitudinal cross-
section of the 3D scatterer surface S. Cmay be a closed contour or an open arc.
For the transverse electric (TE) polarization, the magnetic �eld is in the z direction.

¿e TE-EFIE is
N Jt = Einct (2.10)

where Jt is the tangential component of the surface current density vector relative to
the contour C and Einct is the tangential component of the incident electric �eld. ¿e
integral operator is [3]

N Jt = k0η
4
t̂ ċ ∫C ds′H(2)

0 (k0Sρ − ρ′S)t̂′Jt(ρ′)

+ 1
4k0η

t̂ ċ ∇ ∫C ds′H(2)
0 (k0Sρ − ρ′S)∇′ ċ [t̂′Jt(ρ′)] (2.11)
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where t̂ is a unit vector tangential to C and transverse to the invariant direction.
¿e operatorL is weakly singular, because the logarithmic singularity ofH(2)

0 (x) as
x � 0 is weak and relatively easy to integrate numerically. ¿e operator N is hyper-
singular, because the derivatives in the second term of (2.11) increase the singularity
of the kernel of the integral operator. In practice, the stronger singularity of the op-
erator N increases the di�culty of evaluating the numerical integrations required to
discretize the EFIE for the TE polarization.

2.2 Magnetic Field Integral Equation
¿e magnetic �eld integral equation (MFIE) is obtained by imposing the boundary
condition (2.2b) to obtain

Js = −KJs + n̂ �Hinc (2.12)

where the integral operator is [3]

KJs = −n̂ � ∫S ds′∇g(r, r′) � Js(r′) (2.13)

and the point r lies just outside the scatterer S.¿e above integral equation can bema-
nipulated into di�erent forms. ¿e integral on the right-hand side of (2.13) is strongly
singular as the point r approaches r′ in a direction normal to the surface S. In the limit
as the point r approaches S from the outside, the principal value of the integral must
be augmented according to [1]

lim
r�S

n̂ � ∫S ds′∇g(r, r′) � Js(r′) = 1
2Js −KpJs (2.14)

where
KpJs = −n̂ � PV ∫S ds′∇g(r, r′) � Js(r′) (2.15)

and r is assumed to approach the surface S from outside the scatterer. ¿e integral in
(2.15) must be interpreted as a principal value integration, although this is typically
not explicitly represented in the notation for the MFIE. Consequently, the MFIE is

1
2Js +KpJs = n̂ �Hinc (2.16)

In the following, we will drop the subscript indicating the principal value and use the
notationK for the integral operator.
Alternatively, the boundary condition (2.2b) can be written as

n̂ � [Hinc(r) +Hsca(r)] = 0 (2.17)
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where the �eld point r approached the surface S from inside the scatterer. In other
words, the incident �eld and the scattered �eld cancel each other exactly inside the
scatterer (this is also known as the extinction theorem [1]). When r approaches the
surface from inside the scatterer, the �rst term in (2.14) will assume a negative sign.
When the expression for the scattered �eld is substituted into (2.17), we obtain the
same integral equation as before.
Because of the leading term 1

2Js, the MFIE is a second-kind integral equation, and
the operator can be viewed as a perturbation of the identity operator. If the integral
operator in (2.16) is neglected, the MFIE reduces to the physical optics approximation
Js � 2n̂ �Hinc. For the MFIE, the scatterer Smust be a closed surface.

2.2.1 2D Scattering Problems

For 2D problems with a TM polarized incident �eld, the TM-MFIE has the form

1
2 Jz +MTMJz = Hinc

t (2.18)

where Hinc
t is the tangential component of the incident magnetic �eld. ¿e integral

operator is

MTMJz = jk0
4 ∫S ds′ cosψH(2)

1 (k0Sρ − ρ′S)Jz(ρ′) (2.19)

where Jz represents the longitudinal component of the current density and ψ is the
angle between the surface normal at ρ and the vector ρ − ρ′.
For the TE polarization, the tangential current Jt is transverse to z, and �ows tan-

gentially on the boundary of the scatterer. ¿e TE-MFIE integral equation is

1
2 Jt +MTEJt = Hinc

z (2.20)

where the operator is

MTEJt = jk0
4 ∫S ds′ cosψ′H(2)

1 (k0Sρ − ρ′S)Jt(ρ′) (2.21)

and ψ′ is the angle between the surface normal at ρ′ and the vector ρ − ρ′.

2.3 Combined Field Integral Equation
A di�culty with theMFIE and EFIE is that for closed scatterers, at certain frequencies
the integral operators T or 1

2 + K become singular. ¿ese correspond to nontrivial
solutions to the interior Maxwell boundary value problem, or internal resonances of
the cavity formed by the interior of the scatterer S. For the EFIE, the operator be-
comes singular at internal resonances with a PEC boundary condition, whereas for
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the MFIE the internal resonances are associated with a perfect magnetic conductor
(PMC) boundary condition. At internal resonance frequencies, numerical solutions
typically become inaccurate.
¿ere are a number of techniques for overcoming the di�culties associated with

internal resonances. ¿e most common is to discretize a linear combination of the
MFIE and EFIE.¿is is the combined �eld integral equation formulation (CFIE). ¿e
EFIE and MFIE have vanishing eigenvalues at certain real frequencies, but the two
operators can be combined in such a way that the eigenvalues of the CFIE remain
nonzero for all real frequencies.
¿e CFIE can be written in the form

�αn̂ � T + (1 − α)η� 12 +K�� J = αn̂ � Einc + (1 − α)ηn̂ �Hinc (2.22)

where α is a combination coe�cient in the interval [0, 1] and K has a principal value
interpretation as described in Section 2.2.¿e factor of η is included so that both terms
have the same physical units.
It can be shown that CFIE reduces the internal resonance solution to that of a lossy

cavity whose resonance solutions have complex frequencies. Hence, these resonance
solutions are never encountered when one seeks a time-harmonic solution for which
the frequency is real [4, 5].
¿e combination coe�cient α is commonly taken to be 0.2, which has been shown

to minimize current error under some conditions for 2D problems [6]. Helaly and
Fahmy [7] cite [8] as having recommended this value in 1970. An optimal speci�cation
for the coupling parameter is studied for the 3D case in [9].

2.3.1 2D Scattering Problems

For 2D scattering problems, the CFIE is

�αL + (1 − α)η( 12 +MTM)� Jz = αEincz + (1 − α)ηHinc
t (2.23)

for the TM polarization. For the TE polarization,

�αN + (1 − α)η( 12 +MTE)� Jt = αEinct + (1 − α)ηHinc
z (2.24)

2.4 Method of Moments
¿e surface integral equations of radiation and scattering must be discretized by pro-
jecting into �nite-dimensional subspaces in order to be solved numerically. Discretiza-
tion yields a linear system of equations for samples or weights that determine an ap-
proximation to the unknown surface current on the scatterer.
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For the scalar or 2D case, the surface current density is approximated by an expan-
sion of the form

J(s) � Ĵ(s) =
N
Q
n=1

In fn(s) (2.25)

where s is a parameter for the scatterer cross-sectionC and fn is an expansion function.
¿e In are unknown weights for the approximate current solution. ¿e span of the
expansion functions fn is the trial subspace in which the numerical solution lies. ¿e
expansion functions are generally de�ned on a discrete geometrical representation,
or mesh, for the scatterer surface. ¿e average length of the elements of the mesh is
the discretization length h. ¿e dimensionless discretization density or elements per
wavelength is

nλ = λ
h

(2.26)

where λ = 2π~k0.
Substituting (2.25) into (2.8) and testing the integral equation with another set of

functions tn(s) produces the linear system

Q
n
ZmnIn = V i

m (2.27)

where

Zmn = 1
h ∫ ds tm(s)Lfn (2.28)

V i
n = h−1 ∫ ds tm(s)Einc(s) (2.29)

where Einc(s) is a notational simpli�cation for Einc[ρ(s)]. By solving (2.27), the un-
known coe�cients in the approximate solution Ĵ for the current on the scatterer can
be determined. ¿is can be done by a direct solution of the linear system, typically by
LU factorization [10] of the moment matrix Z, or by making use of an iterative linear
system solution algorithm. Once an approximation to the current on the scatterer has
been obtained, derived quantities such as impedances or far �elds can be computed in
postprocessing.
¿e expansion and testing functions are known collectively as basis functions. A

basis is a �nite set of expansion functions spanning a subspace that approximates the
original in�nite dimensional space. Basis functions can be nonzero over the entire
scatterer surface (entire-domain basis), or each basis function can have support over
a small subregion of the scatterer (local basis). Entire-domain basis functions can be
chosen to match the oscillatory nature of surface currents in order to reduce the total
number of basis functions required to model the current accurately. ¿e di�culty in
this case is in the large computational cost required to evaluate the moment matrix
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integrals in (2.28), since each integration is over the full scatterer surface. Because of
this, in practice local basis functions are typically used.
Common types of local basis functions for 2D problems are the delta function,

piecewise constant (pulse), and piecewise linear (triangle):

f(x) = δ(x) (2.30a)

f(x) = � 1 −h~2 B x B h~2
0 SxS A h~2 (2.30b)

f(x) = � 1 − SxS~h −h B x B h
0 SxS A h (2.30c)

If the mesh is regular, so that each element is of length h, then the basis functions are
of the form fn(s) = f(s − sn), where sn is the nth mesh element center point.
¿is discretization procedure is called the method of moments (MoM), method of

weighted residuals, or the Galerkin-Petrov method [11]. If the trial and testing sub-
spaces are identical, then MoM reduces to Galerkin’s method. By analogy with the �-
nite element method for di�erential equations, MoM applied to surface integral equa-
tions (also known as boundary integral equations) is also referred to as the boundary
element method (BEM), particularly if the discretized operator equation is derived
from a bilinear form using the Rayleigh-Ritz procedure.
¿roughout this book, the hat on a quantity such as Ĵ denotes an approximate value

obtained from the method of moments. ¿e hat is also used for unit vectors, but the
meaning of the notation should be clear from context.

2.4.1 Vector Basis Functions

For 3D radiation and scattering problems involving PEC objects, the unknown quan-
tity is a surface current on a two-dimensional manifold. In order to apply the moment
method, vector basis functions are required. ¿e surface current approximation is

Js(r) � Ĵs(r) =
N
Q
n=1

Infn(r) (2.31)

where f1, f2, . . . , fN are vector expansion functions. Vector testing functions are also
required, which may be taken to be the same as the expansion functions (Galerkin’s
method), or a di�erent set of functions can be chosen. In the latter case, pointmatching
or line integrations can be used, which implies that the testing functions include delta
functions.
For electromagnetic surface integral equations, themost common vector basis is the

Rao-Wilton-Glisson (RWG) function de�ned on a triangular mesh [12]. Other vector
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basis functions are described in Section 8.4. On a triangular mesh, the RWG vector
basis functions are de�ned by

fn(r) = �
ln
2A+ ρ

+
n if r is on the + triangle

− ln
2A− ρ

−
n if r is on the − triangle (2.32)

where + and − denote the two triangles that share the nth edge, ln is the length of the
edge, and A+ and A− are the areas of the two triangles. ¿e vector ρ+n points from the
vertex of the + triangle that is not on the edge to r, so that

ρ+n = r − r+i (2.33)

where r+i is the position vector of the opposite vertex. Similarly, ρ−n is the vector from
the vertex of the − triangle that is not on the edge to r. ¿e divergence of the RWG
function is

∇ ċ fn(r) = �
ln
A+ if r is on the + triangle

− ln
A− if r is on the − triangle (2.34)

Finite divergence represents an important property of the RWGbasis.We have de�ned
the vector functions for a �at mesh element, but the RWG basis can be modi�ed for
use on curved patches.

2.5 Number of Unknowns
¿e goal of error analysis is to characterize the goodness of the approximate current
solution (2.25) andderived quantities such as scattering amplitudes or scattering cross-
sections in terms of the choice of basis functions, the number of unknowns or de-
grees of freedom N, the geometry of the scatterer, and other aspects of the numerical
method.
¿e simplest consideration is that the incident �eld on the scatterer is oscillatory

with period on the order of the electromagnetic wavelength λ, and this induces a sim-
ilar oscillatory behavior for the surface current. According to the Nyquist sampling
theorem, at least two sample points per wavelength are required to model a bandlim-
ited function. As a consequence, the number of unknowns required to model an os-
cillatory surface current is proportional to the electrical size of the scatterer. ¿e total
number of unknowns is therefore on the order of

N = c1(k0d)dim−1 (2.35)

where dim is the dimensionality of the scattering problem and d is a linear measure
of the scatterer. Sharp corners or other singular geometrical features of the scatterer
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introduce variations in the surface current with higher spatial frequencies, so in most
cases some degree of oversampling relative to the electromagnetic wavelength is re-
quired. A common rule of thumb is ten unknowns per wavelength.

2.6 Scattering Amplitude, Scattering
Width, and Radar Cross-section

While the surface current is the direct result of a method of moments computation,
derived quantities such as scattered �elds or scattering amplitudes are o en the �nal
desired result of a numerical simulation. Let the incident electric �eld on a scatterer
be a plane wave of the form

Einc(r) = E0e−jk
incċr (2.36)

where the constant vector E0 gives the polarization and magnitude of the �eld, and
kinc is the wavevector. ¿e scattering amplitude S is then de�ned by [13]

Esca(k̂sca, k̂inc) � e−jkr

kr
S(k̂sca, k̂inc)Einc, r�ª (2.37)

¿is complex quantity essentially speci�es the amplitude of the scattered �eld in the
direction k̂sca. ¿e scattering cross-section or radar cross-section (RCS) is

σ(k̂sca, k̂inc) = 4π
k20

SSS2 (2.38)

For 2D problems, the scattering amplitude satis�es the de�nition

Esca(ϕsca,ϕinc) �
¾

2j
πk0ρ

e−jk0ρS(ϕsca,ϕinc), ρ�ª (2.39)

where ϕsca and ϕinc are the angles of the propagation directions of the incident and
scattered �elds.
Since surface integral equations model equivalent currents on a scatterer, it is con-

venient to express the scattering amplitude in terms of currents. For 2D problems with
TM polarized �elds, the scattered �eld is given by the radiation integral

Escaz (ρ) = −k0η
4 ∫C ds′H(2)

0 (k0Sρ − ρ′S)Jz(ρ′) (2.40)

Using the large argument expansion of the Hankel function and the far �eld approxi-
mation Sρ − ρ′S � ρ − ρ̂ ċ ρ′, we obtain the far �eld radiation integral

Escaz (ρ) = −k0η
4

¾
2j
πk0ρ

e−jk0ρ ∫C ds′ e jk0 ρ̂ċρ
′
Jz(ρ′), ρ�ª (2.41)
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¿is expression can be interpreted as a Fourier integral. ¿e scattered �eld in the ρ̂
direction depends on the Fourier transform of Jz(ρ′) evaluated at k0ρ̂. In other words,
the integral above can be written as

∫C ds′ e jk0 ρ̂ċρ
′
Jz(ρ′) = J̃z(k0ρ̂) (2.42)

where J̃z(k) is the Fourier transform of Jz(ρ).
As a function of ρ′, the complex conjugate of the exponential in the integrand has

the form of a plane wave propagating in the ρ̂ direction. We introduce the notation

Es(ρ) = e−jk0 ρ̂ċρ (2.43)

for this plane wave, so that Escaz is the scattered electric �eld and Esz is a plane wave
propagating away from the scatterer. ¿is leads to

Escaz (ρ) = −k0η
4

¾
2j
πk0ρ

e−jk0ρ ∫C ds′ Es
�(ρ′)Jz(ρ′), ρ�ª

¿e integral can be identi�ed as the L2 inner product `Es, Jze on the scatterer C. ¿is
inner product by de�nition includes a complex conjugate on the �rst of the two func-
tions in the inner product. It is important to be aware that while this notation is stan-
dard in functional analysis, in the electromagnetics literature the angle bracket is com-
monly de�ned without the complex conjugate to indicate the symmetric product or
reaction.
Using the L2 inner product, we have

Escaz (ρ) = −k0η
4

¾
2j
πk0ρ

e−jk0ρ`Es, Jze, ρ�ª

Comparing this expression with (2.39) shows that the scattering amplitude is given by

S(ϕinc,ϕsca) = −k0η
4

`Es, Jze (2.44)

Similar results can be obtained for the TE polarization and for 3D problems.
In the method of moments framework, the bistatic scattering amplitude can be ob-

tained from the approximate current Ĵ by substituting (2.25) into (2.44) to obtain

Ŝ(ϕinc,ϕsca) = −k0η
4

dEs,
N
Q
n=1

In fni

= −k0η
4

N
Q
n=1

Vs
n
�In (2.45)
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where
Vs
n = ∫C dsEs(s)fn(s) (2.46)

From this it can be seen that the plane wave Es is discretized on the surface of the
conductor using the expansion functions fn in a manner similar to (2.29) for the in-
cident �eld. In matrix notation, the scattering amplitude can be written as

Ŝ(ϕinc,ϕsca) = −k0η
4
vsHZ−1vi (2.47)

¿e simple symmetry of this expression is another manifestation of the special rela-
tionship between the scattering amplitude and the method of moments.

2.7 Error Measures
¿e direct result of a MoM computation is an approximation Ĵ to the surface cur-
rent on the scatterer. Of course, the goal is to obtain an approximation that is as close
as possible to the exact current solution. In applications, other quantities are derived
from the current in postprocessing, including near �elds, far �elds, scattering ampli-
tudes, radar cross-section (RCS), and port impedances. Here, we will list some of the
common error measures for surface currents, scattering amplitudes, and RCS.
For smooth scatterers, if no sources lie on the scatterer surface, then the surface cur-

rent is bounded and hence is square integrable. In this case, the L2 error of the numer-
ical current solution Ĵ with respect to the exact current J is in principle a meaningful
error measure, which could be used to assess the accuracy of a numerical method.¿e
L2 current solution error is

ErrL2 = ZĴ − JZ = � ∫S ds TĴ(r) − J(r)T
2�
1~2

(2.48)

¿e relative L2 error is

ErrL2 ,rel =
ZĴ − JZ
YJY

= � ∫S ds TĴ(r) − J(r)T
2�
1~2

� ∫S ds SJ(r)S
2�
−1~2

(2.49)

which has the advantage of being dimensionless.
We can also measure the current error at a �nite number of sample points using the

discrete root mean square (RMS) current error

ErrRMS = � 1
N

N
Q
n=1

TĴn − JnT2	
1~2

(2.50)
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¿e relative RMS error is

ErrRMS,rel = �
N
Q
n=1

TĴn − JnT2	
1~2

�
N
Q
n=1

SJnS2	
−1~2

(2.51)

where Jn is the surface current density vector evaluated at the nth node point of the
surfacemesh.¿e subscript rel will be dropped in later chapters for notational simplic-
ity. Aminor bene�t of discrete errormeasures is that samples are o en readily available
as part of a moment method computation, whereas the continuous function must be
obtained through (2.25). Except in a few places where the L2 norm is more conve-
nient, for reasons to be examined shortly we will use relative RMS error throughout
the book.
One drawback of measuring moment method solution error using the surface cur-

rent is that if the scatterer has an edge or corner, then the current can be singular, and
the L2 norm may not exist. Since the RMS value is a sampled or discrete L2 norm,
computing the RMS value of currents for problems with singularities is not appropri-
ate, at least for convergence studies where the numerical current approaches the exact
singularity as the mesh is re�ned and the RMS value may not converge. For scatterers
with singularities, the current error for singular regions of the scatterer must be mea-
sured using a di�erent norm such as L1 or a Sobolev norm, as discussed in Section
1.3.
Another approach is to consider the error in a scattering amplitude or radar cross-

section. ¿e relative scattering amplitude error for given incident and scattered direc-
tions is

ErrS = SŜ − SS
SSS (2.52)

where Ŝ is the computed scattering amplitude obtained from the approximate current
solution. Error measures that take into account more than one scattered direction are
also commonly used in computational electromagnetics.¿ese include the maximum
relative RCS error

Errmax = max
1BmBM

Sσ̂(θm,ϕm)~σ(θm,ϕm) − 1S (2.53)

and the relative RMS dB RCS error

ErrRMS = � 1
M

M
Q
m=1

T10 log10 [σ̂(θm,ϕm)~σ(θm,ϕm)]T
2¡

1~2
(2.54)

where the angles θm and ϕm representM selected scattering directions. In some cases,
the scattering amplitude or RCS errors may be small even when the surface current
error is large. ¿is e�ect will be analyzed in detail in later chapters.
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2.8 Basic Concepts of Modal Error Analysis
As a warmup to the error analysis of the full method of moments, we will consider
here the error incurred when expanding a Fourier mode using a set of basis functions.
Let u(x) be a function de�ned on the interval [0,d]. We wish to determine the error
in an expansion of the form (2.25), so that

û(x) =
N
Q
n=1

an fn(x) (2.55)

With themethod ofmoments, the expansion coe�cients an are determined by solving
a linear system.Here, wewill simplify the problemby takingu(x) to be a Fouriermode
of the form

u(x) = e−jkx (2.56)

and determining the coe�cients in (2.55) by either interpolation or projection.¿e ex-
pansion functions will be pulse functions as given by (2.30b) and themesh will consist
of N regularly spaced elements with center points xn = (n − 1~2)h, where h = d~N.

2.8.1 Interpolation Error

We will �rst take an to be samples of u at the element centers, so that an = u(xn).
Because the pulse functions f(x − xn) are equal to one at xn, û(x) is equal to u(x) at
the element center points. ¿e RMS error (2.50) is therefore zero when measured at
the element centers.
As shown in Figure 2.1, because of interpolation error caused by the basis functions,

the L2 norm of the di�erence between the exact and interpolated modes is nonzero.
¿e L2 error is

Yû − uY2 = ∫ WQ
n
an fn(x) − u(x)W

2

dx

= 2d �1 − 1
h ∫ e jkx f(x)dx�

= 2d[1 − F(k)] (2.57)

where

F(k) = 1
h ∫ e jkx f(x)dx

= sin (kh~2)
kh~2 (2.58)
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Figure 2.1:A Fourier mode and an expansion using pulse basis functions.¿e spatial frequency is k = 2π
and the number of mesh elements is N = 20. ¿e RMS error at the element centers is zero, since the
expanded function and the exact function are equal, but the L2 error is nonzero due to the stairstepping
e�ect caused by the pulse functions.

¿is is the Fourier transform of the canonical expansion function centered at x = 0,
scaled such that F(0) = 1. ¿e relative L2 error is

Yû − uY
YuY = S2[1 − F(k)]S1~2 (2.59)

since the squared L2 norm of (2.56) on [0,d] is d.
If we expand F(k) for small h, we obtain for the squared L2 error

Yû − uY2 � k2h2

12
d (2.60)

¿e relative squared L2 error can be approximated by

Yû − uY2
YuY2 � k2h2

12
(2.61)

and the relative L2 error becomes

Yû − uY
YuY � khº

12
(2.62)
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As the number of elements is increased, the L2 error is �rst order in the mesh element
size h.

2.8.2 Mesh Nyquist Frequency

If the spatial frequency k is increased, the expansion (2.60) eventually breaks down.
Returning to (2.58), we can see that the relative L2 error approaches 100% when the
sinc function in (2.58) is signi�cantly di�erent from one. ¿is occurs for spatial fre-
quencies larger than

kmax = πh (2.63)

¿is is a measure of the largest spatial frequency that can be represented on the mesh.
¿e associated wavelength is λmin = h~2, from which we can see that the real and
imaginary parts of the mode alternate in sign from one element to the next. ¿is is
the maximum spatial frequency that can be represented using discrete, evenly spaced
samples, so we will refer to kmax as the mesh Nyquist frequency.

2.8.3 Projection Error

When an integral operator or incident �eld is discretized according to (2.28) and
(2.29), the operator kernel or �eld is projected onto the basis functions by integration.
If we obtain the coe�cients an in (2.55) by this type of projection, then

an = 1
h ∫ u(x)fn(x)dx (2.64)

Using (2.56) and (2.58), this evaluates to

an = u(xn)F(−k) (2.65)

where F(k) = F(−k) for symmetric basis functions. ¿e samples are equal to the
exact mode evaluated at the node points, but with an additional scale factor given by
the Fourier transform of the expansion function at the spatial frequency of the mode.
We will refer to this multiplicative factor as projection error. If the spatial frequency of
the mode is small, then F(k) � 1, and the scaling caused by projection error is small.
If the spatial frequency is larger than kmax, then the projection error is large, because
the sinc function in (2.58) decreases with k and is less than unity in magnitude.
If we compute the L2 error of û with the expansion coe�cients (2.65), the error

measure includes contributions fromprojection error as well as the interpolation error
analyzed in the previous section. ¿is can be seen in Figure 2.2. ¿e relative L2 error
in this case is

Yû − uY
YuY = S1 − F(−k)F(k)S1~2 (2.66)
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Figure 2.2: A Fourier mode and an expansion using pulse basis functions, where the mode is projected
onto the basis functions to obtain the expansion coe�cients. ¿e spatial frequency is k = 4π and the
number of mesh elements is N = 20. ¿e RMS error at the element centers is nonzero, because the
expansion coe�cients are slightly di�erent from the exact value of the mode at the element centers. ¿e
L2 error is of the same order as the error that would be obtained with exact interpolation of the mode,
but the RMS error is smaller.

By expanding this expression for small h, it can be seen that the L2 error for the pro-
jected mode has the same order in h as (2.59) for the L2 error with exact interpolation
and no projection error. Since the order of the L2 error is the same whether the ap-
proximation û is obtained by exact interpolation of the mode at the node points or
by projection of the mode onto the expansion functions, we conclude that L2 error
con�ates interpolation and projection errors.
¿e discrete RMS error (2.50) at the mesh element centers, on the other hand, is

more straightforward to understand because it isolates the projection error. ¿e rela-
tive RMS error is simply

ErrRMS = SF(k) − 1S (2.67)

because the scale factor is identical for each sample value. When expanded for small
h, the relative RMS error becomes

ErrRMS � k2h2

24
(2.68)

which is similar to (2.61) for the squared L2 error. ¿e projection error as measured
with the discrete RMS value is second order in h.
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In view of these results, it is apparent that for a given implementation of themethod
of moments the L2 and discrete RMS error measures are in general di�erent. ¿is ex-
plains some of the disagreement in the literature onmoment method solution conver-
gence rates. Because the RMS error at interpolatory sample points isolates projection
error from interpolation error, we will use RMS error almost exclusively throughout
this book to measure current solution error.¿e exception will be in Section 8.3 when
considering higher-order orthogonal (and noninterpolatory) polynomial basis func-
tions.
Since the eigenfunctions of the integral operators of electromagnetics formany scat-

tering problems are Fourier modes of the form of (2.56) or can be approximated as
such, the analyses of the following chapters will make heavy use of the simple concepts
considered in this section, particularly the mesh Nyquist frequency and projection er-
ror. In fact, the second-order error in (2.68) is essentially the RMS current solution
error that will be obtained in the following chapter for the method of moments ap-
plied to a smooth scatterer with pulse expansion functions.
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Chapter 3

Error Analysis of the EFIE

withWeng Cho Chew

In this chapter, wewill developmany of the ideas that will be used throughout the book
in the context of a simple 2D scattering problem.¿emost common test cases used to
validate numerical simulations are the circular PEC cylinder and sphere. Normally, a
simulation code is used to generate scattered �elds or surface current for the test ge-
ometry, and the error in the numerical solution relative to an exact, analytical solution
is computed. What we will do here is somewhat di�erent: we will apply the method
of moments algorithm for the EFIE to the circular cylinder analytically, rather than
numerically. In other words, we will derive a series expression not for the exact solu-
tion for the cylinder, but for the approximate numerical solution itself. Armed with
such an analytical expression for the approximate solution, we can use mathematical
insight to understand the impact of di�erent aspects of the numerical method on the
solution error.
Even though the circular cylinder is a very simple scattering problem, careful analy-

sis of this case will provide error estimates for surface currents and scattering ampli-
tudes, including contributions from quadrature error associated with numerical inte-
gration of moment matrix elements. Since the circular cylinder is closed, we can also
gain signi�cant insight into the behavior of numerical solutions near internal reso-
nance frequencies. In fact, the only major physical e�ect that we will not be able to
study with this geometry is the e�ect of geometric singularities such as edges and cor-
ners, since the circular cylinder is a smooth scatterer.
In this chapter, we will �rst consider an ideal implementation of the method of mo-

ments, for which:

• Moment matrix element integrations are evaluated exactly.

• A conformal and regular (identical mesh elements) geometrical representation
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of the scatterer is employed.

• ¿e linear system produced by the method of moments is inverted exactly.

With an ideal implementation, under normal circumstances the minimum possible
solution error for a given set of basis functions is achieved. In some cases, a nonideal
implementation can actually be more accurate than an ideal discretization, but gener-
ally the ideal implementation can be viewed as setting a lower bound on error.
A er analyzing the ideal case, we will �rst relax the assumption of exact integration

of moment matrix elements, and introduce quadrature error into the analysis. At this
point, the concept of variationality of the method of moments will enter into the dis-
cussion.¿e curved mesh will then be replaced by a �at-facet mesh, in order to assess
the impact of geometrical discretization error. Consideration of the third aspect of a
nonideal implementation, linear system solution error, will be deferred to Chapter 9.

3.1 TM-EFIE with Ideal Discretizations
We will begin with a spectral decomposition in terms of eigenvalues and eigenfunc-
tions for the EFIE operator. In general, such a decomposition is available if and only
if the operator is normal (a matrix is normal if it commutes with its Hermitian conju-
gate and an operator is normal if it commutes with its adjoint [1]). For general scatterer
geometries, the EFIE operator is nonnormal, so a spectral decomposition is not avail-
able, although a singular value decomposition does exist [2]. In later chapters we will
sidestep this problem by proving that the EFIE operator can be approximated by a nor-
mal operator. For the special case of the circular cylinder, however, the EFIE operator
is normal and an exact spectral decomposition can be employed in the error analysis.
¿e starting point for the spectral decomposition is a cylindrical mode expansion

of the 2D free space Green’s function,

H(2)
0 (k0Sρ − ρ′S) =

ª
Q
q=−ª

Jq(k0a)H(2)
q (k0a)e−jq(ϕ−ϕ

′) (3.1)

where ρ and ρ′ lie on a circle of radius a and ϕ and ϕ′ are the corresponding angles
in the cylindrical coordinate system. ¿e above is a Fourier series expansion of the
Green’s function on the circle ρ = ρ′ = a in the ϕ − ϕ′ variable. By substituting this
expression into (2.9), a spectral decomposition of the integral operator is immediately
obtained.
From (3.1), it can be seen that the eigenfunctions of the integral operator L are the

Fourier modes e−jqϕ, so the action of the EFIE operator on an arbitrary function is to
scale each Fourier component by the eigenvalue

λq = 1
2ηπk0aJq(k0a)H(2)

q (k0a) (3.2)
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where the leading constant is the circumference of the scatterer, 2πa, multiplied by the
leading constant in (2.9).We will pause here to consider the physical meaning of some
of the mathematical properties of the operator spectrum.

Normality. From an operator theory point of view, the existence of a spectral de-
composition of this form indicates that L is a normal operator, although L is not self-
adjoint, because the eigenvalues are complex. Normality of a system in general is as-
sociated with the existence of a set of orthogonal modes, each of which can be excited
independently. For other scatterer geometries, it can be shown numerically that L is
nonnormal.We will discuss the physical meaning of nonnormality later in the context
of the �at strip in Chapter 5.

Smoothing property of the TM-EFIE operator. Using the large-order expansion

Jν(x)H(2)
ν (x) � j

πSνS , ν�ª (3.3)

the eigenvalues of the integral operator for large orders decay in magnitude as

λq � 1
SqS (3.4)

¿e eigenvalues therefore accumulate in the complex plane at the origin.¿is is aman-
ifestation of the fact that the operatorL is compact, which loosely speakingmeans that
the operator maps a surface current Js with bounded L2 norm to a tangential �eldLJs
with bounded L2 norm. For highly oscillatory components of the surface current, due
to (3.4), the amplitude of those components is reduced by the integral operator, so that
the resulting tangential �eld is smoother than the current. For this reason, L can be
considered an integrating or smoothing operator.
While the operator L does have a smoothing property, due to the singular kernel

the smoothing e�ect is weaker than for other �rst-kind integral operators with nonsin-
gular kernels. An operator de�ned by convolution with a bounded, square-integrable
kernel function k(x) according to

Ku = ∫
b

a
k(x − x′)u(x′)dx′ (3.5)

is necessarily a smoothing operator, which can be seen by taking the Fourier transform
of the above equation. If the kernel k(x) is nonsingular, the Fourier series coe�cients
of the kernel decay more rapidly than (3.4) and the operator reduces the amplitude
of rapidly varying Fourier components of u. Because of the logarithmic singularity of
the kernel of the TM-EFIE, the eigenvalues fall o� in magnitude relatively slowly with
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order, leading to a weaker smoothing property than (3.5). We will see in Chapter 9
that this has important rami�cations for the conditioning of the method of moments
linear system.

Radiating and nonradiatingmodes. ¿e spatial frequency of the qthmode is q~a.¿e
transition to the asymptotic behavior speci�ed by (3.4) is SqS � k0a. Physically, larger
orders correspond to highly oscillatory current modes that do not radiate signi�cant
amounts of power into the far �eld, or nonradiating modes. Lower orders correspond
to currents that radiate strongly into the far �eld, or radiating modes. In the complex
plane, the eigenvalues of the radiating modes are distributed in the right half plane,
whereas the eigenvalues of the nonradiating modes lie near the imaginary axis on an
arc extending in the limit to the origin.
Radiating and nonradiating modes can be understood by analogy with an aperture

antenna. If the �eld distribution across an aperture is uniform, then the radiation pat-
tern of the aperture has amain lobe in the broadside direction, or the direction normal
to the aperture plane. In order to steer the beam, the aperture �eld distribution can be
given a phase progression of the form e−jkx. ¿e steering angle of the beam is deter-
mined by the phase coe�cient k. For k = 0, the aperture distribution is uniform. As k
increases, the main lobe direction is steered away from broadside. At k = k0, the main
lobe is steered to the end�re direction, or parallel to the aperture plane. For SkS A k0,
the aperture distribution becomes nonradiating, in the sense that the amount of real
power radiated to the far �eld decreases exponentially as k increases. While nonradi-
atingmodes radiate very weak far �elds, they do produce near �elds that store reactive
energy.

3.1.1 Discretized Operator Spectrum

For the purpose of error analysis, we are interested primarily in the discretized matrix
operator used to obtain an approximate numerical solution. Our immediate goal is
to determine the eigenvalues of the discretized operator in terms of the continuous
operator eigenvalues. ¿e eigenvalues of the discretized operator will then be used to
determine error in numerical solutions for the current and scattering amplitude.
To accomplish this, we will insert (3.1) into (2.28) for the elements of the moment

matrix. To simplify the analysis, we will assume that the expansion and testing func-
tions used as basis sets for the method of moments procedure are shi invariant, so
that fn(ϕ) = f(ϕ − ϕn) and tn(ϕ) = t(ϕ − ϕn), where f(ϕ) and t(ϕ) are canonical
basis functions located at ϕ = 0.¿e nodes are taken to be evenly spaced points around
the circumference of the scatterer, so that ϕn = (n−1~2)θ0, where θ0 = 2π~N andN is
the total number of basis functions. It is worth noting that the mesh element length in
this case is h = 2πa~N, and the dimensionless mesh density is nλ = λ~h = N~(k0a).
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Under these assumptions, the moment matrix becomes

Zmn = ηπk0a
2N

ª
Q
q=−ª

Jq(k0a)H(2)
q (k0a)T−qFqe−jq(ϕm−ϕn) (3.6)

where Tq represents the Fourier series coe�cients of t(ϕ),

Tq = 1
θ0 ∫ dϕ t(ϕ)e

jqϕ (3.7)

evaluated at q and normalized by 1~θ0. Fq for the expansion basis function is de�ned
similarly by

Fq = 1
θ0 ∫ dϕ f(ϕ)e

jqϕ (3.8)

¿is is the Fourier transform in (2.58) evaluated at the discrete set of spatial frequencies
given by kq = q~a.
Equation (3.6) indicates that Zmn = Zm−n, and hence Zmn is a Toeplitz matrix.

By inspection of (3.6), the eigenvectors of the moment matrix are of the form e−jqϕn ,
where q is an integer and n indexes the components of the eigenvector. ¿e corre-
sponding eigenvalues can be determined by forming amatrix-vector multiplication of
the moment matrix in the form (3.6) and the eigenvector:

N
Q
n=1

Zmne−jqϕn = ηπk0a
2N

ª
Q
r=−ª

Jr(k0a)H(2)
r (k0a)T−rFre−jrϕm

N
Q
n=1

e−j(q−r)ϕn (3.9)

¿e sum over n can be evaluated using the identity

N
Q
n=1

e jrϕn = (−1)r sin (πr)
sin (πr~N) (3.10)

¿e right-hand side of (3.10) is equal to (−1)sN if r = sN, where s is an integer, and
vanishes otherwise. Equation (3.9) then becomes

N
Q
n=1

Zmne−jqϕn = �ηπk0a
2

ª
Q
s=−ª

Jq+sN(k0a)H(2)
q+sN(k0a)T−q−sNFq+sN	 e−jqϕm (3.11)

where we have assumed that N is even. From this expression, we can identify

λ̂q = ηπk0a
2

ª
Q
s=−ª

Jq+sN(k0a)H(2)
q+sN(k0a)T−q−sNFq+sN (3.12)
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as the eigenvalue corresponding to the eigenvector e−jqϕn . In terms of the exact eigen-
value (3.2), this can be expressed as

λ̂q =
ª
Q
s=−ª

λq+sNT−q−sNFq+sN (3.13)

¿e moment matrix, being square with N rows and columns, has N eigenvalues. It is
not immediately obvious that this is re�ected in (3.13), but under closer inspection, it
can be seen that the expression for λ̂q is periodic with period N.
¿e eigenvalues of the moment matrix for an example case are shown in Figure 3.1.

¿e low-order eigenvalues with small values of the index q are distributed in the right
half plane. ¿ese are the radiating current modes. For large values of q, the eigenval-
ues approach the origin along the positive imaginary axis. ¿ese are the nonradiating
current modes that oscillate more rapidly than the wavenumber k0. From Poynting’s
theorem, the real part of the eigenvalue is the real power radiated by the mode, and
the imaginary part is proportional to the di�erence between the stored electric and
magnetic energy (see Chapter 6). ¿e nonradiating modes with eigenvalues near the
imaginary axis have only a very small real part, as expected.
¿e spectrum of the continuous operator is similar to that of the moment matrix,

except that there are a countably in�nite number of eigenvalues that approach the
origin as an accumulation point, and there is a small shi or di�erence in the values
of corresponding eigenvalues. ¿is di�erence is spectral error and will turn out to be
crucial in determining the solution error of themethod ofmoments.Wewill now look
more deeply into the relationship between the eigenvalues of the moment matrix and
those of the continuous integral operator.

3.1.2 Comparison of the Discretized and Exact Operator Spectra

¿emost basic fact about the exact and approximate eigenvalues is that theN eigenval-
ues and eigenvectors of themomentmatrix are approximations toN of the eigenvalues
and eigenvectors of the continuous integral operator L. One simple manifestation of
this is that (3.13) approaches (3.2) as the number of basis functions N becomes large.
Under rather weak assumptions about the expansion and testing functions, in the limit
as N �ª, all terms in the sum in (3.13) vanish except the s = 0 term, and T−qFq � 1,
from which it follows that λ̂q � λq as N �ª. ¿is accounts for the proximity of the
two sets of eigenvalues shown in Figure 3.1.
Furthermore, from the treatment in the previous section, the eigenvectors associ-

ated with the moment matrix eigenvalues are merely sampled versions of the continu-
ous eigenfunctions. Since (3.13) is periodic, it su�ces to consider the range SqS B N~2
(we will ignore the unimportant technicalities associated with N being even or odd).
Setting q = 0 in the eigenvector e−jqϕn corresponds to a vector of samples around the
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Figure 3.1: Spectrum of the EFIE operator, TM polarized incident �eld, circular cylinder scatterer with
radius k0a = 2π. Pluses: moment matrix spectrum, mesh density nλ = 10. Dots: exact eigenvalues of the
continuous operator.

cylinder equal to unity, or in other words, a DC current mode. As the magnitude of q
increases, the mode becomes oscillatory. ¿e spatial frequency is

kq = q
a

(3.14)

¿e eigenvector with the largest spatial frequency will be of particular importance.
¿is corresponds to an order of q = �N~2, and the mode spatial frequency is identical
to the mesh Nyquist frequency kmax given by (2.63).
¿e domain of the continuous integral operator includes functions with essentially

arbitrary spatial frequency content, ranging from slowly varying functions to highly
oscillatory functions.¿e discrete operator represented by the moment matrix, on the
other hand, represents only the low frequency portion of the in�nite “bandwidth” of
the continuous operator. ¿is is closely associated with the approximating capability
of the expansion and testing functions. With localized basis functions, highly oscil-
latory functions with spatial frequency above kmax cannot be approximated, so these
functions are not represented in the spectrum of the moment matrix. For the low fre-
quency part of the spectrum (i.e., current modes e−jqϕn with SqS B N~2), we can make
a correspondence between the N lowest order eigenvalues of the continuous operator
and the N eigenvalues of the moment matrix. We refer to the eigenvalues of L with
order SqS A N~2 as unmodeled eigenvalues, since the spatial frequency of the corre-
sponding eigenfunctions is greater than the mesh Nyquist frequency, and they cannot
be represented in the trial subspace spanned by the basis set used to discretize the
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integral operator. Modes with spatial frequencies below the mesh Nyquist frequency
(SqS B N~2) might be referred to as modeled modes.

3.1.3 Spectral Error

Wehave just observed that there is a correspondence between theN eigenvalues of the
moment matrix and the N lowest order eigenvalues of the continuous integral opera-
tor. From (3.1), it can be seen that the exact continuous operator and moment matrix
eigenvalues are not equal. We will refer to the eigenvalue shi between the exact and
approximate eigenvalues as spectral error. It will be seen later that the spectral error
has a close relationship to the current and scattering amplitude solution errors.¿ere-
fore, it will be useful to understand the causes and physical meaning of the spectral
error in more detail.
¿e moment matrix eigenvalue (3.13) can be rearranged into the form

λ̂q = λqT−qFq +Q
sx0

λq+sNT−q−sNFq+sN (3.15)

where we have separated the s = 0 term in the sum. It can be seen that the moment
matrix eigenvalue λ̂q, relative to the exact eigenvalue λq, is perturbed by two contri-
butions, one that is multiplicative, and another that is additive and is associated with
high-order eigenvalues of the integral operator.¿emultiplicative change in the eigen-
value we will refer to as projection error, by analogy with the discussion in Section
2.8.3, and the additive part we will refer to as aliasing error.
In terms of the spectral error ∆q, we can write the approximate eigenvalue in the

form
λ̂q = λq + ∆q (3.16)

where ∆q is the di�erence between the exact eigenvalue λq of the continuous operator
and the corresponding eigenvalue λ̂q of the moment matrix. From (3.15), the spectral
error is

∆q = λq(T−qFq − 1) +Q
sx0

λq+sNT−q−sNFq+sN (3.17)

It is also convenient to consider the relative spectral error

Eq =
∆q
λq

= T−qFq − 1
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Projection
error

+ 1
λq
Q
sx0

λq+sNT−q−sNFq+sN
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Aliasing error

(3.18)

which can be divided into two terms corresponding to the multiplicative and additive
contributions in (3.15).
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¿e objective at this point is to understand this expression for spectral error inmore
detail, by considering the physical meaning of the two types of error. We will then
develop closed form approximations for the spectral error for speci�c basis functions.
Finally, the spectral error will be used to determine the solution error for the surface
current and scattering amplitudes.

Projection error. ¿e �rst term of the relative spectral error, T−qFq − 1, is caused by
projection of the “modeled,” low spatial frequency (SqS B N~2) eigenfunctions of the
kernel onto the expansion and testing basis subspaces. ¿is is closely related to the
projection error analyzed from a simple point of view in Section 2.8.3, except that
here the error arises from projection of the operator kernel onto testing and expan-
sion functions. Since the kernel has two coordinates (the �eld and source points), the
single-mode projection error of Section 2.8.3 is repeated for projection onto the testing
and expansion functions.
To further understand this error term, it is helpful to use bra-ket notation and to

construct a projection operator onto a �nite dimensional basis subspace. Let the qth
eigenfunction be denoted by Suqe, so that

L =Q
q
λq Suqe `uqS (3.19)

We de�ne the testing subspace discretization operator to be

P =
N
Q
m=1

Stme `tmS (3.20)

If the basis functions are not orthogonal, then this operator is not a projection operator,
since P2 x P , but it can be viewed as a projection operator in an approximate sense.
Since the operator is not an exact projection, Sûe = P Sue does not necessarilyminimize
the error Yû−uY over all possible linear combinations û of the basis functions tm. ¿e
motivation for de�ning P according to (3.20) is that applying this type of projection
to a continuous integral equation leads to the MoM discretization (2.27).
Applying the operator P to an eigenfunction of the EFIE operator leads to

P Suqe =
N
Q
m=1

`tmSuqe Stme (3.21)

Since uq is a Fourier basis function, we can use the Fourier shi theorem to obtain

`tmSuqe = e−jqϕmT−q (3.22)
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From the explicit expression given above for the eigenfunctions, we also have that
e−jqϕm = uq(ϕm). Combining these expressions gives

P Suqe =
N
Q
m=1

uq(ϕm)T−q Stme (3.23)

¿is expression shows that when the Fourier function uq is projected into the testing
subspace using (3.20), the resulting expansion is given by samples ofuq at the locations
of the testing functions, with an additional scale factor T−q.¿is is the projection error
associated with the testing functions.
When the EFIE operator is discretized, the eigenfunctions associated with ϕ and ϕ′

in the cylindrical wave expansion (3.1) are projected into the testing and expansion
subspaces, respectively, using the same projection (3.20) that led to (3.23). Projection
of the ϕ and ϕ′ dependence of the operator into the testing and expansion subspaces
leads to scaling coe�cients T−q and Fq for each eigenfunction. ¿ese coe�cients ap-
pear in the moment matrix eigenvalue (3.15) as factors in the �rst term.

Aliasing error. Since the order q + sN of the eigenvalue in the summation over s =
�1,�2, . . . is always N or larger, the second term of (3.17) is determined by the high-
order, unmodeled eigenvalues of the EFIE operator. To understand this contribution
to the spectral error, we can consider the right-hand side of (3.6) to be a continuous
function with respect to ϕm and ϕn. When ϕm and ϕn are sampled at discrete points,
aliasing occurs for modes in the summation over qwith SqS A N~2, since these modes
oscillate more rapidly than the mesh Nyquist frequency. ¿e eigenvalues associated
with these aliased modes add to the eigenvalues of modeled modes. ¿e spectral shi 
caused by this e�ect is aliasing error.
¿e eigenvalues of high-order, aliased modes are linked to the singularity of the

Green’s function or operator kernel. If the kernel were smooth, the eigenvalues would
decay rapidly and the aliasing error would be small. ¿e stronger the singularity of
the kernel, the slower the decay of the eigenvalues as the order becomes large, and the
larger the aliasing error.
¿e basis functions also have an e�ect on aliasing error. While (3.1) is singular at

ϕ = ϕ′, the right-hand side of (3.6) is not singular at ϕm = ϕn because of the regu-
larizing e�ect of the expansion and testing functions. ¿e basis functions ameliorate
the singularity of the kernel and cause a more rapid fallo� of the terms in the sum-
mation over q. ¿e smoother the basis functions, the more rapidly the coe�cients Tq
and Fq fall o� with increasing q. ¿us, smooth basis functions reduce aliasing error. If
the basis functions were so smooth as to be spatially bandlimited (e.g., sinc functions
or eigenfunctions of the integral operator), then the aliasing error term would vanish,
since bandlimited basis functions are orthogonal to the unmodeled modes with or-
der q A N~2. We will see in Chapter 8 that higher-order polynomial basis functions
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act much like bandlimited functions and reduce aliasing error signi�cantly relative to
low-order basis functions.
From a physical point of view, to achieve high accuracy with the method of mo-

ments, the basis functions should properlymodel the electromagnetic interactions be-
tween modes with spatial frequencies below the mesh Nyquist frequency. If the basis
functions have spectral content beyond the mesh Nyquist frequency, error increases.
With nonsmooth basis functions, the singularities associated with discontinuities of
the expansion functions radiate quasistatic �elds that are received by the testing func-
tions and perturb the self-interaction of the modeled modes, causing solution error.
Finally, we observe that because the aliasing error is an additive term, whereas the

projection error is multiplicative, the e�ects of the two error contributions on the cur-
rent and scattering amplitude errors will be di�erent in character.

3.1.4 Spectral Error for Low-Order Basis Functions

We now develop explicit results for the spectral error with low-order, piecewise poly-
nomial expansion and testing functions.¿ese include the pulse function (2.30b) and
triangle function (2.30c). We will also include the delta function (2.30a), which can be
considered to be a basis function with smoothness one order smaller than that of the
pulse function.¿ese basis functions can be classi�ed by polynomial order, so that the
pulse function has order p = 0, the triangle function has order p = 1, and the delta
function is p= −1.
¿ese basis functions are members of a family of splines generated by convolutions

of the pulse function [3]. ¿e triangle function is the twofold convolution of the pulse
function. If the width of the pulse function is h, then the width of the resulting tri-
angle function is 2h. ¿e triangle function is identical to the �nite element basis set
generated by linear shape functions on a one-dimensional mesh.¿is family of splines
can be extended further. ¿e threefold convolution of a pulse function is a piecewise
quadratic function of width 3h. For higher orders, this type of spline approaches a
Gaussian shape with a very large width of support, but still with only one basis func-
tion associated with each mesh element. In practice, basis functions of this class are
rarely used beyond the triangle function (p= 1). Higher-order basis functions are typ-
ically constructed di�erently, by utilizingmultiple polynomials on eachmesh element,
so that the basis set is complete up to order p(i.e., by taking linear combinations of the
basis functions on amesh element, any polynomial of order up to pcan be represented
exactly). We will consider higher-order basis functions in Chapter 8.
For the piecewise polynomial basis functions (2.30), the Fourier series coe�cients

Tq of the testing function are

Tq = � sin (πq~N)
πq~N 	

p+1
(3.24)
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which is a sinc function raised to a power determined by the polynomial order of the
testing function. ¿e Fourier coe�cients of the expansion function are similar, but
with exponent determined by the polynomial order of the expansion function:

Fq = � sin (πq~N)
πq~N 	

p′+1
(3.25)

For delta testing functions (also called point testing or point matching), the exponent
in (3.24) is zero and the Fourier series coe�cients are all equal to one. For the pulse
expansion function, (3.25) is a sinc function, and for the triangle function (3.25) is a
squared sinc function. Since this class of low-order basis functions are convolutions of
the pulse function in real space, it is to be expected that the Fourier series coe�cients
are products of sinc functions.
It can be seen from (3.17) that the spectral error depends on the product T−qFq. A

consequence of this is that the spectral error is symmetric with respect to exchange of
the testing and expansion functions (we will see later that this symmetry extends to
the scattering amplitude solution error, but not to the current error). By forming the
product of (3.24) and (3.25), it can be seen that the spectral error depends only on the
sum of the polynomial orders of the testing and expansion functions. Accordingly, we
de�ne the parameter

b = p+ p′ + 2 (3.26)

where pand p′ are the polynomial orders of the testing and expansion functions.
With these results in hand, we are prepared to evaluate the spectral error in closed

form for speci�c choices of basis functions. Bymaking use of the asymptotic expansion
(3.3) in (3.18), the relative spectral error can be approximated as

Eq � T−qFq − 1 + jη
2nλλq

Q
sx0

T−q−sNFq+sN
Ss + q~NS (3.27)

Inserting the Fourier series coe�cients (3.24) and (3.25) leads to

Eq,b � � sin (πβq~nλ)
πβq~nλ

	
b

− 1 + jη
2nλλq

Q
sx0

sgn(s) sinb π(s + βq~nλ)
πb(s + βq~nλ)b+1

(3.28)

where βq = q~(k0a) is the normalized spatial frequency associated with the qth cur-
rent mode. βq is de�ned such that the mode with spatial frequency equal to k0 corre-
sponds to βq = 1. Accordingly, SβqS < 1 corresponds to radiating modes, and SβqS A 1 to
nonradiating modes.
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Delta testing and expansion functions (b = 0). It is possible to obtain convergent
spectral error with single-point evaluations of the operator kernel, as long as the test-
ing and expansion points are di�erent. As the analysis of this discretization scheme is
simpler for a �at scatterer, discussion of the b = 0 case is deferred until Section 5.1.5.

Pulse expansion and point testing (b = 1). ¿e simplest basis set that is applied to the
TM-EFIE in common practice consists of pulse expansion functions and point testing.
For this basis, the order parameter is b = 1. By expanding (3.28) for small βq~nλ and
evaluating the summation, it can be shown that the relative spectral error is

Eq,1 � −
π2β2q
6n2λ

+ 1.8jηβ2q
n3λλq

(3.29)

¿e exact constant in the second term is 3ζ(3)~2, where ζ(x) is the Riemann zeta
function. ¿e �rst term of this expression is the projection error associated with the
qth eigenvalue, and the second term is due to aliasing of high-order modes. It can be
seen that the projection error is second order in nλ, whereas the aliasing error is third
order. ¿is will have rami�cations later in determining the orders of the current and
scattering amplitude solution errors.

Triangle expansion and point testing (b = 2). For point testing and triangle expansion
functions or pulse testing and expansion functions (b = 2), the spectral error is

Eq,2 � −
π2β2q
3n2λ

+ 1.2jηβ2q
n3λλq

(3.30)

where the exact constant in the second term is ζ(3). ¿e spectral error for this basis
set is identical to that obtained with pulse expansion and pulse testing functions, since
Eq,b only depends on the combined order parameter b and not on pand p′ individu-
ally. ¿e aliasing error term is third order and the projection error is second order.
For both pulse and triangle expansion functions, the projection error is second or-

der (i.e., decreases as n−2λ as the mesh is re�ned) and the aliasing error is third order.
Both error terms include a factor of β2q. As the spatial frequency of the eigenmode in-
creases, the di�culty of representing the mode in the approximation space de�ned by
the basis functions becomes greater, so it is natural that the spectral error associated
with projection of the integral operator into the approximation space increases with
the mode order q. ¿e goal now is to relate the spectral error to current solution and
scattering amplitude errors. Given that the spectral error consists of both second- and
third-order terms, a natural question is, which of these terms has a dominant in�uence
on the current and scattering amplitude errors?
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3.1.5 Current Solution Error

¿e analysis above has quanti�ed the error in the moment matrix, in terms of the
spectral error or eigenvalue perturbation caused by discretization. To determine the
current error, we will need to consider the e�ect of discretization on the incident �eld.
If the incident �eld is a plane wave traveling along the x-axis, then the right-hand side
of the linear system (2.27) has elements given by

Eincn = ∫ dϕ tn(ϕ)e−jk0a cosϕ (3.31)

Using the cylindrical mode expansion of a plane wave, this can be written as

Eincn =
ª
Q
q=−ª

j−qJq(k0a)T−qe−jqϕn (3.32)

Each term in this sum is an eigenvector of themomentmatrixZ, so it is straightforward
to apply Z−1 and obtain the vector of unknown coe�cients of the numerical current
solution:

Ĵn =
ª
Q
q=−ª

j−qJq(k0a)T−q
λ̂q

e−jqϕn (3.33)

In order to determine the solution error, we need a similar modal expansion for the
exact current on the cylinder. From the Mie series solution for the circular cylinder,
the exact current evaluated at the mesh element centers ϕn on the cylinder surface is

Jn =
ª
Q
q=−ª

j−qJq(k0a)
λq

e−jqϕn (3.34)

With the method of moment solution (3.33) and the exact current solution (3.34),
we can compute the current solution error. To avoid the interpolation error introduced
by the expansion functions and focus on error intrinsic to the current unknowns in
(2.25), we will evaluate the error at the mesh element centers ϕn. Subtracting (3.33)
from (3.34) leads to the current error

∆Jn = Jn − Ĵn = − 2
ηπk0a

ª
Q
q=−ª

j−q(1 + Eq − T−q)
H(2)
q (k0a)(1 + Eq)

e−jqϕn (3.35)

¿e RMS current error is

Y∆JYRMS = 2
ηπk0a

<@@@@@>

ª
Q
q=−ª

RRRRRRRRRRRR

E(2)
q + T−q(Fq − 1)
H(2)
q (k0a)(1 + Eq)

RRRRRRRRRRRR

2=AAAAA?

1~2

(3.36)
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Figure 3.2: Relative RMS surface current solution error for a circular cylinder with radius k0a = π and a
TM-polarized incident �eld.¿e expansion functions are piecewise constant (pulse functions) and point
testing is used. ¿e MoM implementation is ideal, so that there is no geometrical discretization error,
quadrature error, or linear system solution error. From the slope of the error curves, it can be seen that
the current error is second order.

where E(2)
q is the aliasing error term of (3.18), which is

E(2)
q = 1

λq
Q
sx0

λq+sNT−q−sNFq+sN (3.37)

A comparison of this result with numerical experiments is shown in Figure 3.2.
As SqS becomes large relative to k0a, the Hankel function in the denominator of

(3.36) becomes large, so that the dominant contribution to the sum comes from terms
with small q. ¿is follows from the fact that the current on the surface of the scatterer
is smooth, and hence, the high spectral components are small. Hence, large q terms
contribute little to the current error.
Since Tq and Fq are both close to unity for SqS B N~2, to leading order T−q(Fq− 1) �

Fq − 1. As a consequence, the projection error associated with the testing functions
cancels and does not reduce the current error (3.36). ¿is can be seen more simply
by ignoring the aliasing error and approximating (3.15) by the �rst term, and upon
substituting λ̂q into (3.33) the factor T−q cancels. ¿is occurs because the le - and
right-hand sides of the EFIE in (2.8) are tested using the same set of functions, and
the scaling e�ect of the testing functions cancels for each mode. We will see later that
this partial cancellation of the projection error becomes complete for the scattering
amplitude, and only aliasing error enters into the scattering amplitude error.
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It is helpful to develop a simple, closed-form approximation for the RMS current
error (3.36).Were it not for the problem of internal resonances, this would be straight-
forward. In the case of a �at PEC strip, which has no internal resonances since it is an
open geometry, we will see later that the current error neglecting edge e�ects can be
readily obtained in closed form. As long as the frequency of the incident wave is not
close to an internal resonance of the cylinder, however, it can be found empirically
from (3.36) that the relative RMS current error for point testing and pulse expansion
functions can be approximated as [4]

Y∆JYRMS
YJYRMS

� 0.7n−2λ (3.38)

As a function of the scatterer size k0a, this result is a lower bound on the current error,
since the error increases dramatically in peaks near internal resonance frequencies.
While the constant in this expression requires some numerical work to compute, the
exponent on nλ is ultimately more important and can be readily inferred from (3.25)
and (3.36). For large nλ, (3.25) goes as 1− c1n−2λ , which leads to a contribution of order
n−2λ in (3.36). Since E(2)

q is third order and smaller, the second-order contribution
dominates, and the overall current error has order n−2λ .
As noted above, we have used theRMS errormeasure to avoid including the large in-

terpolation error caused by the pulse basis functions in the current error estimate.¿e
L2 error for the current solution is dominated by interpolation error, which leads to a
much larger �rst-order error that is essentially identical to (2.62). One lesson from this
is that if a continuous current approximation is needed, the current samples obtained
with low-order expansion functions can be interpolated using higher-order polyno-
mials to obtain a smoother andmore accurate solution.¿e current unknowns result-
ing from a simple pulse basis implementation of MoM, for example, could be used as
expansion coe�cients with triangle functions, which linearly interpolate the current
samples and the discontinuities in the current solution at the pulse function edges are
eliminated.
Finally, it is interesting to consider these results in light of the rule of thumb, “ten

unknowns per wavelength.” At nλ = 10, the relative RMS current error is

Y∆JYRMS
YJYRMS

� 0.01 (3.39)

or a 1% relative error.¿is is a very small error, due to the ideal implementation of the
method of moments assumed in this section. If the idealizing assumptions about the
discretization scheme do not hold, we will see in Section 3.3 that error can increase
substantially.
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3.1.6 Scattering Amplitude Error

O en in numerical simulations it is not the surface current itself that is the desired
�nal result, but rather a derived quantity such as an impedance or far �eld. Accuracy
for impedances is closely related to the accuracy of the current itself, but for far �eld
computations, the transformation from currents to radiated �elds can have a substan-
tial e�ect on numerical accuracy. In this section, we will analyze the solution error for
far �elds in terms of the scattering amplitude.
Using (2.45), the numerical scattering amplitude solution can be written in terms

of modal expansions of incident and scattered plane waves as

Ŝ(ϕsca,ϕinc) = −k0η
4

N
Q
m=1
Q
q,r

a�qbr
λ̂r

e jq(ϕ
sca−ϕm)e−jr(ϕ

inc−ϕm) (3.40)

where aq and bq are the Fourier coe�cients of the discretized scattered plane wave
(2.43) and the incident plane wave (3.32), respectively. ¿e Fourier coe�cients of the
scattered plane wave are similar to those of the incident �eld in (3.32), except that the
scattered plane wave is discretized using the expansion functions instead of the testing
functions, so Tq is replaced by Fq. Inserting the Fourier coe�cients leads to

Ŝ = −k0
4 Qq,r

�hjqJq(k0a)Fq�� 1
λ̂r
jrJr(k0a)T−re jqϕ

sca−jrϕinc
N
Q
m=1

e j(r−q)ϕm (3.41)

Using (3.10), the sum over m is periodic with N, but due to the rapid growth of the
eigenvalue λ̂rwith r, only the term for which q = r is signi�cant. Applying this to (3.41)
and using N = 2πa~h leads to

Ŝ(ϕ) = jπk0a
2

ª
Q
q=−ª

Jq(k0a)2FqT−q
λ̂q

e jqϕ (3.42)

where ϕ = ϕsca − ϕinc. In terms of the relative spectral error Eq, this becomes

Ŝ(ϕ) = jπk0a
2

ª
Q
q=−ª

Jq(k0a)2FqT−q
λq(1 + Eq)

e jqϕ (3.43)

With (3.2) for the exact operator eigenvalue, we have

Ŝ(ϕ) = −
ª
Q
q=−ª

Jq(k0a)FqT−q
H(2)
q (k0a)(1 + Eq)

e jqϕ (3.44)
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¿e exact scattering amplitude is

S(ϕ) = −
ª
Q
q=−ª

Jq(k0a)
H(2)
q (k0a)

e jqϕ (3.45)

Subtracting the numerical and exact scattering amplitudes leads to the error

∆Ŝ(ϕ) =
ª
Q
q=−ª

Jq(k0a)
H(2)
q (k0a)

Eq − (FqT−q − 1)
1 + Eq

e jqϕ (3.46)

Using (3.18), the scattering amplitude error becomes

∆S(ϕ) = −
ª
Q
q=−ª

Jq(k0a)
H(2)
q (k0a)

E(2)
q

1 + Eq
e jqϕ (3.47)

In this expression, E(2)
q is the aliasing error component of the spectral error given by

(3.37).
Instead of the absolute error (3.47), it is convenient to consider the scattering am-

plitude error in a relative sense. For point testing and pulse expansion functions, by
numerical evaluation of (3.47) and (3.45) the relative backscattering amplitude error
can be approximated as [4]

S∆SS
SSS � 1.9(k0a)−1n−3λ (3.48)

¿is expression is valid away from the internal resonance frequencies of the scatterer.
As with the surface current, the scattering amplitude error increases near internal res-
onances frequencies. It can be seen that the scattering amplitude error is third order,
and decreases as n−3λ or h3 as the mesh is re�ned. While this result was derived for
the backscattering amplitude, the error for bistatic scattering amplitudes has the same
order as the backscattering amplitude. Numerical results with a comparison to the
theoretical error estimate are shown in Figure 3.3.
Inspection of (3.47) shows that the scattering amplitude error exhibits a very sig-

ni�cant behavior with respect to its dependence on the spectral error. ¿e projection
error component of the spectral error has essentially no e�ect on the scattering am-
plitude. Only the aliasing error component E(2)

q appears in the numerator, rather than
the full spectral error Eq. Typically, Eq  1, so that the Eq term in the denominator can
be neglected. To see this more simply, if we ignore the aliasing error and approximate
(3.15) by the �rst term, then the factor FqT−q cancels in (3.42).
For the low-order basis functions considered in this chapter, the spectral error con-

sists of two terms, one of which is third order with respect to mesh density for the



Error Analysis of the EFIE 51

10
0

10
1

10
2

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

n
λ

R
el

at
iv

e 
B

ac
ks

ca
tte

rin
g 

A
m

pl
itu

de
 E

rr
or

 

 

Actual
Theory

Figure 3.3: Relative backscattering amplitude error for a circular cylinder with radius k0a = π and a
TM-polarized incident �eld.¿e expansion functions are piecewise constant (pulse functions) and point
testing is used. ¿e MoM implementation is ideal, so that there is no geometrical discretization error,
quadrature error, or linear system solution error. From the slope of the error curves, it can be seen that
the backscattering amplitude converges at a third-order rate.

particular discretization scheme considered in this section, and another which is sec-
ond order. ¿e larger of these spectral error contributions, the projection error, does
not contribute to the scattering amplitude error. As a result, the scattering amplitude
is in�uenced only by the third-order aliasing error term and therefore has a higher or-
der of convergence than the current.¿is cancellation of the projection error is closely
related to a fundamental aspect of the method of moments, the variational property.

3.2 Variational Principles, the Moment
Method, and Superconvergence

A variational principle is a functional for which the stationary point is the solution
to a di�erential or integral equation. In electromagnetic theory, the functional typi-
cally takes a current solution as an argument and yields a scattering amplitude. ¿e
method of moments can be derived from a variational principle using the Rayleigh-
Ritz procedure, by substituting an expansion for the current solution in terms of basis
functions into the functional and setting the derivatives of the functional with respect
to the expansion coe�cients to zero.
In the computational electromagnetics community, variationality has been the sub-

ject of much consternation and numerous misunderstandings. Since a functional is
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stationary about the exact solution, its numerical value should not vary signi�cantly
from the exact value if it is evaluated for an approximate current solution.On this basis,
it was suggested decades ago that a variational expression for the scattering amplitude
should be used instead of the standard formula to improve the accuracy of the com-
puted scattering amplitude. Jones showed that this is not the case, since the value of
the functional is identical to that obtained by using the current solution obtained from
Galerkin’s method in the standard formula for the scattering amplitude [5]. Because
of the close connection between Galerkin’s method and variational formulas, it was
further contended by some that Galerkin’s method provides more accurate scattering
amplitudes than the method of moments with di�erent testing and expansion func-
tions. Mautz [6] and Peterson, et al. [7] cleared up this misconception by demonstrat-
ing that the improved accuracy associated with Galerkin’s method is obtained with the
more general moment method, as long as the scattered plane wave used in computing
the scattering amplitude is discretized using the expansion functions. Most recently,
Dudley observed that if an integral operator is poorly behaved, there is no reason to
expect good solution convergence just because a numerical solution can be derived
from a variational principle [8].
Variational principles for the EFIE can be given for 2D and 3D problems. We will

consider the 3D EFIE operator here, but all the results hold in very similar form for
the TM-EFIE and TE-EFIE. For the EFIE, the variational principle is obtained from
the bivariate functional [7]

I(Js, Jas ) = `Es, Jse + `Jas ,Eince − `Jas ,T Jse (3.49)

¿e angle brackets denote the vector L2 inner product on the scatterer surface (in [7],
the angle brackets denote the symmetric product without a complex conjugate). Ja is
the solution to the adjoint problem

n̂ � T aJas = n̂ � Es (3.50)

where Es is a plane wave propagating away from the scatterer and the adoint operator
is de�ned by

`f1,T f2e = `T af1, f2e (3.51)
for all pairs of vector �elds f1 and f2 on the scatterer surface. Interestingly, the adjoint
operator is not needed in most applications of the variational principle, but it can be
constructed if needed using the de�nition (3.51). Since T aJas is equal to the tangential
part of the scattered plane wave Es on the scatterer, we can use (3.51) to show that

`Es, Jse = `T aJas , Jse = `Jas ,T Jse = `Jas ,Eince (3.52)

As shown in Section 2.6, if the incident �eld is a plane wave, then `Es, Jse is propor-
tional to the scattering amplitude in the direction of the plane wave Es. From these
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equalities, it follows that if Js and Jas are exact solutions to the EFIE (2.7) and adjoint
problem (3.50), respectively, then the functional (3.49) is equal (up to a constant fac-
tor) to the scattering amplitude.
Using the calculus of variations, the EFIE can be obtained from the functional. If

we require the functional to be stationary with respect to Js, so that

δJsI(Js, Jas ) = 0 (3.53)

where δJsI(Js, Jas ) is the �rst variation of the functional with respect to Js, then it can
be shown that Js satis�es the EFIE (2.7). By inserting the approximate solution (2.31)
and a similar approximation

Ĵas =
N
Q
n=1

Iantn (3.54)

for the adjoint solution Jas expanded in terms of the testing functions, we can apply the
Rayleigh-Ritz procedure to the functional. Minimizing the functional with respect to
the coe�cients In in the approximation (2.31) leads to the same linear system

N
Q
n=1

`tm,T fneIn = `tm,Eince (3.55)

that is obtained with the method of moments [7]. For well behaved operators, the
Rayleigh-Ritz procedure �nds the solution in the approximation space for which the
value of the functional is closest to the exact value.
In Section 2.4, the method of moments linear systemwas derived using the method

of weighted residuals. ¿at approach is ad hoc in the sense that there is no guarantee
that the method will lead to accurate numerical results. ¿e variational approach, on
the other hand, can be used to gain additional information about the accuracy of a
computed value for the functional (3.49). Ignoring an unimportant constant, the scat-
tering amplitude error can be expressed as

∆S = `Es, ∆Jse
= `Jas ,T ∆Jse
= `∆Jas ,T ∆Jse + `Ĵas ,T ∆Jse (3.56)

By inserting the approximation (3.54) for the adjoint solution in terms of testing func-
tions tn and assuming that Ĵs in (2.31) is obtained from the method of moments, so
that the linear system (3.55) is satis�ed, it is straightforward to demonstrate that the
second term on the right-hand side vanishes. From this result, it follows that the scat-
tering amplitude error is [8]

∆S = `∆Jas ,T ∆Jse (3.57)
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At least formally, the scattering amplitude error is second order with respect to the
current solution error. If the error ∆Jas for the method of moments solution to the
adjoint problem (3.50) is similar in magnitude to the solution error ∆Js for the EFIE,
the scattering amplitude error should be the square of the two small current errors.
Even though many of the misconceptions about variationality have been cleared

up in recent years, the error expression (3.57) is still poorly understood. One signi�-
cant issue is that for low-order basis functions, the solution errors ∆Js and ∆Jas are not
continuous functions. If a quadrature rule is used to evaluate the moment matrix ele-
ments, for example, then the basis and testing functions are e�ectively delta functions,
in which case the expansion (2.31) and the solution errors become distributions. As a
consequence, it is di�cult to use (3.57) to make rigorous conclusions about the actual
accuracy of scattering amplitude solutions [7, 8].

3.2.1 Superconvergence

Despite the complications associated with the variational error formula (3.57), it is
true that the accuracy of the scattering amplitude is o en better than that of the cur-
rent solution. We have already seen that the scattering amplitude error for an ideal
discretization of the TM-EFIE with pulse basis functions and point matching is third
order, while the RMS current error is second order. We will refer to this higher-order
accuracy of the scattering amplitude relative to the current solution as superconver-
gence. What is surprising is that for other discretizations (as we will see shortly) the
scattering amplitude is not superconvergent, even though the variational error expres-
sion (3.57) still holds.
Fortunately, the spectral series for the scattering amplitude error in (3.47) provides

a more concrete explanation for the superconvergence of the scattering amplitude. As
discussed above, the projection error term in the spectral error cancels and does not
impact the scattering amplitude. When the incident and scattered �elds are projected
into the testing and expansion subspaces, each term in the modal expansion of the
�elds is scaled by a scale factor Tq associated with the testing functions for the incident
�eld or a factor of Fq due to the expansion functions for the scattered �eld. Similarly,
when the integral operator is discretized, each term in the modal expansion of the
operator is scaled by the factor TqFq, since the operator is projected into both the
testing and expansion subspaces.¿ese scale factors are associated with the projection
error term of the spectral error (3.18). When the moment matrix is inverted and the
scattering amplitude formed according to (2.45), these scale factors cancel on a mode-
by-mode basis.
As a result of this mode-by-mode cancellation, the projection error T−qFq − 1 does

not appear in the scattering amplitude error (3.47).¿e projection error portion of the
spectral error has no impact on the scattering amplitude, and the accuracy of the scat-
tering amplitude is determined solely by the aliasing error. For the ideal discretization
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considered above, the aliasing error is third order and smaller than the second-order
projection error, so the scattering amplitude error has a higher-order accuracy than the
current error. ¿is mode-by-mode cancellation of the projection error is the underly-
ing mechanism by which superconvergence of the scattering amplitude is realized.

3.2.2 Idealizing Assumptions

One important aspect of the superconvergence property of the method of moments
is that it typically only occurs for ideal implementations of the method of moments.
¿e method of moments implementation considered previously in this chapter is op-
timistic in several respects, which we will brie�y outline here. As we will see in the
next section, relaxing these idealizing assumptions can destroy the superconvergence
of the scattering amplitude.
One idealizing assumption that may not be obvious relates to the smoothness of

the incident �eld. For a plane wave, the variation of the �eld along the scatterer is
very smooth, and as a result, the cylindrical mode expansion coe�cients decrease
rapidly for high orders. ¿is decay in the incident �eld expansion coe�cients causes
the terms in (3.36) to become exponentially small and negligible for nonpropagating
modes (SqS C k0a), and so the current error is determined by the spectral error only
for propagating modes (SqS B k0a). For a less smooth incident �eld, the expansion co-
e�cients of the incident �eld decay more slowly, so the spectral error associated with
higher-order modes cannot be neglected. Since the spectral error increases with or-
der of the eigenvalue, the solution error also increases as the incident �eld becomes
less smooth. If the incident �eld is produced by a line source located at a distance d
from the cylinder, for example, it can be shown that the current error depends on the
spectral error Eq for roughly SqS B 2a~d, which exceeds k0a when the line source is
closer than λ~π to the cylinder. If the incident �eld is nonsingular (i.e., the source does
not lie on the scatterer), the increased error represents a larger error constant, but the
convergence order of the solution remains the same.
Other idealizing assumptions relate to the implementation of the method of mo-

ments, rather than to the physics of the scattering problem. First, an exact geometrical
model is used for the cylinder, so that the facets are curved, rather than �at. Second,
the number of integration points for the moment matrix integrals is su�ciently large
that the quadrature error (3.61) is negligible and the integrations are essentially exact.
Finally, the linear system is inverted using a direct method, so the linear system solu-
tion error is negligible. We refer to this type of implementation as ideal because the
solution error is associated only with projection of the continuous integral operator
into a �nite dimensional approximation subspace.We turn now to discretizations that
relax the �rst two of these idealizing assumptions (the third, linear system solution
error, we defer to Chapter 9).
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3.3 TM-EFIE with Nonideal Discretizations
We now consider the accuracy of the method of moments for more practical imple-
mentations involving numerical integration error and �at-facet meshes. ¿is involves
relaxing the idealizing assumptions made in previous sections. ¿e second-order ac-
curacy of the current solution and third-order accuracy for scattering amplitudes for
an ideal MoM discretization of the EFIE provides a baseline that can be used to quan-
tify the e�ects of nonideal implementations. ¿e analysis of the previous sections for
an idealizedMoM implementation represents unavoidable error that is associatedwith
projection of the EFIE onto the �nite dimensional subspace spanned by a particular
set of basis functions. In practice, nonideal e�ects can signi�cantly increase the solu-
tion error (although in some special cases, such as a single-point quadrature rule, a
nonideal discretization can actually have better accuracy).
As in the previous section, wewill begin by determining the spectral error caused by

nonideal discretizations. ¿e results in the previous section for current and scattering
amplitude error in terms of spectral error will then be used to relate the spectral error
to solution errors.

3.3.1 Quadrature Error

In this section, we will relax the assumption of exact integration of moment matrix
elements, and introduce into the analysis the concept of quadrature error. ¿e e�ect
of approximate numerical integration can be taken into account by replacing the con-
tinuous integral in the Fourier transform (3.8) of the expansion function f(ϕ) with
the quadrature rule used to evaluate moment matrix elements, so that Fq becomes

Fq,M = 1
θ0

M
Q
n=1
wn f(ξn)e jqξn (3.58)

whereM is the order of the quadrature rule and wn are the weights corresponding to
the integration points or abscissas ξn. ¿e Fourier series coe�cients Tq of the testing
function t(ϕ) is modi�ed similarly. With these changes to the coe�cients Fq and Tq,
the expression (3.27) for the spectral error incorporates the e�ect of integration error.
In e�ect, we have replaced the basis and testing functions with new basis functions
consisting of combinations of delta functions located at the integration points asso-
ciated with the quadrature rule. ¿ese e�ective basis functions are not as smooth as
pulse or triangle functions, so in general approximate numerical integration causes
solution error to increase.
To proceed with the analysis, we will consider a speci�c integration rule. For the

M-point Riemann sumwith the integrand evaluated at the centers of subintervals (the
midpoint or Euler quadrature rule), the weights are wn = δ = θ0~M and the abscissas
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are ξn = (n − 1~2)δ − θ0~2. In the case of piecewise constant expansion functions
(p′ = 0), Fq,M becomes the periodic sinc or Dirichlet function

Fq,M = sin πq
N

M sin πq
MN

(3.59)

¿is function hasmaxima at q = MNr, where r = 0,�1,�2, . . . .¿emaxima dominate
the summation over s in (3.27), so to evaluate the spectral error we can simply retain
the maxima, which for small q occur at s = Mr, and neglect all other terms in the sum.
At the maxima, Fq+sN,M � (−1)r(M+1). Inserting this into (3.27) leads to

E(2)
q,M � jη

2nλλq
Q
rx0

(−1)r(M+1)
SMrS (3.60)

If M is even, this reduces to the alternating harmonic series Pª
k=1(−1)k−1~k = ln 2

(for oddM, one of the integration points lies exactly on the singularity of the Green’s
function, and the sum is in�nite). ¿e aliasing error becomes

E(2)
q,M � − jη ln 2

Mnλλq
(3.61)

for small βq. ¿e quadrature rule also has a small e�ect on the projection error term
of (3.18), but the additional contribution is of the same order as the projection error
for exact integration and so is less important than the aliasing error contribution in
(3.61).
¿e most signi�cant aspect of the quadrature error (3.61) is that it is �rst order in

n−1λ . Since the quadrature error is lower order than other spectral error contributions,
it becomes dominant as the mesh is re�ned. As we will see shortly, this makes both the
current and scattering amplitude errors �rst order. In short, quadrature error dramat-
ically decreases the accuracy of the method of moments.
We will pause brie�y to gain some intuition into the large increase in error caused

by numerical integration. As observed in Section 3.1.3, the aliasing error term in the
spectral error is associated with the smoothness of the basis functions—the smoother
the basis set, the smaller the aliasing error. High-order eigenmodes associated with
quasistatic �elds are not excited by smooth basis functions and so do not perturb the
interactions of themodeled eigenmodes having spatial frequencywithin the “Nyquist”
range for a given mesh. ¿e e�ect of an integration rule is to make the expansion
and testing functions e�ectively linear combinations of delta functions.¿e e�ectively
nonsmooth basis functions strongly excite high-order eigenmodes, so that in general
aliasing error is much larger than it would be with exactly integrated, smooth basis
functions.
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¿e above analysis was for the eigenvalue perturbation introduced by approximate
integration, but from (3.36) and (3.47) it can be seen that quadrature error has a direct
impact on the current and scattering amplitude errors. Since quadrature error con-
tributes a large, �rst-order error term to each eigenvalue, by inspection of (3.36) and
(3.47) the current and scattering amplitude errors also become �rst order. ¿e only
question is the value of the constants in the error estimates. In the solution error ex-
pressions, the quadrature error appears in a sum over eigenmodes, which for a plane
wave incident �eld can be readily approximated, yielding simple closed form approx-
imations for the relative RMS current error [4]

Y∆JYRMS
YJYRMS

� 1
Mnλ

(3.62)

and the backscattering amplitude error,

S∆SS
SSS � 1

Mnλ
(3.63)

Unlike the ideal discretization analyzed in Section 3.1.6, for which the scattering error
was two orders ofmagnitude better than the current error, with quadrature error taken
into consideration the scattering amplitude and current errors both converge at only a
�rst-order rate. ¿e superconvergence of the scattering amplitude is destroyed by the
error associated with approximate integration.
Assuming M = 5 (or the single-point rule with analytical integration of diagonal

moment matrix elements discussed below), ten mesh elements per wavelength now
corresponds to a relative error of approximately 2% for both the current and scattering
amplitude. ¿is is larger than would be the case with exact integration, and the error
increases at a much slower rate as the mesh is re�ned.

3.3.2 Reducing Quadrature Error

¿ere are several ways to reduce quadrature error and restore the higher-order con-
vergence of the method of moments. ¿e simplest (but not necessarily the most com-
putationally e�cient) is to increase the number of integration points, so that the value
of M in (3.61) is larger and the quadrature error is smaller. ¿is postpones the onset
of �rst-order error convergence to a larger value of nλ. If the mesh is re�ned, even-
tually the �rst-order quadrature error term will become dominant. If the quadrature
rule is su�ciently accurate, the reduction to �rst order can be delayed to a �ne enough
mesh that for practical purposes, the convergence rate of the numerical method may
be considered to be better than �rst order.
¿e problem with this approach is that the number of quadrature points must be

very large to ensure that quadrature error is smaller than other spectral error terms,
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leading to a high computational cost to evaluate moment matrix elements. Typically,
however, a higher-order quadrature rule is only required for singular andnear-singular
momentmatrix element integrations.¿is e�ectively increases the value ofM in (3.61)
without requiring as many integration points for interactions between widely sepa-
rated testing and expansion functions. To improve e�ciency further, singularity sub-
traction can be used to analytically integrate the leading singularity of the integrand
for overlapping testing and expansion functions, leaving a less singular integral to be
evaluated by numerical quadrature.
Another approach is to choose the weights and abscissas of the integration rule ju-

diciously so as to decrease the magnitude of the quadrature error. For the simple mid-
point rule analyzed here, the only freedomavailable is the number of integration points
M, which must be su�ciently large in order for the quadrature error not to dominate
the solution error. More sophisticated integration rules, either based on nonclassical
Gaussian quadrature or coordinate transformations that render the integrand nonsin-
gular, can signi�cantly reduce quadrature error. ¿e computational electromagnetics
community has devoted much e�ort to the development of these kinds of improved
quadrature rules [9, 10].
As a simple model for quadrature error reduction, we consider brie�y the common

discretization for which o�-diagonal elements of the moment matrix are integrated
using a single integration point (M = 1), and the diagonal elements or self-interaction
terms are evaluated by expansion of the kernel and integrating the singularity analyt-
ically. It can be shown that the aliasing error has the same form as (3.61), but with a
smaller constant than would be obtained if the midpoint rule were used for the diag-
onal moment matrix elements [11]:

E(2)
q,1 � −

jη
nλλq

(ln π− 1) (3.64)

By comparing this with (3.61), it can be seen that the spectral error for this integration
scheme is equivalent to the use of the midpoint rule for all moment matrix elements
with �ve integration points per mesh element (M = 5).

3.3.3 Geometrical Discretization Error

Another commonpractical deviation from the idealmethod ofmoments implementa-
tion is a �at-facetmesh representation of the scatterer geometry. Due to the complexity
of generating conformal meshes and implementing a method of moments algorithm
with basis functions de�ned on curved mesh elements, so ware packages relying on
simpler �at-facet implementations remain in routine use.¿e goal of this section is to
understand the impact of �at mesh elements on solution error.
To determine the e�ect of a �at-facet mesh, we use the modal series (3.1) in a more

general form allowing the source and �eld points to lie o� the scatterer surface. Be-
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Figure 3.4: Relative RMS surface current solution error for conformal and �at-facet meshes. Integral
equation: EFIE. Polarization: TM. Basis: point testing, pulse expansion functions. Moment matrix ele-
ment integration: exact. Scatterer: circular cylinder, radius k0a = π.

cause the deviation of the �at-facet mesh from the true scatterer pro�le is small, the
terms in the series can be expanded about ρ = a.¿is leads to an additional term in the
spectral error due to geometrical discretization. For point testing and pulse expansion
functions, the geometrical discretization error is [4]

E(3)
q � ηπ3

6k0an2λλq
Gq (3.65)

where
Gq = Jq(k0a)H(2)

q (k0a) + k0a
2
Jq(k0a)H(2)′

q (k0a) + j
2π

(3.66)

¿e geometrical discretization error contribution can be seen to be second order.
Since the leading contribution to the current error with a conformal mesh is also

second order, the convergence rate of the current solution is neither increased nor de-
creased by geometrical discretization error, but the absolute error is larger. ¿e RMS
current error can be found by combining (3.65) with the other spectral error contri-
butions in (3.36). Empirically, it can be observed that away from internal resonance
frequencies the RMS current solution error is

Y∆JYRMS
YJYRMS

� n−2λ (3.67)

From this expression, it can be seen that the order of the error is the same as for an
ideal discretization, and the impact of geometrical discretization error on the current
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Figure 3.5: Relative backscattering amplitude error for conformal and �at-facet meshes. Integral equa-
tion: EFIE. Polarization: TM. Basis: point testing, pulse expansion functions. Moment matrix element
integration: exact. Scatterer: circular cylinder, radius k0a = π. Geometrical discretization error reduces
the convergence rate from third to second order.

solution for the TM-EFIE is small. A comparison of numerical and theoretical errors
is shown in Figure 3.4.
We now want to determine the scattering amplitude error. In general, the �at-facet

mesh a�ects the discretization of the incident and scattered plane waves used to com-
pute the scattering amplitude, as well as the integral operator. For the current, the
�at-facet mesh had no impact on the incident �eld, because point testing was used.
Since (2.46) is discretized with the expansion functions, the �at-facet mesh leads to an
additional error contribution through the scattered plane wave. Combining the two
contributions leads to the estimate

S∆SS
SSS � 1.6 (k0a)−1n−2λ (3.68)

for the relative backscattering amplitude error. A comparison of numerical results and
the error estimate is shown in Figure 3.5.
With the current, geometrical discretization increases the magnitude of the error,

but the order of convergence remains the same. For the scattering amplitude, on the
other hand, the order of convergence decreases from third for the ideal implementa-
tion of themethod ofmoments to second order.While the degradation of the accuracy
is not as severe as for the case of quadrature error, the order of the scattering ampli-
tude is no longer better than that of the current solution. From this, it follows that ge-
ometrical discretization error destroys the superconvergence property of the method
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of moments.

3.4 TE-EFIE
With respect to the TM-EFIE, the chief di�erence of the EFIE for the TE polariza-
tion is the stronger singularity of the kernel in the operator (2.11). Because of the pres-
ence of derivatives in the de�nition,N is an integro-di�erential operator. For the TM-
EFIE, even though the kernel of the operator is singular, the singularity is weak enough
that the operator has a smoothing e�ect, so that it maps a given surface current to a
smoother tangential electric �eld. From the point of view of the operator spectrum,
the high-order eigenvalues of the TM-EFIE operator decay asymptotically, as can be
seen from (3.4). Consequently, when the integral operator acts on highly oscillatory
components of a given function, the amplitude of these components is reduced and
the function becomes smoother.
¿e TE-EFIE, on the other hand, has the opposite behavior. Due to the derivatives

in the operator, the singularity of the kernel is stronger than for the TM polarization,
soN is referred to as a hypersingular operator.We will see shortly that the eigenvalues
of the operator increase as the order becomes large. Highly oscillatory components in
a surface current are ampli�ed by the TE-EFIE operator, leading to an “antismooth-
ing” or di�erentiating e�ect.¿emain rami�cation for the method of moments is that
smoother basis functions are required to obtain stable numerical results with the TE-
EFIE.

3.4.1 Spectral Error

As with the TM polarization, the �rst step in the analysis of the TE case is to obtain
a spectral decomposition of the discretized operator for a circular cylinder scatterer
geometry. Using the expansion (3.1), the moment matrix elements associated with the
operatorN in (2.11) can be expressed as

Zmn = ηk0a
4θ0 ∫ ∫ dϕdϕ′ tm(ϕ)Q

q
Jq(k0a)H(2)

q (k0a)

��cos (ϕ− ϕ′)fn(ϕ′) − jq
(k0a)2

∂fn(ϕ′)
∂ϕ′

	 e−jq(ϕ−ϕ′) (3.69)

Expanding cos (ϕ− ϕ′) into exponentials, integrating the second term by parts, and
making use of recursion relations for the derivatives of the Bessel andHankel functions
yields

Zmn = ηπk0a
2 Q

q
J′q(k0a)H(2)′

q (k0a)T−qFqe−jq(ϕm−ϕn) (3.70)
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where as before T−q and Fq are the Fourier series coe�cients of the testing and ex-
pansion functions, respectively. By proceeding as in Section 3.1, the eigenvalues of the
moment matrix are found to be

λ̂q = ηπk0a
2

ª
Q
s=−ª

J′q+sN(k0a)H(2)′
q+sN(k0a)T−q−sNFq+sN (3.71)

¿is expression is identical to (3.12), except that the Bessel and Hankel functions are
replaced with their �rst derivatives.
By taking the limit of (3.71) as N � ª, it can be seen that the eigenvalues of the

continuous TE-EFIE operator are

λq = ηπk0a
2

J′q(k0a)H(2)′
q (k0a) (3.72)

¿e relative spectral error of (3.71) with respect to the exact eigenvalue is

Eq � T−qFq − 1 − jηnλ
2λq

Q
sx0

Ss + q~NST−q−sNFq+sN (3.73)

where we have used the asymptotic expansion

J′ν(x)H(2)′
ν (x) � − jSνS

πx2
, ν�ª (3.74)

From this expression, it can be seen that the eigenvalues grow linearly in magnitude
with the order, in contrast to (3.4), which decays inversely with order.
As with the TM polarization, the spectral error consists of two contributions, one

due to high-order eigenvalues associated with the singularity of the kernel of the inte-
gral operator (aliasing error), and another due to projection of eigenmodes onto the
basis subspace (projection error). In terms of the spectral error, the current and scatter-
ing amplitude errors have the same forms as (3.36) and (3.47) for the TM polarization,
but with the Bessel and Hankel functions replaced by their �rst derivatives.

3.4.2 Spectral Error for Low-Order Basis Functions

¿eantismoothing property of theTEoperator ismanifested in the growth of the high-
order eigenvalues, which increase linearly as the order becomes large. To compensate
for this, in general from (3.73) it can be seen that the Fourier series coe�cients of the
testing and expansion functions must decrease more rapidly with order, indicating
that smoother basis functions are needed.
¿e case of pulse expansion functions with point testing (smoothness index b = 1) is

an exception to this and actually leads at least in some cases to convergent numerical
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results. For pulse functions, the series in (3.73) is not absolutely convergent, as the
magnitudes of the terms in the series do not become small as q becomes large. Due to
the behavior of the phase of the terms in the series, however, the sum is actually �nite
and the spectral error converges with respect to nλ.
For pulse expansion functions, to obtain the spectral error for small βq~nλ an-

alytically, we must employ an additional term of the expansion J′ν(x)H(2)′
ν (x) �

iSνS~(πx2) + jx2~(2πSνS) in (3.71). ¿is leads to the result

Eq,1 � −
π2β2q
6n2λ

− 0.9 jηβ2q
n3λλq

(3.75)

Surprisingly, the spectral error converges to zero as nλ becomes large, which indicates
that convergent numerical solutions can actually be obtained with point testing and
pulse expansion functions. Triangle expansion functions with point testing can also
provide convergent results, but the spectral error is divergent if the testing point is
located at the apex of the triangle functions, so the testing point must be shi ed away
from the mesh element centers (see Section 5.1.5).
Because the TE-EFIE operator includes derivatives, onemight expect that smoother

basis functions would be required to obtainmeaningful results. Even though the pulse
and triangle expansion functions with point testing are in principle not su�ciently
smooth for discretization of the TE-EFIE, convergent results can still be obtained due
to cancellation of singularities in the moment matrix interactions. ¿ese discretiza-
tions are unstable, however, because the analysis assumes that the mesh is regular and
testing points are precisely located to achieve the required cancellations. Physically,
the large static �elds radiated by the delta function charge distributions at the edges of
the pulse functions exactly cancel at the center of the pulse functions, so testing at the
pulse centers avoids the error associatedwith the discontinuities of the basis functions.
For other scatterers or for irregular meshes, this cancellation may not occur.
To ensure a robust discretization, the basis functions must be su�ciently smooth

that the series in (3.73) is absolutely convergent [12]. Asymptotically, the eigenvalues
of the operator increase in magnitude, so that λq � q, q � ª. For absolute con-
vergence of the spectral error series, the product of the Fourier series coe�cients of
the testing and expansion functions must decay at least as 1~q3, corresponding to a
smoothness index of b = 3. A basis set with this degree of smoothness is pulse testing
(1~q) combined with triangle expansion functions (1~q2). Another possibility is point
testing combined with piecewise quadratic expansion functions. ¿e former is more
commonly used in practice.
For the b = 3 discretization (pulse testing and triangle expansion functions, or point

testing with piecewise quadratic expansion functions) , the spectral error is [11]

Eq,3 � −
π2β2q
2n2λ

− 1.8 jηβ4q
n3λλq

(3.76)
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Figure 3.6:Relative RMS surface current error and backscattering amplitude error for a circular cylinder
for the EFIE, TE polarization, and an ideal implementation of the method of moments. Basis: pulse test-
ing, triangle expansion functions (b = 3). Moment matrix element integration: exact. Scatterer: circular
cylinder, radius k0a = π. (©2005 IEEE [13].)

for small βq~nλ. Numerical results for the b = 3 discretization are shown in Figure 3.6.
¿e surface current error is determined by the projection error term of the spectral
error, which is second order in themesh density. As with the TM-EFIE, the variational
property of the scattering amplitude leads to a cancellation of the leading term in the
spectral error, and the scattering amplitude converges at a third-order rate with respect
to mesh density.

3.4.3 Quadrature Error

As for the TM polarization, the ideal discretization in the analysis leading up to (3.76)
yields an optimistic, best-case error estimate when compared to practical implemen-
tations of the method of moments. If moment matrix integrals are not evaluated ex-
actly, error increases. We will analyze the case of pulse testing and triangle expansion
functions (b = 3) with approximate integration using the M-point integration rule
described in Section 3.3.1.
¿e hypersingular term of (2.11) is typically integrated by parts to reduce the singu-

larity of the kernel before application of a numerical quadrature rule. Integration by
parts transfers the derivative operators to the basis functions. Since the derivative of
the pulse function is a delta function doublet, the testing integration for the hypersin-
gular termof the integral operator can be evaluated analytically andno quadrature rule
is required. ¿e integration over the source point includes the derivative of a triangle
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function, which is a pulse doublet.
¿e quadrature error caused by the source integration can be analyzed using the

approach of Section 3.3.1. ¿e basis function in (3.58) becomes a pulse doublet. Eval-
uating the sum analytically for the midpoint quadrature rule leads to

F′q,M = − 2jsin πq
N

θ0 sin πq
MN

(3.77)

Since the pulse doublet is an odd function, the Fourier series coe�cients are imagi-
nary. We will also require the Fourier series coe�cients of the derivative of the pulse
function, which are given by

T′q,M = −2jθ−10 sin πq
N

(3.78)

A er integration by parts, the kernel of the hypersingular term reduces to the weakly
singular kernel of the TM polarization, and the quadrature error term of the spectral
error becomes

E(2)
q,M = − ηπ

2k0aλq
Q
sx0

Jq+sN(k0a)H(2)
q+sN(k0a)T′−q−sN,MF′q+sN,M (3.79)

Expanding the Bessel and Hankel functions asymptotically and evaluating the sum
over s leads to

E(2)
q,M � jη ln 2β2q

nλMλq
(3.80)

¿e quadrature error is �rst order with respect tomesh density, and has the same order
as (3.61) for the weakly singular kernel. ¿is result only includes the quadrature error
for the hypersingular term of the operator, but since theweakly singular term is similar
to the TM operator, the total spectral error can be approximated by the sum of (3.61)
and (3.80). As with the TM polarization, quadrature error destroys the superconver-
gence of the method of moments, and the surface current and scattering amplitude
errors are both �rst order.

3.4.4 Geometrical Discretization Error

¿ebehavior of the TE-EFIE with respect to geometrical discretization error is similar
to that shown in Figures 3.4 and 3.5 for the TM polarization. With a �at-facet mesh, a
second-order error term is introduced into the spectral error. As a result, the scattering
amplitude convergence rate is reduced from third to second order. Since the conver-
gence rate of the current solution is already second order, the order of the current error
does not change, but there is a small increase in the absolute error.
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3.5 Solution Error for Other Smooth
Scatterers

A er a long treatment of error analysis for a circular PEC cylinder, one naturally won-
ders whether solution errors for other scatterers behave similarly, or if changes in
the scatterer geometry can radically change the accuracy of the method of moments.
Asymptotic error estimates like (1.1) are general and apply to a large class of geome-
tries, but the constants in the estimates are unknown and the predicted convergence
rate is only a lower bound. It seems clear that the more quantitative error estimates
derived in this chapter must depend on the scatterer geometry. Circular cylinder re-
sults certainly cannot be applied to nonsmooth geometries with edges and corners, so
nonsmooth scatterers will be considered separately in Chapter 5.
Even for smooth geometries, it is not obvious how the circular cylinder resultsmight

generalize to other scatterers. As observed at the beginning of this chapter, the circular
cylinder has special properties that are not general for smooth scatterers. ¿e EFIE
operator for the circular cylinder is normal, meaning that the surface current solution
can be decomposed into a set of orthogonal operator eigenfunctions, whereas for other
geometries, current eigenfunctions exist but are not orthogonal and the operator is
nonnormal. It is not knownprecisely howoperator nonnormality a�ects the numerical
accuracy of the moment method, although it appears that the degree of nonnormality
at least in some cases is relatively weak [11].
On the other hand, the behavior of a discretized solution on a relatively smooth

region of the scatterer might be expected to have a similar projection error, since this
depends primarily on local properties of the basis functions rather than the global
scatterer geometry. Aliasing error depends on the operator kernel singularity, which is
also a localized function. By these arguments, accuracymight be expected to be largely
independent of the large-scale geometry of the scatterer, making the error estimates
obtained above valid for a wide class of smooth scatterers.
¿e relationship of circular cylinder error estimates to solution error for other scat-

terer geometries must be considered in two parts. First, do the solution convergence
rates such as the third-order rate re�ected by the estimate (3.48) for the scattering
amplitude with an ideal discretization of the EFIE extend to other scatterers? Second,
if the convergence rates are the same, is the constant in the solution error larger or
smaller than that of the circular cylinder?
¿ese questions can be studied using the empirical approach of [4]. In that work,

eight scatterers with parametric equations given in Table 3.1 were used to test solu-
tion error for a variety of smooth geometries. ¿e scatterer cross sections are shown
in Figure 3.7. As exact solutions are not available for the noncircular geometries, ref-
erence solutions were generated with a very �ne mesh and a method of moments im-
plementation with third-order solution convergence. ¿e scatterers were illuminated
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Table 3.1: Parametric equations for smooth scatterer cross-sections. ¿e �rst scatterer is the circular
cylinder. Figure 3.7 shows the geometries of the scatterers. ¿e markers in the third column are used in
Figure 3.8.

x(t) y(t)
1 1.1698 cos t 1.1698 sin t •
2 0.2588 cos t(4 + cos 3t) 0.2588 sin t(4 + cos 3t) ◯
3 1.5173 cos t 0.7586 sin t �
4 1.4237 sin (cos 2t) 1.4237 cos (−2 cos t + sin t) +
5 1.2715 sin [cos (t + 1)] 1.2715 cos t �
6 0.2040 cos t(4 + cos 6t) 0.2040 sin t(4 + cos 6t) j
7 1.1963 cos (t + 0.5 cos t) 1.1963 sin (t + 0.5 sin t) P
8 0.7586 cos t 1.5173 sin t S
9 −0.4659 cos (2 + 3 cos t) 1.3977 sin t Q

1 2 3

4 5 6

7 8 9

1.0 λ

Figure 3.7: Scatterer geometries corresponding to the parametric equations in Table 3.1. Each shape has
a perimeter of approximately 7.4λ. (©2005 IEEE [4].)

by a plane wave incident from 0X with respect to the standard orientation in Figure
3.7. Numerical solution errors for these scatterers are shown in Figure 3.8.
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Figure 3.8: Relative RMS current error and backscattering amplitude error for the EFIE with TM polar-
ization for the scatterers shown in Figure 3.7. (a) Ideal discretization. (b) Quadrature rule for moment
matrix integrations. (c) Flat-facet mesh. Current convergence rates are second, �rst, and second order,
respectively. Backscattering amplitude convergence rates are third, �rst, and second order, respectively.
Larger errors correspond to scatterers with highly curved features. (©2005 IEEE [4].)

From the results in Figure 3.8, it can be seen that solution convergence rates for
these scatterers are the same as that of the circular cylinder. For some of the scatterers,
however, the absolute error is signi�cantly larger. ¿e scatterer geometries with high
curvature features have larger error than the circular cylinder. In the limit as curvature
becomes in�nite, a sharp corner results, and the current solution is singular at the cor-
ner. Because the basis functions cannot represent a singular or near-singular current
as accurately as a smooth current, error increases.¿is e�ect will be studied further in
Chapter 5.
In certain cases, with a �at-facet mesh, the EFIE convergence rate degrades and is

not second order (Figure 3.8(c), upper plot). ¿is is caused by the behavior of �at-
facet mesh element generation near in�ection points of the geometry.¿e order of the
scattering amplitude error is una�ected by this localized mesh property.

3.6 Summary
Wehave examined in this chapter the behavior of method of moment solutions for the
EFIE in the case of a circular cylinder scatterer geometry. For low-order basis func-
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Table 3.2: Solution error convergence rates for the method of moments for a TM-polarized plane wave
incident on a circular PEC cylinder. Pulse expansion functions and point testing are used. nλ = λ~h is
the mesh density, where h is the mesh element width. ¿ese estimates are lower bounds, since error can
increase signi�cantly near internal resonance frequencies.

Ideal Quadrature Rule Flat-Facet Mesh

EFIE RMS Current Error 0.7 n−2λ M−1n−1λ n−2λ
EFIE Backscattering Error 1.9 (k0a)−1n−3λ M−1n−1λ 1.6 (k0a)−1n−2λ

tions and an ideal implementation of the method of moments, the convergence rate of
the surface current solution, where the error is measured using RMS di�erence with
respect to the exact solution at mesh node points, is second order. ¿e convergence
rate of the scattering amplitude is third order.¿emore rapid convergence of the scat-
tering amplitude is a manifestation of the variational property of themomentmethod.
For nonideal discretizations, solution error increases and the superconvergence

property is destroyed. If moment matrix elements are integrating using low-order nu-
merical quadrature rules, the current and scattering amplitude convergence rates de-
crease to �rst order. If the mesh elements are �at, rather than conformal or curved
to match the scatter surface exactly, the current error remains second order and the
scattering amplitude convergence rate decreases from third to second order.
¿e error estimates obtained in this chapter are summarized in Table 3.2 for the

TM polarization. Errors for the TE polarization have the same order in nλ, but the
constants in the error estimates may be di�erent, and smoother basis functions are
generally required. By checking empirical errors observed for a collection of smooth
scatterers, it can be seen that error convergence rates for the circular cylinder are valid
for other scatterers, but the absolute error increases for highly curved geometries.
For a mesh with the rule-of-thumb density of ten mesh elements per wavelength

(nλ = 10), it can be seen from the results in this chapter that error varies widely, de-
pending on the details of the method of moments implementation. For an ideal dis-
cretization, relative errors of 1% or better for current and scattering amplitude errors
can be expected. For a �at-facet mesh, errors at nλ = 10 are similar inmagnitude to the
ideal case. If a low-order quadrature rule is used to evaluate moment matrix elements,
accuracy worsens to 5%-10%.
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Chapter 4

Error Analysis of the MFIE and CFIE

with Clayton P. Davis

Having laid the groundwork for error analysis of the EFIE in the previous chapter, we
will now apply these techniques to the magnetic �eld integral equation (MFIE) and
the combined �eld integral equation (CFIE). ¿e focus will be on similarities in the
numerical behavior of the method of moments with respect to the EFIE, as well as
new phenomena unique to the MFIE. As before, we will �rst consider an ideal imple-
mentation, with an exact geometrical representation of the scatterer and exact inte-
gration of moment matrix elements. Quadrature error and geometrical discretization
error will then be introduced into the analysis. We will then step back and consider
all the integral formulations in terms of the operator smoothing properties, solution
error convergence rates, and behavior with respect to the variational property of the
method of moments.
¿e key di�erences of the MFIE with respect to the EFIE are:

Second-kind integral equation. ¿e MFIE includes an identity operator that
strongly in�uences the numerical behavior the moment method.

Smooth kernel.¿e kernel of the integral part of the MFIE operator is smoother
than the kernel of the EFIE.

Due to the smoothness of the kernel, quadrature error is less signi�cant for the MFIE
than for the EFIE. Both the identity term and the integral part of the operator can be
readily discretized with low-order integration rules. In spite of this, we will �nd that
the presence of the identity operator in the second-kind integral equation reduces the
accuracy of the method of moments for low-order basis functions. Higher-order basis
functions or regularization of the operator kernel can be used to remedy this e�ect.
As might be expected, solution error for the CFIE is determined by the larger of the
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errors for the EFIE and MFIE. In this chapter, we will focus on the TM polarization,
since the behavior of the MFIE and CFIE for the TE polarization is similar to the TM
case.

4.1 TM-MFIE with Ideal Discretizations
For the circular cylinder, the MFIE operator can be represented using a spectral de-
composition in terms of eigenvalues and eigenfunctions. Aswith the EFIE in the previ-
ous chapter, the spectral decomposition can be used to analyze the error of numerical
solutions to the MFIE using the method of moments [1]. ¿e eigenfunctions of the
operator are Fourier functions of the form e jqϕ, q = 0,�1,�2, . . . . ¿e eigenvalues of
the operator I~2 +MTM de�ned in (2.18) are

λMTM
q = 1 − 1

2 jπk0aJq(k0a)H(2)′
q (k0a) = − 1

2 jπk0aJ
′
q(k0a)H(2)

q (k0a) (4.1)

where the two forms for the eigenvalue are related by theWronskian identity for Bessel
functions. Using the eigenvalues and eigenfunctions, theMFIE operator can be repre-
sented in spectral form as

� 12I +MTM�u(ϕ) = 1
2u(ϕ) +

1
2π

ª
Q
q=−ª

�λMTM
q − 1

2� e−jqϕ ∫
2π

0
dϕ′e jqϕ

′
u(ϕ′)

(4.2)

¿e integral term is an inner product ofuwith the eigenfunction e jqϕ.¿e inner prod-
uct selects the qth Fourier series coe�cient of u, which is then scaled by the qth oper-
ator eigenvalue. ¿e existence of a spectral representation of the operator of this form
indicates that the MFIE, like the EFIE, is a normal operator for the circular cylinder.

4.1.1 Operator Smoothing Properties

To obtain an accurate numerical solution with the method of moments, generally the
basis functions used to expand the surface current J should possess the same proper-
ties that are characteristic of J. Piecewise linear basis functions mimic the continuity
of the exact current J, while second-order basis functions would also provide conti-
nuity of charge. ¿e smoothness of a basis function can be quanti�ed in terms of the
fallo� of the Fourier coe�cients Fq de�ned in (3.8)—the smoother the basis function,
the more quickly the coe�cients Fq decay as q becomes large.
Besides the basis functions themselves, we have seen in Chapter 3 that there is an-

other notion of smoothness related to the method of moments: the smoothing prop-
erty of the integral operator. ¿is was �rst encountered in explaining the di�erences
between the TM-EFIE and TE-EFIE integral equations. ¿e smoothness property of
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an operator reveals itself in the asymptotic growth or decay of the eigenvalues with
respect to order. For the TM-EFIE, (3.4) shows that the eigenvalues of L decay as q−1,
and the operator decreases the amplitudes of rapidly oscillating components of the
function that it acts on. ¿is operator is a low-pass or integrating operator. For the
TE-EFIE, the eigenvalues of N grow linearly with order, and the operator is a di�er-
entiating or antismoothing operator.
How does the MFIE �t into this classi�cation? To answer this question, we must

consider the two terms of the operator separately.¿e eigenvalue (4.1) can be expanded
asymptotically using high-order approximations for the Bessel and Hankel functions
to obtain

λMTM
q � 1

2 +
(k0a)2
4SqS3 , q�ª (4.3)

¿e second term is the asymptotic expansion of the eigenvalues of the integral part
MTM of theMFIE alone. Since the decay rate is q−3, the operator has an even stronger
smoothing behavior than the TM-EFIE operator L. ¿e same holds for the TE-MFIE
andMTE. Using the theory of Sobolev spaces, these smoothing considerations can
be extended to noncircular scatterers as well [2]. In general, the operatorsMTM and
MTE have a range space that is smoother in the Sobolev sense than the domain.
For the identity term of the MFIE, the eigenvalues are identically 1~2, and this part

of the MFIE operator is of course neither smoothing nor di�erentiating. As can be
seen from (4.3), the identity operator eigenvalues dominate at large orders, and the
full MFIE operators I~2 +MTM and I~2 +MTE are also neither smoothing nor dif-
ferentiating (for scatterers with singularities such as corners or edges, this reasoning
breaks down). ¿e smoothing properties of both the identity and integral parts of the
operator will have important rami�cations for the accuracy of moment method solu-
tions.

4.1.2 Discretized Operator Spectrum

We now want to determine the eigenvalues of the moment matrix associated with the
MFIE operator. We will take the testing and expansion functions tn and fn and the
corresponding Fourier coe�cientsTq and Fq to be de�ned as in Section 3.1.1. Applying
(2.28) to (4.2) and using the de�nitions of Tq and Fq, the moment matrix elements are
given by

Zmn = 1
2Rmn +

1
NQq

�λMTM
q − 1

2�T−qFqe−jq(ϕm−ϕn) (4.4)

whereϕm are themesh element center points as de�ned in Section 3.1.1.Rmn represents
a matrix of overlap integrals of the testing and expansion functions given by

Rmn = 1
θ0 ∫ tm(ϕ)fn(ϕ)dϕ (4.5)
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For local basis functions, the overlapmatrix is sparse with nonzero elements only near
the main diagonal.
At this point, we will make the assumption that the basis functions are orthogo-

nal, so that Rmn = δmn. ¿is property holds for low-order basis sets such as pulse
expansion functions with point testing. Although it seems innocuous, the assumption
of orthogonality signi�cantly impacts the accuracy of the method of moments for the
MFIE, as will be discussed further in Section 4.5.
Obtaining the eigenvalues of the moment matrix from (4.4) is similar to the deriva-

tion of (3.13) from (3.9), except that caremust be taken whenmanipulating the in�nite
sums that a nonconvergent series does not occur along theway and lead to an incorrect
result. For the MFIE, this procedure results in

λ̂MTM
q = 1

2
+

+ª
Q
s=−ª

�λMTM
q+sN − 1

2�T−q−sNFq+sN (4.6)

¿e index q lies in the range (−N~2,N~2), again ignoring unimportant complications
associated with N odd, and the functions Fq and Tq are Fourier series coe�cients of
the expansion and testing functions as de�ned in (3.7) and (3.8). For terms of the sum
over s in (4.6) with s x 0, we can use the asymptotic expansion (4.3) to obtain

λ̂MTM
q = 1

2
+ FqTq �λMTM

q − 1
2� +

(k0a)2
4 Q

sx0

Fq+sNT−q−sN
Sq+ sNS3 (4.7)

It is apparent that this expression contains terms similar to the projection and aliasing
error contributions de�ned in Section 3.1.3.

4.1.3 Spectral Error

¿e relative spectral error associated with the moment matrix eigenvalue relative to
the exact operator eigenvalue is

Eq =
λ̂MTM
q − λMTM

q

λMTM
q

(4.8)

Using (4.7) in this expression leads to

Eq �
λMTM
q − 1

2

λMTM
q

�FqT−q − 1� + (k0a)2
4λMTM

q
Q
sx0

Fq+sNT−q−sN
Sq+ sNS3 (4.9)

Using the terminology of Section 3.1.3, the �rst term is projection error, given by

E(1)
q = λMTM

q − 1
2

λMTM
q

�FqT−q − 1� (4.10)
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¿e second term is the aliasing error,

E(2)
q = (k0a)2

4λMTM
q

Q
sx0

Fq+sNT−q−sN
Sq+ sNS3 (4.11)

Equation (4.10) di�ers from the projection error (3.18) for the EFIE in a subtle but
important way. ¿e leading factor of (λMTM

q − 1~2)~λMTM
q means that there is no pro-

jection error associated with the identity term of theMFIE operator I~2+MTM, since
the identity operator discretizes to an identitymatrix, without anymode scaling by the
Fourier coe�cients of the basis functions. ¿is is a consequence of the assumption of
orthogonality of the expansion and testing function. As it will turn out in Section 4.1.6,
the lack of projection error associated with the identity operator actually increases the
scattering amplitude error and causes a failure of the superconvergence property for
the MFIE with low-order, orthogonal basis functions.

4.1.4 Current Solution Error

In order to determine the current solution error for the MFIE, we need to consider
the discretization of the right-hand side of the integral equation, which is the mag-
netic �eld associated with the incident wave. For the circular cylinder, the tangential
component of the incident magnetic �eld on the scatterer surface is given by

Hinc
t (ρ) = 1

η
e jk

incċρ cos (ϕinc −Ω) (4.12)

where Ω is the angle of the surface normal at ρ measured from the positive x-axis.
Since the spectral error obtained above is given in terms of operator eigenfunctions,
wemust also expand the incident �eld in terms of eigenfunctions.Using the cylindrical
wave expansion of a plane wave given by (3.32), together with the recursion relation
for the derivative of a Bessel function, the elements of the right-hand side of the linear
system (2.27) for the MFIE can be expressed as

bm = 1
η

+ª
Q
q=−ª

jq−1J′q(k0a)Tqe−jq(ϕ
inc−ϕm) (4.13)

¿e eigenvectors of the moment matrix are of the form

vq = [e−jqϕ1 , e−jqϕ2 , . . . , e−jqϕN]T (4.14)

fromwhich it can be seen that each term of the sum in (4.13) is an eigenvector. We can
therefore apply Z−1 to b and �nd the unknown surface current expansion coe�cients
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by dividing each term by the corresponding eigenvalue. ¿is procedure leads to the
result

In = 1
ηQq

jq−1J′q(k0a)Tqe−jq(ϕ
inc−ϕn)

λ̂MTM
q

(4.15)

for the unknown coe�cients in the numerical surface current expansion (2.25).
To �nd the current solution error, we must determine the di�erence between (4.15)

and the corresponding values of the coe�cients for the exact current on the scatterer
surface. We will assume that the basis functions are interpolatory, so that fn(ϕn) = 1.
In the limit asN �ª, (4.15) approaches theMie series expansion for the exact current
solution at the mesh element centers ϕn, which is

J(ϕn) = 2
πk0aη

Q
q

jqe−jq(ϕ
inc−ϕn)

H(2)
q (k0a)

(4.16)

¿e current solution error at the mesh node point ϕn is the di�erence of (4.15) and
(4.16), which is

∆Jn = 1
ηQq

jq−1J′q(k0a)e−jq(ϕ
inc−ϕn)(Tq − Eq − 1)

λMTM
q (Eq + 1)

(4.17)

¿is is a rather complicated expression and yields no obvious insight into the numeri-
cal behavior of themethod ofmoments, other than the simple observation that current
error depends on the spectral error. Fortunately, for a speci�c choice of basis functions
we can simplify this result considerably and obtain a simple closed form approxima-
tion for the solution error.
By making use of the exact eigenvalue (4.1) in (4.17), the relative RMS current error

can be expressed as

Y∆JYRMS
YJYRMS

= YJY−1RMS
2

πηk0a

<@@@@>
Q
q
W Eq + 1 − Tq
H(2)
q (k0a)(Eq + 1)

W
2=AAAA?

1~2

(4.18)

To simplify this expression, we can estimate the RMS value of the exact current by ap-
plying the de�nition of the RMS norm to theMie series for the exact current solution.
¿is leads to

YJYRMS � 2
ηπk0a

<@@@@>

+ª
Q
q=−ª

W 1
H(2)
q (k0a)

W
2=AAAA?

1~2

(4.19)

¿is expression is a function of k0a only, and by numerical evaluation of the norm,
the approximation

YJYRMS � 2k0a + 1
2ηk0a

(4.20)
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can be developed. Substituting this into (4.18) yields

Y∆JYRMS
YJYRMS

� 4
π(2k0a + 1)

<@@@@>
Q
q
W Eq + 1 − Tq
H(2)
q (k0a)(Eq + 1)

W
2=AAAA?

1~2

(4.21)

¿is expression is valid for any combination of orthogonal testing and expansion func-
tions. To obtain a closed form approximation, we must make a particular choice for
the basis functions.

4.1.5 Current Error for the Point/Pulse Discretization

For point testing and pulse expansion functions, from (3.24) and (3.25), Tq = 1 and
Fq = sinc(q~N). ¿e projection error term (4.10) of the spectral error is dominant for
this basis set. Inserting the Fourier coe�cient of the expansion functions and expand-
ing (4.10) for large nλ yields

E(1)
q � − λ

MTM
q − 1

2

λMTM
q

π2q2

6(k0a)2n2λ
(4.22)

for the projection error.¿e aliasing error E(2)
q is fourth order in n−1λ and is negligible.

¿is occurs because the kernel of the integral partMTM of the operator I~2 +MTM
is nonsingular. A singular kernel leads to a slower decay of high-order operator eigen-
values and large aliasing error, whereas a smooth kernel is associated with very small
high-order eigenvalues and consequently the aliasing error is small.
Inserting the spectral error (4.22) into (4.21) leads to the current solution error es-

timate

Y∆JYRMS
YJYRMS

� 2π
3(k0a)2(2k0a + 1)

<@@@@>
Q
q

RRRRRRRRRRRR

q2 �1 − (2λMTM
q )−1�

H(1)
q (k0a)

RRRRRRRRRRRR

2=AAAA?

1~2

n−2λ (4.23)

where we have assumed that Eq  1, which holds as long as the frequency is not near
an internal resonance of the scatterer. ¿e current error is second order with respect
to the mesh element length.
As a �nal simpli�cation to the current error estimate for the MFIE, we can deter-

mine the k0a dependence numerically. Near internal resonances, error increases sig-
ni�cantly, but away from internal resonances the dependence of the error on the scat-
terer size and frequency is relatively simple.¿is e�ect can be seen in Figure 4.1, which
shows the RMS current error as a function of the scatterer electrical size. Away from
internal resonances, the error is only weakly dependent on k0a, and the error estimate
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Figure 4.1: Relative RMS current error for the MFIE. Polarization: TM. Basis: point testing, pulse expan-
sion functions. Momentmatrix element integration: exact. Scatterer: circular cylinder. Mesh: conformal.
Solid curve: theoretical error estimate (4.21). Horizontal line: approximation (4.24). Circles: numerical
results for MoM current error. Vertical lines: internal resonance frequencies. (©2005 IEEE [1].)

can be simpli�ed to
Y∆JYRMS
YJYRMS

� 0.9 n−2λ (4.24)

At k0a � 3.83 and k0a � 7.02, neither this error estimate nor the more accurate error
estimate (4.23) matches the observed numerical results. ¿ese points correspond to
resonances of the q = 0 mode. ¿is mode is constant along the scatterer surface, and
the projection error for the corresponding eigenvalue is zero. When the q = 0 mode is
internally resonant, because the projection error is zero the aliasing error, which was
neglected in deriving (4.23), becomes signi�cant and leads to a di�erence between
the error estimate and actual numerical error. Otherwise, (4.24) provides a reason-
able lower bound for the relative RMS current error. ¿is error estimate is shown as a
function of mesh density in Figure 4.2.

4.1.6 Scattering Amplitude Error

¿e numerical scattering amplitude solution for the MFIE can be determined from
(3.40) using the Fourier coe�cients of the discretized scattered plane wave (2.43) and
the discretized incident �eld (4.13). Inserting the Fourier coe�cients into (3.40) leads
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Figure 4.2: Solution errors for the TM-MFIE with ideal and �at-facet discretizations for a circular cylin-
der of electrical size k0a � 2.7. Stars: MoM current error. Squares: MoM backscattering amplitude error.
Solid lines: theoretical current error estimates from (4.24) (ideal) and (4.38) (�at-facet mesh). Dotted
lines: backscattering error estimates from (4.31) (ideal) and (4.39) (�at-facet mesh).¿e RMS current er-
rors and backscattering amplitude errors are �rst order for �at-facet implementations and second order
for ideal implementations. (©2005 IEEE [1].)

to

Ŝ = −k0
4 Qq,r

�hjqJq(k0a)F−q�� 1
λ̂MTM
r

jr−1J′r(k0a)Tre jqϕ
sca−jrϕinc

N
Q
m=1

e j(r−q)ϕm

(4.25)
¿e sum overm can be evaluated using (3.10) to obtain

Ŝ(ϕ) = jπk0a
2 Q

q

Jq(k0a)J′q(k0a)F−qTq
λ̂MTM
q

e jqϕ (4.26)

where ϕ = ϕsca − ϕinc. We can use (4.8) to express the numerical scattering amplitude
in terms of the spectral error as

Ŝ(ϕ) = jπk0a
2 Q

q

Jq(k0a)J′q(k0a)F−qTq
λMTM
q (1 + Eq)

e jqϕ (4.27)
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Using (4.1) for the exact operator eigenvalue leads to

Ŝ(ϕ) = −Q
q

Jq(k0a)F−qTq
H(2)
q (k0a)(1 + Eq)

e jqϕ (4.28)

for the numerical scattering amplitude.
¿e exact scattering amplitude is given by (3.45). Subtracting the numerical and

exact scattering amplitude leads to

∆Ŝ(ϕ) = Q
q

Jq(k0a)
H(2)
q (k0a)

Eq − (F−qTq − 1)
1 + Eq

e jqϕ (4.29)

which is identical to (3.46) for the EFIE except that the relative spectral error Eq is
di�erent for the MFIE operator. By inserting the spectral error (4.9) in the numerator,
we obtain the scattering amplitude error estimate

∆Ŝ(ϕ) = Q
q

Jq(k0a)
H(2)
q (k0a)

− 1
2λMTM

q
E(1)
q + E(2)

q

1 + Eq
e jqϕ (4.30)

Unlike the EFIE scattering amplitude error (3.47), for which only the aliasing error
contributes to the error, in this expression both the projection and aliasing error are
signi�cant. ¿is property and its rami�cations will be discussed at length shortly.

4.1.7 Scattering Amplitude Error for the Point/Pulse Discretization

¿e scattering amplitude error can be simpli�ed further by choosing a speci�c dis-
cretization scheme. For point testing and pulse expansion functions, the relative
backscattering amplitude error can be approximated away from internal resonances
as

W∆S(0)
S(0) W � 1.5 n−2λ (4.31)

¿is estimate is compared to observed numerical results in Figure 4.2.While this result
is for backscattering, the convergence rate of the bistatic scattering amplitude is also
second order with respect to the mesh density.
From these error estimates, it can be seen that the numerical behavior of the scat-

tering amplitude for the MFIE is quite di�erent from that of the EFIE. With the EFIE,
as discussed in Section 3.2, the projection error cancels due to the variational property
of the scattering amplitude, leaving only the third-order aliasing error in the numera-
tor of (3.47). For the MFIE with the point/pulse discretization, this cancellation does
not occur. In (4.28), the projection error is the dominant contribution, leading to a
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second-order error, which is the same order as the current solution error. For this
discretization, it follows that the method of moments for the MFIE is not supercon-
vergent. ¿e reason for this and remedies for the poorer accuracy will be considered
in Section 4.5.

4.2 Nonideal Discretizations
¿e analysis of Section 4.1 assumes a conformal mesh representation of the scatterer
geometry and exact integration of moment matrix elements. We will now study the
e�ect on solution error of nonideal discretizations, including numerical integration
and the use of a �at-facet mesh.

4.2.1 Quadrature Error

Since the kernel of the integral part of the MFIE operator is continuous, it can be
readily integrated to a high accuracy, and a simple midpoint Euler quadrature rule is
adequate for matrix evaluation. For low-order basis functions, we will see that only a
small number of quadrature points are needed for the implementation to be consid-
ered ideal.
To analyze the e�ect of numerical quadrature, we observe that the integrals in the

de�nition of the basis function Fourier coe�cients Tq and Fq in (3.24) and (3.25) arise
from the source and observation integrals in the moment matrix element (2.28). We
can account for the testing and expansion quadrature rules by replacing the integrals
with the quadrature rule. For the point/pulse discretization, this yields the periodic
sinc function (3.59). For the projection error, the periodic sinc function need only be
evaluated for small values of q, so the periodic sinc function may be approximated by
the principle period as

Fq,M � Fq�1 + 1
3
� πq
Mk0anλ

�
2

	 (4.32)

Substituting this into the de�nition of the projection error (4.10), we see that to leading
order

E(1)
q,M � E(1)

q + 1
3
� πq
Mk0anλ

�
2

(4.33)

Comparing (4.33) with the projection error (4.22) for the ideal case shows that quadra-
ture error for the MFIE only augments the second-order term of the projection error,
whereas quadrature introduces a dominant �rst-order contribution for the EFIE.
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By inserting (4.32) into (4.11) and evaluating the summation over s, the aliasing error
contribution can be shown to be

E(2)
q,M � (−1)M+1 (k0a)

2

2λMTM
q

Fq,M(Mk0anλ)−3 (4.34)

¿ough aliasing error has increased from fourth to third order in nλ, this error term
is still negligible compared to the projection error (4.33). From this analysis, it can be
seen that the spectral error for the MFIE remains second order when moment matrix
elements are integrated using a low-order quadrature rule. It follows from this analysis
that quadrature error does not change the order of convergence of the current solution.
For the scattering amplitude, we must consider the e�ect of the quadrature rule on

the scattered plane wave, which is discretized using the expansion functions fn. We
can account for this by replacing the integral in (2.46) with the quadrature rule. In the
end, however, since the dominant error contribution is the second-order projection
error in (4.30), the scattering amplitude is not signi�cantly a�ected.
For both the current and scattering amplitude solutions, quadrature error for the

MFIE does not signi�cantly increase the solution error.¿is is in contrast to the EFIE,
for which the solution error for both current and scattering amplitude solutions wors-
ened to �rst order. ¿e reason for this is the smoothness of the kernel of the integral
operatorMTM in the MFIE. With such a smooth kernel, integrals can be evaluated
accurately with a simple, low-order quadrature rule.

4.2.2 Single Integration Point

For a single integration point, the above analysis breaks down. Interestingly, the solu-
tion accuracy in this special case actually becomes better by orders of magnitude than
is obtained with exact integration of moment matrix elements. For one integration
point (M = 1), FqT−q = 1 in (4.10) and the projection error vanishes. Since the aliasing
error associated with the very smooth kernel of the integral part of the MFIE operator
is exceptionally small (third order in n−1λ ), the current and scattering solution errors
converge very rapidly.
¿is rapid convergence presumes that the integral term of the MFIE is evaluated

using the single-point integration rule for diagonal moment matrix elements as well
as o�-diagonal elements. Evaluating the integral termwith the single-point integration
rule results in the diagonal moment matrix element

Zmm = 1
2
− h
4π
κ(ρm) (4.35)

where κ(ρ) is the curvature of the scatterer at ρ. ¿e sign of κ is positive where the
scatterer surface is concave and negative where it is convex. ¿e term −κh~(4π) is
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commonly referred to as a curvature correction (e.g., [3]). It is common in practice to
take the diagonal elements to be identically 1~2 and to neglect the contribution from
the integral operator, but if this is done, the order of accuracy becomes poorer and
the unusual third-order convergence is not obtained. ¿e curvature correction must
be included in the diagonal moment matrix elements in order to obtain third-order
solution convergence [1].

4.2.3 Geometrical Discretization Error

We will now relax the assumption of a conformal geometrical model for the scatterer
and consider error caused by the use of a �at-facet mesh. For a circular cylinder and
a point/pulse discretization, with an exact geometrical model the diagonal element
(4.35) becomes

Zmm = 1
2
− 1
2k0anλ

(4.36)

since the curvature of the cylinder is equal to the radius a. For a �at-facet mesh, the
integral part of the MFIE operator is zero, since cosψ = 0 in (2.19), and the diagonal
elements moment matrix elements are identically 1~2. ¿is leads to a shi away from
the more accurate diagonal element (4.35). Since a shi in the diagonal elements of a
matrix leads to a like shi in the spectrum, the spectral error for a �at-facet mesh is

Eq � − 1
2k0anλλMTM

q
(4.37)

which is a �rst-order error contribution. ¿e �rst-order spectral error translates into
�rst-order current and scattering amplitude errors.
By making use of the geometrical discretization error (4.37) in (4.23), we can deter-

mine the e�ect of a �at-facet mesh on the current solution error. Assuming that the
frequency is not near an internal resonance of the scatterer, we �nd that

Y∆JYRMS
YJYRMS

� 1.5 (k0a)−1n−1λ (4.38)

For the backscattering amplitude error,

W∆S(0)
S(0) W � 2.0 (k0a)−1n−1λ (4.39)

As might be expected, these error estimates decrease with k0a, because the scatterer
curvature becomes smaller and the deviation of the �at-facet approximation from the
exact geometry becomes less severe as the radius of the scatterer increases. ¿ese es-
timates are compared to numerical results in Figure 4.2.
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4.3 CFIE
As observed in Section 2.3, the EFIE and MFIE su�er from increased solution error
at frequencies near the internal resonances of the scatterer geometry. For the MFIE,
this is evident in Figure 4.1. To avoid this problem, the electric and magnetic �eld
formulations can be combined into an integral equation that does not have any real
internal resonance frequencies. To determine solution error for the combined �eld
formulation, we can make use of the error analyses for the EFIE andMFIE of Chapter
3 and Section 4.1.
¿e key to the CFIE error analysis is that for a circular cylinder, the EFIE andMFIE

share the same eigenfunctions. Because of this, the eigenvalues of the CFIE operator
are given by a weighted combination of EFIE and MFIE eigenvalues according to

λCq =
ηπka
2

Hq(ka)[αJq(ka) − j(1 − α)J′q(ka)] (4.40)

where α is the CFIE weighting constant in (2.22) chosen on the interval [0, 1]. ¿e
same linear combination holds for the eigenvalues of the moment matrix.
Based on (4.40), it is straightforward to show that the relative spectral error for the

CFIE is

ECq =
αJq(ka)ELq − j(1 − α)J′q(ka)EMq

αJq(ka) − j(1 − α)J′q(ka)
(4.41)

in terms of the EFIE andMFIE relative spectral errors ELq and EMq obtained above and
in Chapter 3.¿e current and scattering amplitude error expressions (4.21) and (4.29)
are also valid for the CFIE by substituting in the spectral error (4.41). From (4.41), it is
apparent that the spectral error as well as the current and scattering amplitude errors
will inherit the lower of the convergence rates of the EFIE and MFIE.
By �xing α = 0.2 and assuming a point/pulse discretization, we can use (4.41)

to compute simple error estimates for the CFIE. For an ideal discretization with no
quadrature error and a conformal geometrical model, the current and scattering am-
plitude solution errors are

Y∆JYRMS
YJYRMS

� 0.3 n−2λ (4.42)

W∆S(0)
S(0) W � 0.3 n−2λ (4.43)

It can be seen from these estimates that the error in both cases is second order.
For a nonideal discretization, the use of a low-order,M-point quadrature rule limits
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the CFIE solution convergence rate to the �rst-order convergence of the EFIE:

Y∆JYRMS
YJYRMS

� 0.3 (Mnλ)−1 (4.44)

W∆S(0)
S(0) W � 0.4 (Mnλ)−1 (4.45)

For a �at-facet mesh, error is limited by the sensitivity of the MFIE to the curvature of
the scatterer. ¿e solution error estimates are

Y∆JYRMS
YJYRMS

� 1.2 (ka)−1n−1λ (4.46)

W∆S(0)
S(0) W � 1.5 (ka)−1n−1λ (4.47)

We can see that the price paid for the elimination of error at internal resonance fre-
quencies is that solution error degrades to the poorer of the solution errors obtained
with the EFIE or MFIE alone.
¿ese error estimates assume that the same discretization scheme is used for both

theMFIE and EFIE components of the CFIE. It is possible to decrease error by mixing
discretization schemes and choosing the basis set that is best suited to the proper-
ties of each integral operator. By discretizing the MFIE with a single-point integra-
tion rule augmented by a curvature correction term for diagonal elements of the mo-
ment matrix, and the EFIE with exact numerical integration of moment matrix ele-
ments, a third-order convergence rate for the CFIE scattering amplitude solution can
be achieved. ¿e solution convergence rates can also be improved by making use of
higher-order basis functions.

4.4 Solution Error for Other Smooth
Scatterers

For the EFIE, it could be demonstrated numerically that the solution error estimates
developed for the circular cylinder extend to other scatterer geometries. As might be
expected, the same observation holds for theMFIE andCFIE. Figures 4.3 and 4.4 show
error curves for the scatterers depicted in Figure 3.7. Reference solutions are generated
using a highly re�nedmesh, and used to generate the solution error results for coarser
meshes shown in the �gures.
For all the scatterer geometries, solution convergence rates are the same as those ob-

tained analytically for the circular cylinder. ¿e absolute error for the noncircular ge-
ometries, however, can be signi�cantly larger. ¿e sensitivity to geometry is strongest
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Figure 4.3: Relative current and backscattering amplitude errors for the MFIE with TM polarization
for the scatterers shown in Figure 3.7. (a) Ideal discretization. (b) Single-point quadrature rule with
curvature correction for momentmatrix integrations. (c) Flat-facet mesh. Convergence rates are second,
third, and �rst order, for (a), (b), and (c), respectively.¿e single-point quadrature rule in (b) is a special
case discretization with unusually high accuracy. (©2005 IEEE [1].)

for the �at-facet mesh results in 4.3(c) and 4.4(c). ¿is indicates that accuracy su�ers
when highly curved scatterers are represented with a �at-facet geometrical approxi-
mation.

4.5 Superconvergence and Regularization
Chapter 3 explained current and scattering accuracy in terms of projection and aliasing
errors. Projection error is associated with the low-order modeled modes of the scat-
tering problem that are well represented by the basis function expansion. High-order,
unmodeledmodes that oscillate too rapidly to bemodeled by the basis functions cause
aliasing error.¿e purpose here is to use these concepts to analyze in greater detail the
di�erence in the e�ect of projection error on MFIE accuracy relative to that observed
with the EFIE.
In the numerical scattering amplitude solution, projection error cancels for the TE-

EFIE and TM-EFIE, leaving only the error caused by aliasing of high-order eigen-
modes. Consequently, the rate of decay or growth of the high-order eigenvalues either
improves or degrades the scattering amplitude error. Since high-order eigenvalues are
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Figure 4.4:CFIE solution errors for the discretizations of Figure 4.3. Convergence rates are second, �rst,
and �rst order, respectively. Errors are given by the worst case of either the EFIE and MFIE. (©2005
IEEE [1].)

associated with the kernel singularity, aliasing error is determined by the degree of
singularity of the kernel. As observed in Section 3.2, the cancellation of the projec-
tion error is a manifestation of the variationality of the method of moments for the
numerical scattering amplitude computation. For the TM-MFIE and TE-MFIE with
low-order basis functions, the projection error does not cancel. ¿e accuracy of the
scattering amplitude is much poorer than obtained with the EFIE, and is no better
than that obtained for the surface current solution. In this case, the numerical scatter-
ing amplitude is not superconvergent.
A er developing a deeper insight into the reason for the lack of cancellation of the

projection error for theMFIE,wewill use that understanding to develop a simplemod-
i�cation of the MFIE that overcomes this problem and improves the solution conver-
gence rate by as many as three orders [4].

4.5.1 Convergence Rates for EFIE and MFIE

To provide a context for understanding the poor accuracy of the discretized MFIE for
low-order basis functions, it is helpful to consider a sequence of discretizations with
increasing polynomial order for the TM-EFIE, TE-EFIE, andMFIE. Scattering ampli-
tude convergence rates for several di�erent choices of testing and expansion functions
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with ideal discretizations (exact integration of moment matrix elements and a confor-
mal mesh) are given in Table 4.1. ¿e testing and expansion functions are indicated
pictorially, along with their combined polynomial order in the �rst two rows of the
table.

Table 4.1: Scattering amplitude solution convergence rates for smooth scatterers with ideal moment
method discretizations [1, 5]. ¿e pair of symbols in the column headings indicate the testing function
and expansion functions, and h is the mesh discretization width. ¿e shaded entries are irregular cases
as discussed in the text.

Basis functions (� delta, A pulse, , hat) � A AA or � , A, or ,A ,,
Combined polynomial order p+ p′ −1 0 1 2

TM-EFIE scattering error h3 h3 h4 h5

TM/TE MFIE scattering error h2 h2 h4 h4

TE-EFIE scattering error h3 h3 h3 h3

4.5.1.1 Regular Cases

For some of the discretizations in Table 4.1, particularly for higher-order expansion
and testing functions, the observed solution convergence rates can be explained using
the aliasing error de�ned in (3.18) as

E(2)
q = 1

λq
Q
sx0

λq+sNT−q−sNFq+sN (4.48)

¿is expression holds for all of the integral equations, with the substitution of the ap-
propriate operator eigenvalues λq. Except for the two lowest-order MFIE cases, the
projection error part of the spectral error cancels and the scattering amplitude error is
determined solely by the aliasing error. For the unshaded boxes in the table, the series
in (4.48) is rapidly convergent and can be approximated by the s = 1 term. In other
words, for these discretizations the �rst aliased mode is dominant and the others can
be neglected. ¿us, we can predict solution convergence rates using simple order ar-
guments based on asymptotic approximation of the operator eigenvalue and Fourier
coe�cients of the basis functions.
For the TM-EFIE with a discretization of order p+ p′ = 0, the orders of the factors
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with respect to h in the s = 1 term of the spectral error are

λLq+N � jηπk0a
2N

� h

Tq+N = sin[π(1 + q~N)]
π(1 + q~N) � − q

N
� h

Fq+N � h

since N = 2πa~h. We have considered the case of pulse testing and expansion func-
tions. For point testing with triangle expansion functions, Tq = 1 and Fq � 1~q2, so the
product of the orders and hence the overall solution convergence rate are the same.
From these order expressions, it can be seen that the third-order convergence of this
discretization is associated with the 1~q asymptotic fallo� of the eigenvalue λq and the
1~q fallo� of the Fourier coe�cients of the testing and expansion functions.
For the MFIE with a discretization of order p+ p′ = 2, the orders of the factors with

respect to h in the s = 1 term of the spectral error are

λMq+N � 1
2

Tq+N = � sin[π(1 + q~N)]
π(1 + q~N) ¡

2

� h2

Fq+N � h2

¿ese results hold for both the TE and TM polarizations. Combining the factors leads
to the error order estimate h4, which matches that given in Table 4.1 as well. For the
TE-EFIE and a discretization of order p+ p′ = 2, we have

λNq+N � h−1

Tq+N � h2
Fq+N � h2

which leads to the error order estimate h3.
As discussed in Section 4.1.1, the decay rate of the operator eigenvalues is associated

with the smoothness of the kernel, and the fallo� of the expansion and testing Fourier
coe�cients is determined by the smoothness of the basis functions. ¿ese considera-
tions indicate that for the regular (unshaded) cases in Table 4.1, scattering amplitude
error is determined by the combined smoothness of the operator kernel and the test-
ing and expansion functions. ¿e smoother the kernel and basis functions, the more
accurate the numerical solution, and the solution convergence rate is the sum of the
decay rates of the Fourier representations of the kernel and basis.
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In view of this, considering the TM-EFIE with an order p+ p′ = 0 discretization
as an example, the convergence order argument can be applied even more simply by
inspecting the moment matrix element

Zmn = 1
h ∫ ds tm(s)²

O(k−1)

L
°
O(k−1)

fn®
O(k−1)

(4.49)

and considering the indicated asymptotic decay rates of the Fourier representations
of each factor, for pulse expansion and testing functions. ¿e Fourier transform of
a pulse function is the sinc function given in (2.58), and decays at a k−1 rate for large
spatial frequencies.¿e s = 1 termof the aliasing error (4.48) is essentially equivalent to
evaluating the Fourier transforms at twice the mesh Nyquist frequency kmax given by
(2.63). Since kmax � 1~h, theO(k−3) total decay rate of the Fourier transforms in (4.49)
translates to an aliasing error of order h3, the same result obtained above (the leading
factor of h−1 in (4.49) combineswith the integration over ds and does not contribute to
the convergence order argument).¿ese arguments lead to a fundamental principle for
MoM error behavior: the convergence rate of the scattering amplitude for a smooth
scatterer with an ideal implementation of the moment method is determined by the
asymptotic decay rate of the product of the Fourier transforms of the expansion and
testing functions and the operator kernel.
Finally, we observe that for the regular cases, the improvement in solution accuracy

with increasing kernel smoothness has been observed in the literature. ¿e increase
in solution error in the progression TM-EFIE�MFIE � TE-EFIE was observed for
all discretizations except the p = 0 case in [6], despite the di�erences between the
discretization schemes considered in that reference and those treated here. For 3D
scattering problems with low-order basis functions, a similar comparison with respect
to MFIE and EFIE scattering convergence rates has been reported [7, 8].

4.5.1.2 Irregular Cases

For the irregular (shaded) cases in Table 4.1, the order argument used above breaks
down. For the EFIE, the signs of the terms in the series (4.48) alternate in such a way
that the sum is smaller than might be expected. In some of the irregular cases, the se-
ries is not absolutely convergent, which can make the discretization unstable [9]. As
discussed in Section 3.4.2, pulse functions ostensibly do not provide su�cient conti-
nuity to evaluate the derivatives in the second term of (2.11). Due to a cancellation of
the �eld radiated by the delta function doublet charge distribution associated with a
pulse current, however, convergent results can be obtained.¿ese discretizations may
not give meaningful results for irregular meshes.
For the two lowest-order MFIE discretizations in Table 4.1, the irregularity of

the solution convergence rate has a di�erent cause—failure of the superconvergence
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property—which will be discussed in the next section.

4.5.2 Nonsuperconvergent Cases

For the two lowest-order MFIE cases with p+ p′ = −1 and p+ p′ = 0, the scattering
amplitude convergence rate is second order. Since this convergence rate is the same as
that of the current solution error, it follows that for the point/pulse and pulse/pulse dis-
cretizations, the moment method implementation is not superconvergent. In Section
4.1.7, the failure of the superconvergence property is linked to the identity operator in
the MFIE and the lack of cancellation of the projection error in (4.30) for low-order,
orthogonal basis functions.
We canprovide another perspective on the failure of superconvergence for theMFIE

with low-order basis functions using the variational property of the method of mo-
ments. ¿e �rst question is whether or not a variational principle exists for the MFIE.
While this topic has received very little attention in the literature, a functional and
transposed operator for the MFIE relative to the symmetric product have been ob-
tained [10]. ¿e connection between the functional and the scattering amplitude is
clearest if the MFIE operator is modi�ed to include a cross product with the scatterer
surface normal, so that (2.16) becomes

LmJs = Hinc
t (4.50)

whereHinc
t is the tangential part of the incidentmagnetic �eld on the scatterer surface.

¿e adjoint problem is
LamMs = Est (4.51)

where we have identi�ed the unknown source as amagnetic current based on its units.
¿e adjoint operator is de�ned by

`f1,Lmf2e = `Lamf1, f2e (4.52)

¿e functional (3.49) becomes

Im(Js,Ms) = `Es, Jse + `Ms,Hince − `Ms,LmJse (4.53)

¿e adjoint operator may be constructed explicitly if desired using the de�nition
(4.52). Following the derivation of (3.56), it can be shown that

∆S = `∆Ms,Lm∆Jse (4.54)

where we have dropped an unimportant constant factor.
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Figure 4.5: Spectrum for the Mie series electric current on a circular cylinder compared to the spectrum
of the MoM current solution for pulse expansion functions. ¿e operator eigenvalues are also shown to
illustrate the windowing e�ect of the operator on the current solution.

Wewill �rst consider the case of the EFIE, in order to contrast the di�erent behavior
observed with the MFIE. For the TM-EFIE, the scattering amplitude error is

∆S = `∆Jaz ,L∆Jze (4.55)

As a continuous function, the current error in (4.55) is mostly associated with the ex-
pansion functions fn. For low-order basis functions, the current error is discontinu-
ous, and from a spectral point of view, much of the solution error is contained in high
spatial frequencies associated with the discontinuity of the basis. For the TM-EFIE,
the integral operator L is a smoothing operator. In the spatial domain, the smooth-
ing property of the TM-EFIE operator implies that while fn may be discontinuous,
Lfn is a continuous function of position. As a consequence, the operatorL suppresses
the interpolation error in ∆J, and the variational error formula `∆Ja,L∆Je is smaller
than, say, `∆Ja, ∆Je. ¿is is represented in Figure 4.5. ¿e operator eigenvalues decay
with mode number, which reduces the Fourier domain “sidelobes” of the current so-
lution at mode orders beyond �N~2. It can be argued that the smoothing property of
the operator increases the e�ective smoothness of the expansion functions when the
scattering amplitude is computed.
For the MFIE, the presence of the identity operator in the second-kind integral

equation leads to a di�erent conclusion. In Figure 4.5, the operator spectrum of the
integral partM of the MFIE can be seen to decay rapidly with order, but the identity
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operator makes the eigenvalues of the MFIE approach a constant for large orders. For
the 2D TM-MFIE or TE-MFIE operators, (4.54) becomes

∆S = 1
2`∆M, ∆Je + `∆M,M∆Je (4.56)

Without a smoothing operator in the �rst term of this expression, the spectral content
of ∆J associated with the discontinuities of the expansion functions is not suppressed,
and the scattering amplitude error is larger than for the EFIE. ¿is is re�ected in the
lowest-order cases for the MFIE in Table 4.1.
Finally, it is interesting to observe that the treatment of [10] motivated a choice of

testing functions for the MFIE that e�ectively zeros out the identity term of the MFIE
operator.¿is is equivalent to discretizing the operatorLm in (4.50)with identical test-
ing and expansion functions, in which case the cross product with the surface normal
included in the operator causes the contribution of the identity term to the moment
matrix to vanish.¿e resulting linear system is ill-conditioned, but it can still be solved
in some cases using an iterative algorithm to yield accurate RCS solutions.¿is further
veri�es that the identity operator is the cause of the failure of superconvergence for the
MFIE.

4.5.3 First- and Second-Kind Operators

Based on these arguments, it is clear that the underlying cause of the poor accuracy
for the nonsuperconvergent cases with second-order error in Table 4.1 is the iden-
tity operator in the MFIE. With the EFIE, both polarizations, one corresponding to a
smoothing operator and the other to an antismoothing operator, lead to cancellation
of the projection error and have better accuracy for the scattering amplitude. In spite
of this, it is misleading to view the di�erences between the MFIE and EFIE as merely
a consequence of �rst-kind versus second-kind operators.
From the illustration in Figure 4.5, it would seem that the TE-EFIE would have a

much larger scattering amplitude error, since the antismoothing operatorwith increas-
ing eigenvalues should amplify the sidelobes of the current solution. By the rigorous
analysis of Section 3.4, however, there is a cancellation in the sum over high-order
modes, and the relatively good accuracy re�ected in Table 4.1 for the TE-EFIE is ob-
served in practice. As noted above, this cancellation is unstable and may not occur for
irregular meshes. ¿ese considerations highlight the subtleties associated with the ir-
regular cases in Table 4.1. Convergence rates can be better (TE-EFIE) or poorer (MFIE)
than expected based on simple operator smoothness arguments. If this spectral error
cancellation did not occur for the TE-EFIE, however, the larger error suggested by Fig-
ure 4.5 would indeed be observed, and error behaviors would be explainable in terms
of operator smoothness—not the formal �rst- or second-kind appearance of the inte-
gral equation.
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¿e reason that simple �rst-kind and second-kind arguments are dangerous here is
simply that the TE-EFIE is not a true �rst-kind integral equation, because the operator
N has a hypersingular kernel. Even the MFIE operator (or any other second-kind
operator) can be written in a �rst-kind form by using the Dirac delta function,

�I
2
+M� J = ∫ � 1

2
δ(ρ − ρ′) +M(ρ,ρ′)� J(ρ′)dρ′ (4.57)

but because of the singularity of the delta function the operator is not of the �rst kind
in a rigorous sense.
A better classi�cation of the operators is in terms of the asymptotic behavior of

the eigenvalues and the associated smoothing properties discussed in Section 4.1.1.
More abstract but ultimately equivalent is the Sobolev space classi�cation in terms
of the di�erence in the smoothness classes of the operator domain and range spaces.
For the regular cases of Section 4.5.1.1, scattering amplitude error tracks this operator
smoothness index in a very simple way. With this as background, we now turn to
remedies for the poorer convergence of the MFIE at low orders.

4.5.4 Higher-Order Basis Functions

From Figure 4.5, it can be seen that one approach to reducing the scattering amplitude
error (4.56) is to choose basis functions that reduce the high spatial frequency content
of the current solution, so that the sidelobes in the �gure are suppressed. ¿is occurs
for smoother basis functions with a high polynomial order, as re�ected by the p+p′ = 1
and p+ p′ = 2 entries in Table 4.1 for the MFIE.
Returning to the �rst-kind and second-kind classi�cation, the smoother basis func-

tions can be thought of as regularizing the delta function in the kernel of (4.57). With
the kernel e�ectively smoother, the modi�ed MFIE behaves like a �rst-kind integral
equation and the cancellation of projection error observed for the EFIE occurs for
the MFIE. Analytically, the higher-order basis functions change the leading factor in
(4.22), causing the term containing the projection error E(1)

q to vanish from (4.30).
While the use of higher-order basis functions to improve accuracy with the MFIE

has been demonstrated in practice, we can also develop an alternative approach that
increases solution accuracywhile retaining the simplicity of low-order basis functions.

4.5.5 High-Order Convergence with Low-Order Basis Functions

For low-order discretizations, the foregoing results point to the identity operator in
the MFIE as the culprit for poor accuracy. ¿is is a surprising result, since the iden-
tity operator is easily discretized, requires trivial quadrature for integration in mo-
ment matrix elements, and discretizes to a well-conditioned matrix. It has also been
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observed that there is a correlation between operator smoothing properties and solu-
tion error, with the more strongly smoothing cases in Section 4.5.1.1 corresponding to
higher accuracy. In Section 4.5.4, it is argued that for high-order basis functions, the
e�ective delta function kernel in the MFIE singularity is tempered by the basis func-
tions, and the MFIE e�ectively becomes a strongly smoothing operator. ¿is leads to
a cancellation of eigenfunction projection error in the scattering amplitude and im-
proved solution accuracy.
For low-order basis functions,which donot have a su�cient smoothing e�ect on the

operator to provide high accuracy, one could instead regularize the delta function in
(4.57) by replacing it with a generating function, so that δ(ρ,ρ′) � D(ρ,ρ′), whereD
becomes a delta function as some parameter (in this case, themesh size h) goes to zero.
Under this substitution, the kernel of (4.57) becomes smoother, the MFIE becomes a
true �rst-kind integral equation, and an accurate scattering amplitude solution can
be obtained even for low-order discretizations.¿eMFIE scattering error would then
depend on aliasing error only, which is very small due to the 1~q3 eigenvalue fallo� rate
of the strongly smoothing operatorM. Since this replacement reduces the e�ective
singularity of the kernel associated with the identity operator in the MFIE, we refer to
this approach as regularization of the identity [4, 11].
¿e key to making the substitution δ � D is to ensure that the error introduced

by this substitution does not outweigh the bene�ts of projection error cancellation. To
derive a form for the smoothed delta function, it su�ces to consider only the identity
part of the integral equation, which is

1
2
J = Hinc

t (4.58)

We assume that D has a Fourier series representation of the form

D(ρ,ρ′) = Q
q
Dqe−jq(t−t

′) (4.59)

where t is a parameter for a closed scatterer surface such that ρ(t) maps the interval
0 B t B 2π to the scatterer contour. Following the manipulations of this and previous
chapters, the eigenvalues of the moment matrix generated by discretizing (4.58) are
given by

Λ̂q = Q
s
Dq+sNT−q−sNFq+sN (4.60)

¿e approximate current and scattering amplitude solutions for the identity equation
can then be computed as before, yielding the “scattering amplitude” error

∆S = Q
q
Q
s
(−1)sA�qBq+sN �δs0 −

FqT−q−sN
Λ̂q+sN

	 (4.61)
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Figure 4.6: TM-MFIE MoM scattering amplitude error for nine smooth scatterers in Figure 3.7. ¿e er-
ror curves that decay as h2 were generated from the unregularized MFIE.¿e error with the regularized
MFIE decay as h5. TE results are similar. Regularization leads to a three-order-of-magnitude improve-
ment in accuracy. (©2005 IEEE [4].)

where Aq and Bq are the Fourier coe�cients of the incident and scattered plane wave
�elds.
¿e leading-order behavior of ∆S is determined by the s = 0 terms of (4.61), which

include the factor

1 − FqT−q
Λ̂q

= �Dq − 1�
FqT−q
Λ̂q

+Q
sx0
Dq+sN

Fq+sNT−q−sN
Λ̂q+sN

(4.62)

We can force (4.62) to zero by taking Dq = 1 for the N lowest-order modes and 0 oth-
erwise. ¿is gives a very small ∆S, which now comprises only the high-order terms
(s x 0) in (4.61). Evaluating (4.59) gives an explicit expression for the regularized iden-
tity kernel,

D(ρ,ρ′) = 1
C
sin π

h(t − t′)
sin π

C(t − t′)
e−j

π
C (t−t′) (4.63)

where C is the circumference of the cylinder. ¿is is a periodic sinc function with
height 1~h and main lobe width 2h, centered at ρ = ρ′.
¿e e�ect of regularization is to �lter out the high frequency content in the delta

function associated with the identity operator. ¿is increase in operator smoothness
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compensates for the lack of smoothness of low-order basis functions. In the scattering
amplitude computation, this �ltering suppresses the error in the high spatial frequency
components of the current solution. Returning to Figure 4.5, the current solution still
has sidelobes due to the discontinuous expansion functions, but the operator now has
a windowed spectrum that suppresses the sidelobes in the scattering amplitude error
(4.54).
Figure 4.6 shows numerical solution error for the point/pulse discretization and a

32-point, Euler quadrature rule. ¿e scattering bodies considered are the same shown
in Figure 3.7. Both regularized and unregularized identity operators were used. ¿e
unregularized solutions converge as h2, whereas the regularized solutions converge as
h5. Results are similar for the TE polarization. ¿ese results demonstrate that regu-
larization leads to an improvement in the solution accuracy by three orders of mag-
nitude, without requiring the use of high-order basis functions. ¿e regularization
method can also be applied to the EFIE [12] as well as three-dimensional scattering
problems [11].

4.6 Summary
If the MFIE is discretized using low-order basis functions, both the current and scat-
tering amplitude solutions converge at a second-order rate. ¿is is in contrast to the
EFIE, for which third-order convergence of the scattering amplitude can be realized
using accurate integration ofmomentmatrix elements and an exact geometricalmodel
for the scatterer. We have linked the poorer convergence of the MFIE to the identity
operator. Even though the identity operator is trivial to discretize for orthogonal ba-
sis functions, in its e�ect on solution error the identity operator behaves as if it were
an integral operator with a singular kernel. ¿e scattering amplitude solution conver-
gence rate can be improved by using higher-order basis functions. To obtain increased
accuracy for the MFIE with low-order basis functions, regularization of the identity
operator can be employed.
We have also seen that solution error for the CFIE is related in a simple way to the

accuracy of the EFIE and MFIE. ¿e CFIE solution is dominated by the larger of the
EFIE andMFIE errors. With regularization, MFIE solution accuracy can be improved
to better than that of the EFIE, allowing accurate CFIE results to be obtained using
the same low-order basis functions for both the electric and magnetic �eld parts of
the combined formulation.
Perhaps of greatest signi�cance, we have shown that for discretizations that are reg-

ular in the sense of Section 4.5.1.1, the scattering amplitude error for a smooth scat-
terer with an ideal discretization can be predicted with a simple convergence order
argument based on the asymptotic decay rates of the Fourier transforms of the oper-
ator kernel and basis functions. We will return to this for 3D scattering problems in



100 Numerical Analysis for Electromagnetic Integral Equations

Chapter 7. Despite the mathematical complexity of the spectral error analysis for 3D
problems, the simple convergence order argument developed here for 2D problems
can be readily applied to understand and predict solution errors to the more general
case of vector integral equations in three-dimensional space.
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Chapter 5

Geometrical Singularities and the Flat Strip

In previous chapters, we have restricted attention to smooth scatterers. It is well known
that geometrical singularities such as edges and corners can induce a singular behav-
ior for the surface current that is not well modeled by polynomial basis functions and
reduces solution accuracy considerably. In this chapter, we will treat the problem of
edge current singularities using the �at conducting strip as a canonical scatterer ge-
ometry. We will then consider wedge geometries with the �at strip being an extreme
limiting case.
In order to develop a complete error estimate for the �at strip, we will �rst con-

sider error on the “interior” part of the strip away from edges, and then we will add
the error contribution due to current singularities at the edges. Along the way, while
treating the interior part of the strip, some results not discussed in previous chapters,
such as a magic “1/3” discretization, will be presented. Unlike the case of smooth scat-
terers, for which the solution convergence rate is strongly dependent on the integral
equation formulation, error due to current singularities is determined primarily by the
approximation of the singular current using discrete basis functions. We will �nd that
edge and corner errors lead to a dominant error contribution with a slower asymptotic
fallo�with respect tomesh density than error due to smooth portions of the geometry.

5.1 Flat Strip Interior Error, TM-EFIE
For a �at conducting strip, the EFIE operator is nonnormal, which means that the
eigenfunctions do not form an orthogonal basis for the domain of the operator. Phys-
ically, this occurs because Fourier-type oscillatory modes on the scatterer are coupled
by edge di�raction and the associated current singularities at the scatterer ends. As
with a nonnormal matrix, an orthogonal basis can be constructed from the opera-
tor eigenfunctions together with a �nite number of adjoint functions for each eigen-
value [1], but the operator does not have a simple spectral decomposition analogous

101
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to (4.2) for the circular cylinder.
¿e nonnormality of the EFIE operator prevents direct application of the modal

analysis of previous chapters to the �at strip. One approach to overcoming this di�-
culty is the use of the static decomposition (1.3), which amounts to approximating the
integral operator by its static limit and determining the solution error from the sim-
pler case of the self-adjoint integral operator relating surface charges to electrostatic
�elds. ¿e limitations of this approach are discussed in Chapter 1. For high frequen-
cies or scatterers with large electrical size, the static limit fails to capture all the relevant
physics, and consequently the resulting moment method solution error estimates are
inadequate.
To improve on the self-adjoint operator decomposition (1.3), we will employ a de-

composition of the form of (1.4), in which H is a normal operator and R is a non-
normal perturbation. In this work, the operatorH corresponds to the high-frequency
limit of the EFIE operatorL and is closely related to the physical optics approximation.
We will show that R is small enough that the eigenvalues of the normal part H pro-
vide spectral estimates for the integral operator L and its matrix discretization using
the method of moments. ¿is allows the spectral error concepts developed in Chap-
ters 3 and 4 to be applied for the �at strip by approximating the nonnormal operator
L with the normal operatorH.
Although it captures more information about error behaviors than the static limit,

the normal operator approximation still has its limits. Physical information about edge
di�raction is contained in the operatorR, so solution error estimates based onH do
not re�ect error associated with current singularities at the scatterer edges. Error due
to edge singularities must be treated separately and added to the solution error for the
interior of the strip away from the scatterer edges.

5.1.1 Normal Operator Approximation

To develop a normal approximation for the operator L, we will work with its in�nite-
dimensional Fourier representation, for which the matrix elements are given by

Lqr = d−1`e−jβqk0x,Le−jβrk0xe (5.1)

where d is the width of the strip and ` ċ , ċ e is the L2 inner product. ¿e normalized
spatial frequency βq is de�ned by βq = q~D, q = 0,�1,�2, . . ., where D = d~λ is the
size of the strip inwavelengths. Unlike the circular cylinder, the Fourier representation
is not diagonal, because the functions e−jβqk0x are not eigenfunctions of the operator.
¿e Fourier modes are approximate eigenfunctions, however, and Lqr is strongly diag-
onal. We will take the normal operatorH to be the diagonal elements of Lqr, so closed
form approximations for the diagonal elements are needed.
¿e kernel of the integral operator (2.8) can be represented in terms of a 1D Fourier
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transform as

g(x,x′) = − j
4π ∫

ª

−ª
dkx»
k20 − k2x

e−jkx(x−x
′) (5.2)

Inserting this in (5.1) and evaluating the integrals over the scatterer leads to

Lqr = η
2π2D ∫

ª

−ª
dβ»
1 − β2

sin [πD(β − βq)]
β − βq

sin [πD(β − βr)]
β − βr

(5.3)

where β = kx~k0.
We now wish to estimate the integral in (5.3) asymptotically as D � ª. For q = r,

(5.3) becomes

Lqq = η
2π2D ∫

ª

−ª
dβ»
1 − β2

� sin [πD(β − βq)]
β − βq

¡
2

(5.4)

For large D, the squared sinc function in the integrand is narrow enough that it ap-
proaches a delta function, and we can make the approximation

Lqq � η
2π2D

¼
1 − β2q

∫
ª

−ª
dβ� sin [πD(β − βq)]

β − βq
¡
2

= η
2
¼
1 − β2q

(5.5)

More rigorously, in [2], the asymptotic expansion

Lqq � η
2
¼
1 − β2q

− η
2π2(1 − β2q)

<@@@@@>
−j+

βq ln �−jβq +
¼
1 − β2q�¼

1 − β2q

=AAAAA?
D−1

+O(D−3~2), D�ª (5.6)

is obtained.¿e �rst term is the limiting value for scattering by an in�nite conducting
plane, and higher-order terms represent the e�ect of di�raction by the edges of the
strip. ¿is expression is related to the physical theory of di�raction (PTD) for scatter-
ing by a conducting strip.
Equation (5.6) breaks down if SβqS = 1. ¿ese values of βq correspond to surface

wave current modes with spatial frequency k0. ¿e radiated �elds for these modes
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travel parallel to the strip. For SβqS = 1, the asymptotic expansion becomes [2]

Lqq �
º
2η
3

(1 + j)D1~2 + η
8
º
2π

(1 − j)D−1~2

+ η
6π2

�j− 7
º
2

4
	D−1 +O(D−3~2), D�ª (5.7)

As will be seen in Chapter 9, the surface wavemode determines the condition number
of the moment matrix.
¿ese estimates for the diagonal elements Lqq provide the Fourier representation of

the approximate operatorH in (1.4). ¿e full matrix Lqr is equivalent to the operator
L, andH will be the main diagonal of Lqr. SinceH is diagonal, it is by construction a
normal operator. It remains to show that nonnormal part of the operator,R = L−H,
is su�ciently small that the numerical properties of the method of moments for the
�at strip can be determined usingH rather than the exact operator L.
¿e in�nitematrix representation Lqr is not diagonally dominant in the strict sense,

so the Gersgorin circle theorem cannot be applied to bound the eigenvalues near the
diagonal elements. ¿e diagonal elements are large, however, and a somewhat weaker
theorem does provide a useful result. From the Bauer-Fike theorem [3], we have the
relative error bound

min
q

SLqq − λqS
SLqqS

B YH−1~2RH−1~2Y (5.8)

where λq is an eigenvalue of L. It can be shown [2] that the norm on the right of (5.8)
tends to a constant as D � ª, so that the diagonal elements Lqq provide estimates
of the eigenvalues of L with bounded error as D becomes large. Physically, the large
diagonal elements are associated with specular scattering from the strip, and the o�-
diagonal elements represent weaker bistatic scattering.

5.1.2 Discretized Operator Spectrum

We will now use the approximate operatorH to study the accuracy of the method of
moments for the �at strip. Aswith the circular cylinder, wewill �rst estimate the eigen-
values of the moment matrix to determine the spectral error caused by discretization.
¿e spectral error will then determine the current and scattering amplitude solution
errors.
We will de�ne a mesh for the scatterer in terms of element center points xn = (n −

1~2)h − d~2, where the index n ranges from 1 to N and the total number of degrees
of freedom is N = d~h. ¿e expansion and testing functions are of the form fn(x) =
f(x − xn) and tn(x) = t(x − xn), with f(x) and t(x) given by (2.30).
Just as the Fourier modes in (5.1) are not eigenfunctions of L for the �at strip, the

sampled Fouriermodes vq,m = e−jk0βqxm are not eigenvectors of themomentmatrixZ.
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¿is is in contrast to the circular cylinder, for which both the continuous operator and
moment matrix are normal and have Fourier functions as eigenfunctions or eigenvec-
tors. Fortunately, in a way that is analogous to (5.8), the sampled plane wave modes
are approximate eigenvectors, so they can be used to obtain eigenvalue estimates.
Transforming themomentmatrix using sampled planewave or Fouriermodes leads

to

L̂qr = 1
N

N
Q
m,n=1

e jk0βqxmZmne−jk0βrxn (5.9)

We can view this as a unitary transformation that approximately diagonalizes the mo-
ment matrix. With βq = q~D and D = d~λ, the vectors e−jk0βqxm form an orthogonal
basis. Since L̂qr is strongly diagonal, the diagonal elements will provide eigenvalue es-
timates for the moment matrix.
By making use of (5.2), the moment matrix elements can be written as

Zmn = η
2nλ ∫

ª

−ª
dβ»
1 − β2

e−j2πβ(m−n)~nλT(−β)F(β) (5.10)

where T(β) and F(β) are the Fourier transforms of the testing and expansion func-
tions t(x) and f(x), normalized by 1~h:

T(β) = 1
h ∫ e jk0βxt(x)dx (5.11)

F(β) = 1
h ∫ e jk0βx f(x)dx (5.12)

¿ese de�nitions are essentially identical to (2.58), except that they are given in terms
of normalized spatial frequency β rather than k.
¿e transformed moment matrix representation can then be expressed as

L̂qr = η
2n2λD

∫
ª

−ª
dβ»
1 − β2

Bq(β)Br(β)T(−β)F(β) (5.13)

where
Bq(β) =

sin [πD(β − βq)]
sin [π(β − βq)~nλ]

(5.14)

is a periodic sinc function or a scaled Dirichlet function. ¿e task now is to approxi-
mate the integral in closed form.
¿e function Bq(β) approaches a periodic series of delta functions as D becomes

large. ¿e delta functions are located at the zeros of the denominator of Bq, which
occur at βq,s = βq + snλ, s = 0,�1,�2, . . . . ¿e integral in (5.13) can be evaluated
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Figure 5.1: Spectrum of the moment matrix for the TM-EFIE for a �at strip, D = 20. Basis: point testing,
pulse expansion functions. Mesh: �at-facet, nλ = 10. Moment matrix integration: exact. Pluses: com-
puted eigenvalues. Dots: eigenvalue estimates given by the normal operator approximation, (5.6) and
(5.7).

approximately by expanding the integrand about each of the maxima of Bq, which
leads to

L̂qq � Q
s
T(−βq,s)F(βq,s)Lq+sN,q+sN, D�ª (5.15)

¿is expression has the same form as (3.13) for the circular cylinder, except that it is
given in terms of eigenvalue estimates rather than exact operator eigenvalues.
Based on the same arguments as used in the previous section for the continuous

operator, the N eigenvalues of the moment matrix Z can be estimated by λ̂q � L̂qq,
−N~2 + 1 B q B N~2, or −(N − 1)~2 B q B (N − 1)~2 if N is odd. As discussed for the
cylinder in Section 3.1, the eigenvalues λq of L with order SqS A N~2 are unmodeled
eigenvalues, and represent eigenfunctions with spatial frequency content beyond the
approximating power of the basis functions. For the unmodeled modes, the normal-
ized spatial frequency is

βq A N
2D

= nλ
2

(5.16)

and the spatial frequency k0βq is greater than the mesh Nyquist frequency (2.63).
Figure 5.1 compares the numerically computed spectrum of the moment matrix for

a strip of width 20λ to the approximation λ̂q � L̂qq. It can be seen that there is a
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rather signi�cant di�erence between the analytical approximation and the computed
eigenvalues, but as the goal here is error analysis, rather than an exact representation
of the operator, a rough eigenvalue estimate su�ces.
It is interesting to consider the physical meaning of di�erent parts of the operator

spectrum.¿e spectral estimates developed above amount to approximating the oper-
ator eigenfunctions as modes of the form e−jβk0x, where β is a dimensionless parame-
ter giving the spatial frequency of the mode. For high spatial frequencies (SβS Q 1), the
eigenvalues are approximately equal to j(η~2)~

»
β2 − 1. In Figure 5.1, these eigenval-

ues approach the origin from the positive imaginary axis. Since these modes radiate
evanescent �elds, the real part of the eigenvalue is small. For the continuous operator
L, there are an in�nite number of these imaginary eigenvalues with the origin as an
accumulation point. Global geometrical information is contained in the spectrum of
the low frequency modes only, since the behavior of the eigenvalues of high frequency
modes is independent of geometry, as can be seen by comparing Figures 5.1 and 3.1 for
the �at strip and cylinder.
¿e low-frequency modes (SβS < 1) have eigenvalues given by (η~2)~

»
1 − β2, and

approach η~2 on the real axis for theDCmode (β = 0). If thewidth of the strip were in-
�nite, there would be no coupling between the low and high frequencymodes, and the
eigenvalues would lie entirely on the real and imaginary axes. Due to edge di�raction,
the modes are coupled, and the two parts of the spectrum join to form a loop in the
complex plane. ¿e surface wave mode (SβS = 1) has the largest magnitude. Since the
eigenvalue is large, the amplitude of this mode in the current solution is suppressed.
For the TM-EFIE, the surface wave mode can be considered to be antiresonant. Since
the surface wavemode eigenvalue grows inmagnitude with the electrical sizeD, it will
be seen in Chapter 9 that this mode causes an increase in moment matrix condition
number with electrical size.
¿e approximate eigenvalues Lqq are degenerate for �q, whereas the eigenvalues

λq of L are distinct, since the nonnormal operator perturbation R removes the de-
generacy of the even and odd modes cos (k0βqx) and sin (k0βqx). For this reason,
each eigenvalue estimate (dot) in Figure 5.1 represents a pair of computed eigenval-
ues (pluses). We will now use these eigenvalue estimates to analyze the spectral error
introduced by discretization.

5.1.3 Spectral Error

In the previous section, we developed spectral estimates for a normal approximation
to the continuous operator Lqq and a normal approximation of the moment matrix
L̂qq. ¿e eigenvalue shi ∆Lqq = L̂qq − Lqq provides an estimate of the spectral error
∆λq = λ̂q − λq introduced by discretization. From (5.15), the approximate relative



108 Numerical Analysis for Electromagnetic Integral Equations

spectral error Eq � ∆Lqq~Lqq is

Eq(nλ,α) � T(−βq)F(βq) − 1 + j
¼
1 − β2qQ

sx0

T(−βq,s)F(βq,s)¼
β2q,s − 1

(5.17)

where βq,s = βq + snλ. In deriving this expression, we have retained only the leading
term in the asymptotic expansion of Lqq.
Following the terminology introduced in Section 3.1.3, the �rst term,

T(−βq)F(βq)− 1, is projection error due to inaccurate representation of the modeled
eigenfunctions (SβqS B nλ~2) by the expansion and testing functions.¿e second term
represents aliasing error due to the unmodeled modes of L. Since the unmodeled
modes are aliased by discretization to lower-order, modeled modes, the eigenvalues
of unmodeled modes perturb the eigenvalues of the moment matrix and cause an
additive spectral error term.

5.1.4 Spectral Error for Low-Order Basis Functions

We now specialize the treatment to the same piecewise polynomial basis functions
used to discretize the EFIE for the cylinder in Section 3.1.3. In this case, the window
function T(−β)F(β) becomes sb(β), where

s(β) = sin (πβ~nλ)
πβ~nλ

(5.18)

¿e basis order index b is de�ned in (3.26) to be p+ p′ + 2, where p and p′ are the
polynomial orders of the testing and expansion functions, respectively.
Using (5.18) in (5.17), we obtain the spectral error

Eq,b �
sinb (πβq~nλ)
(πβq~nλ)b

− 1

+
j
¼
1 − β2q
nλ

sinb (πβq~nλ)
πb Q

sx0

(−1)bs
(βq,s~nλ)b

¼
(βq,s~nλ)2 − 1~n2λ

(5.19)

For 1 B b B 3, the projection error is dominant for small βq~nλ. Expanding the �rst
term of (5.19) for large nλ yields

E(1)
q,b � −

bπ2β2q
6n2λ

(5.20)

for the projection error part of the total spectral error.¿is will determine the current
solution error away from the singularities at the edge of the strip. For the scattering
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amplitude, the projection error cancels due to the variational property of the method
of moments, and the aliasing error term with the summation over s determines the
scattering amplitude error, but only for the contribution to the total scattering ampli-
tude from the interior of the strip. ¿e summation in the aliasing error term can be
evaluated approximately for large nλ, leading to results essentially identical to those
obtained for the cylinder in (3.29) and (3.30) for pulse and triangle expansion func-
tions.

5.1.5 ¿eMagic “1/3” Discretization

Surprisingly, by making use of the spectral error analysis given above, it can be shown
that accurate numerical results can be obtained using delta functions for both the ex-
pansion and testing basis sets. ¿e order parameter for this discretization is b = 0.
To avoid the singularity of the kernel, the testing and expansion functions cannot be
located at the same points. We shi the testing functions symmetrically about each
mesh element midpoint, so that t(x) = hδ(x+αh~2)~2+ hδ(x−αh~2)~2, where α is
a parameter that adjusts the separation between the two delta functions. ¿e expan-
sion function is f(x) = hδ(x). ¿e factor of h is included so that the delta functions
have the same weight as the pulse and triangle functions.
Using the Fourier shi theorem, for the two delta testing functions T(β) =

cos(πβq~nλ). For the expansion function, F(β) = 1. ¿e spectral error is

Eq,0 = cos(πβq~nλ) − 1 + j
¼
1 − β2qQ

sx0

cos (πβq,s~nλ)¼
β2q,s − 1

(5.21)

Expanding both terms to second order for small βq~nλ and evaluating the sum over s
leads to

Eq,0 � − 2jnλ
ln [2 sin (πα~2)] − π

2α2β2q
2n2λ

− 2j
5n3λ

(5.22)

For α = 0, the leading term is in�nite, which corresponds to divergence of the diagonal
elements of the moment matrix when the testing and expansion points are the same.
For α x 0, the leading term has order n−1λ , which means that the numerical solution
converges, but at a very slow rate.
While �rst-order convergence for delta expansion and testing functions is interest-

ing, for a particular choice of the shi parameter, solution accuracy is even better. If
α = 1~3, the leading term of Eq,0 vanishes, and the error becomes considerably smaller.
¿is special choice of basis yields a solution accuracy that is as good as combinations
of pulse and triangle functions, with the signi�cant advantage that numerical integra-
tion of moment matrix is not required—only evaluation of the kernel at the locations
of the delta testing and expansion functions. It would be of great interest if a similar
discretization could be developed for 3D scattering problems.
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5.1.6 Quadrature Error

¿e above treatment assumed an ideal discretization and exact integration of moment
matrix elements. ¿e use of numerical quadrature to evaluate the integrals leads to
an additional aliasing error component. Following the treatment in Section 3.3.1, we
employ theM-point integration rule

∫
h~2

−h~2
dx f(x) �

M
Q
n=1

f(ξn)wn (5.23)

¿e function F(β) appearing in (5.13) is replaced by

FM(β) = 1
h

M
Q
n=1
wn f(ξn)e jk0βξn (5.24)

T(β) is modi�ed similarly if quadrature is used for the testing integration.
¿e midpoint integration rule is given by wn = δ = h~M and ξn = (n − 1~2)δ −

h~2. With this integration rule and the pulse expansion function, FM(β) becomes the
periodic sinc function

FM(β) = sin (πβ~nλ)
M sin [πβ~(Mnλ)]

(5.25)

¿is function hasmaxima at β = sMnλ for s = 0,�1,�2, . . . . Inserting FM(β) in (5.17),
expanding about the maxima, and evaluating the resulting sum over s leads to the
spectral error

Eq,1,M � − j2 ln 2
Mnλ

(5.26)

Since λq � η~2 for small q, this result is equivalent to (3.61). While this result was
derived for pulse expansion functions, the order of the quadrature error is the same for
other basis functions. Since this represents an additive aliasing error contribution that
is larger in magnitude than the projection error, the superconvergence of the method
of moments is destroyed by quadrature, as was found in Section 3.3.1 for the circular
cylinder.

5.1.7 Current Solution Error

¿e current solution is singular at the edges of the strip, and for the TM polarization
the singularity is not square integrable. While the main goal in this chapter is to un-
derstand the e�ect of numerical solution error near scatterer edges, we �rst need to
understand the solution error for the interior of the strip, away from the edges.
We will refer to the interior region of the scatterer as C̃.¿is represents the scatterer

with segments on the order of a wavelength in size removed at the edges. We will
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assume the scatterer is electrically large enough that the width of the interior region
can be taken to be d. ¿e current is bounded on C̃, so the L2 norm and RMS value are
�nite and can be used to quantify the solution error.
We have seen that a Fourier function or plane wave type mode is an approximate

eigenfunction ofL, and that a sampled planewavemode is an approximate eigenvector
of the moment matrix. Likewise, if the incident �eld is a plane wave, then the right-
hand side of the linear system (2.27) is

V i
n = h−1 ∫ tn(x)e jk0 cosϕincx dx
= h−1 ∫ t(x − xn)e jk0βx dx
= e jk0βxnT(β) (5.27)

where β = cosϕinc. To simplify the treatment, we will assume that the angle of in-
cidence is such that cosϕinc = βq for some q. In this case, the right-hand side is an
approximate eigenvector of the same form as the transformation used in (5.9).
¿e eigenvalues of the moment matrix are estimated by L̂qq in (5.15), from which

it follows that the eigenvalues of Z−1 are approximately L̂−1qq. Since (5.27) is an approx-
imate eigenvector of the moment matrix, the surface current solution vector can be
estimated as

In � L̂−1qqT(βq)e jk0βqxn (5.28)
which is similar to the physical optics approximation for the current solution, except
that the amplitude of the physical optics current mode includes discretization error.
¿is result implies that solution error for a �at scatterer surface is dominated by error
in the physical optics mode.
¿e relative current solution error is

YĴ − JYRMS(C̃)
YJYRMS(C̃)

� W L̂qq − LqqT(βq)
L̂qq

W (5.29)

where RMS(C̃) denotes the normde�ned in (2.51) for the interior part of the stripwith
small regions near the strip edges omitted from the error computation. By making use
of the de�nition of Eq,b, and assuming that the spectral error is small, the relative RMS
error becomes

ErrRMS(C̃) � TEq,b + 1 − T(βq)T (5.30)
Since T(βq) = T(−βq) for symmetric testing functions, the term 1−T(βq) eliminates
the smoothing error due to the testing functions and reduces the smoothing error term
of (5.17) to approximately F(βq)−1. If the testing functions are delta functions located
at the node points xn, then T(βq) = 1 and the current error is

ErrRMS(C̃) � SF(β) − 1S (5.31)
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Figure 5.2: Relative RMS current error for a plane wave incident at an angle of ϕinc = cos−1 β on a
�at PEC strip. Integral equation: EFIE. Polarization: TM. Scatterer: �at strip, width d = 10 λ. Mesh:
�at-facet, nλ = 10. Error is computed over 8λ interior region of the strip (edge singularities excluded).
Diamonds: b = 0 (“1/3” discretization). Pluses: b = 1 (point testing, pulse expansion functions, single-
point integration rule). Circles: b = 1 (point testing, pulse expansion functions, high-order integration
rule). Squares: b = 2 (point testing, triangle expansion functions). Solid lines: theoretical estimate (5.31)
and the single-point integration rule estimate from (3.64). (©John Wiley & Sons [2].)

where we have dropped the subscript q on βwith the understanding that β = cosϕinc,
and we have assumed an ideal discretization, so the aliasing error is small and can be
neglected.
For piecewise polynomial expansion functions of order p′, using (5.18) this becomes

ErrRMS(C̃) �
RRRRRRRRRRRR
� sin (πβ~nλ)

πβ~nλ
	
p′+1

− 1
RRRRRRRRRRRR

(5.32)

For pulse expansion functions, p′ = 0, and the relative RMS current solution error is

ErrRMS(C̃) �
π2 cos2 ϕinc

6n2λ
(5.33)

which is identical to (2.68) with k = k0 cosϕinc.¿is result shows that the current solu-
tion error is second order in n−1λ , with the error caused by edge singularities excluded.
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Figure 5.3: Relative RMS current error as a function of discretization density for a plane wave incident
at an angle of ϕinc = π~4. Integral equation: EFIE. Polarization: TM. Scatterer: �at strip, width d = 10 λ.
Error is computed over 8λ interior region of the strip (edge singularities excluded). Diamonds: b = 0
(“1/3” discretization). Pluses: b = 1 (point testing, pulse expansion functions, single-point integration
rule). Circles: b = 1 (point testing, pulse expansion functions, high-order integration rule). Squares:
b = 2 (point testing, triangle expansion functions). Solid lines: theoretical estimate (5.31) and the single-
point integration rule estimate from (3.64). (©John Wiley & Sons [2].)

Figure 5.2 shows the relative RMS current error on the interior of a �at strip for a
plane wave incident �eld as a function of the angle of incidence. ¿e discretization
density is �xed at nλ = 10. A reference solution is obtained using a discretization den-
sity of nλ = 100 with geometrical h-re�nement near the edges of the strip. It can be
seen that the single current mode approximation used in (5.28) leads to an accurate
solution error estimate. For most of the discretizations, the error is smallest for broad-
side incidence, because the physical optics component of the current is constant along
the scatterer surface and the projection error vanishes for a constant (DC) mode.
Figure 5.3 shows the relative RMS current error on the interior of the strip for a

�xed incidence angle as a function of discretization density. ¿e reference solution is
obtained using a discretization density of nλ = 140 with geometrical h-re�nement at
the edges of the strip. ¿e error is asymptotically �rst order in n−1λ for the b = 1 case
with a single-point integration rule, as predicted by (5.26). ¿e error is second order
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for the other discretization schemeswith high-ordermomentmatrix integration rules.

5.1.8 Scattering Amplitude Error

¿e scattered �eld used in the computation of the scattering amplitude according to
(2.45) is a plane wave traveling away from the scatterer at some angle ϕsca. By applying
the derivation of (5.27) to (2.46), the discretized scattered plane wave has elements
given by

Vs
n = e−jk0βxnF(β) (5.34)

where β = cosϕsca. To simplify the treatment, we will consider the specular scattering
amplitude, for which ϕsca = π− ϕinc. In this case, cosϕsca = − cosϕinc, and Vs

n = V i
n.

Since Vs
n and V i

n are approximate eigenvectors of the moment matrix, in the �rst-
order scattering approximation, the numerical solution for the specular scattering am-
plitude due to the interior of the strip is

Ŝ � T(βq)F(βq)
λ̂q

(5.35)

From this approximation, we obtain the relative error

SS − ŜS
SSS � TE(2)

q T (5.36)

where E(2)
q is the second term (aliasing error) of (5.17) and S is the exact scattering am-

plitude. As with the circular cylinder, due to the variational property of the method of
moments, the smoothing error does not contribute to the error in the scattering ampli-
tude. We will defer numerical results for the scattering amplitude error until the edge
current singularity contribution has been analyzed in Section 5.3 and can be combined
with (5.36) to obtain a scattering amplitude error estimate for the full strip including
edge e�ects.

5.2 Flat Strip Interior Error, TE-EFIE
As in the TM case,N can be decomposed into a normal approximationH and a non-
normal perturbationR = N −H.¿e normal approximation will be the diagonal part
of a Fourier representation Nqr of the TE-EFIE operator N . ¿e diagonal elements
Nqq provide approximations to the eigenvalues of N and will be used to analyze the
error of method of moments solutions.
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For the TE polarization, currents vanish at the edges of the strip. Accordingly, we
employ sine and cosine functions rather than the complex exponentials in (5.1) to ob-
tain a normal operator approximation.¿e Fourier representation of the TE-EFIE op-
erator is

Nqr = d−1cqcr acos (βqk0x),N cos (βrk0x)f (5.37)

for even q and r. For odd q or r, the corresponding cosine function is replaced by a
sine function. cq is a normalization constant such that the transformation from the
continuous operator to the Fourier representation is unitary, and we have rede�ned
βq to be q~(2D). While the sine and cosine functions do not vanish at the strip edges
with the same asymptotic behavior as the current solution, more accurate results are
obtained than if the Fourier functions used in (5.37) were nonzero at the edges.
For the even modes, the diagonal elements are

Nqq = η
2π2D ∫

ª

−ª
dβ sin2 (πDβ)

»
1 − β2 � 1

(β − βq)2
− 1

(β − βq)(β + βq)
	 (5.38)

For the odd modes, sin2 (πDβ) is replaced by cos2 (πDβ) in this expression. In [2],
the expansion

Nqq �
η
¼
1 − β2q
2

+ η
2π2

<@@@@@>
j+

ln �−jβq +
¼
1 − β2q�

βq
¼
1 − β2q

=AAAAA?
D−1 +O(D−2), D�ª

(5.39)

is derived for βq x 1. ¿is result is valid for both odd and even modes. For βq = 1,

Nqq � η
º
2(1 − j)
2π

D−1~2 + jη
π2
D−1 +O(D−3~2), D�ª (5.40)

Since β = 1 corresponds to the surface wave mode with spatial frequency k0, this is an
approximation to the self-interaction of the surface wave mode.
From (5.39) and (5.40), it can be seen that up to a factor of η~4, the spectrum of

the EFIE for the TE polarization is approximately the inverse of the spectrum of the
TM-EFIE.¿is is related to the fact that the product of the two operators is a compact
perturbation of the identity [4] and the Calderon identities associatedwith the integral
operators of electromagnetics [5].
A numerical example of the spectrum of the TE-EFIE moment matrix for a �at

strip is shown in Figure 5.4. Computed eigenvalues are compared to the spectral es-
timates (5.39) and (5.40). Starting with the zero spatial frequency or DC mode, the
spectrum begins at η~2 on the real axis, which is the value of (5.39) for βq = 0. As
the modal spatial frequency increases, the eigenvalues move along the real axis with



116 Numerical Analysis for Electromagnetic Integral Equations

0 50 100 150 200
−600

−500

−400

−300

−200

−100

0

Re

Im

Figure 5.4: Spectrum of the moment matrix for the TE-EFIE for a �at strip, D = 10. Basis: point testing,
pulse expansion functions. Mesh: �at-facet, nλ = 10. Moment matrix integration: exact. Pluses: com-
puted eigenvalues. Dots: eigenvalue estimates given by the normal operator approximation, (5.39) and
(5.40).

increasing negative imaginary part. ¿e eigenvalue of the surface wave mode given
by (5.40) is closest to the origin. Modes with spatial frequency greater than k0 have
eigenvalues with very large magnitude along the negative imaginary axis.¿e increas-
ing magnitude of the eigenvalues of highly oscillatory modes is a manifestation of the
antismoothing or di�erentiating property of the TE-EFIE.

5.2.1 Discretized Operator Spectrum

Now that we have eigenvalue estimates for the continuous operator, we will develop
estimates of the moment matrix eigenvalues, in order to determine the spectral error
caused by operator discretization. ¿e moment matrix elements for the TE-EFIE can
be expressed as

Zmn = η
2nλ ∫

ª

ª
dβ

»
1 − β2e−j2πβ(m−n)~nλT(−β)F(β) (5.41)

where T(β) and F(β) are Fourier transforms of the testing and expansion functions
as before.
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To transform the moment matrix to a strongly diagonal matrix from which eigen-
value estimates can be obtained,we use a discrete version of the unitary transformation
in (5.37). Applying this transformation to (5.41) leads to a matrix with elements

N̂qr = η
2n2λD

∫
ª

−ª
dβ

»
1 − β2Bq(β)Br(β)T(−β)F(β) (5.42)

¿e function Bq(β) in this expression is

Bq(β) = c′q �
sin [πD(β − βq)]
sin [π(β − βq)~nλ]

− (−1)q sin [πD(β + βq)]
sin [π(β + βq)~nλ]

	 (5.43)

where c′q is a normalization constant.¿e diagonal elements of N̂qr will provide eigen-
value estimates for the moment matrix.

5.2.2 Spectral Error

Using the estimates obtained above for the TE-EFIE operator eigenvalues and themo-
ment matrix eigenvalues, the relative spectral error can be estimated as

Eq =
λ̂q − λq
λq

� N̂qq − Nqq
Nqq

(5.44)

Since Bq(β) is a combination of Dirichlet functions, the integrand of (5.42) is peri-
odic in β. By expanding the integrand at each peak of Bq(β), an approximation for the
integral in (5.42) can be obtained. Following the derivation of (5.19) for the TM polar-
ization, the relative spectral error for piecewise polynomial basis functions obtained
from this procedure is

Eq,b � T(−βq)F(βq) − 1 − j¼
1 − β2q

Q
sx0
T(−βq,s)F(βq,s)

¼
β2q,s − 1 (5.45)

where βq,s = βq + snλ. ¿is expression is similar to (5.17) for the TM case.
For point testing and pulse expansion functions (b = 0), the spectral error is nearly

the same as that obtained in Section 3.4.2 for the circular cylinder. Because the TE-
EFIE operator includes derivatives, one might expect that triangle expansion func-
tions would be required to obtain meaningful results. As noted in Chapter 3, the se-
ries in (5.45) is not absolutely convergent, which is associated with instability of the
discretization. If the testing points are not located exactly in the centers of the pulse
expansion functions, the solution does not converge.
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For point testing and triangle expansion functions or pulse testing and expansion
functions (b = 1), the diagonal elements of themomentmatrix diverge. In this case, the
shi ed symmetric testing approach of Section 5.1.5 can be used to obtain an accurate
solution [2].
¿e lowest-order discretization for the TE polarization for which the series in (5.45)

is absolutely convergent is pulse testing with triangle expansion functions (b = 3).
For this choice of basis, the Fourier transforms of the testing and expansion functions
decay as q−3. Since the eigenvalues of the TE-EFIE operator increase as q, the terms in
the series in (5.45) fall o� as q−2, which means that the series is absolutely convergent
and the discretization is stable with respect to variations in the locations of the testing
and expansion functions. ¿e spectral error for that �at strip is similar to (3.76), with
a second-order projection error term and a third-order aliasing error contribution.

5.2.3 Current Solution Error

Unlike the TM polarization, for the TE case the L2 norm of the current solution exists
over the entire strip, since the current is �nite as long as there are no sources located
on the strip itself.¿e current is singular, but the singularity is weaker than for the TM
polarization and has the form Jt(x) � x1~2, x � 0 near the edges of the strip.
Although the current is �nite for the TE polarization, the single-mode approxima-

tion of Section 5.1.7 for the TM polarization is not valid. Because the eigenvalue of the
surfacewavemode is small for theTEpolarization, the amplitude of the corresponding
component in the current solution is ampli�ed by inversion of the TE-EFIE operator.
As a result, the TE polarization has a strong surface wave mode. ¿e amplitudes of
modes with spatial frequencies near k0 are larger relative to the dominant physical
optics mode than is the case for the TM polarization, and these modes in�uence the
current solution error.
Since the leading projection error component of the spectral error (5.45) is second

order for low-order polynomial basis functions, the current error for all modes is sec-
ond order, so the spectral error can still be used to obtain a reasonable current error
estimate, in spite of the strong surface wave mode. As for the circular cylinder, the
testing component of the projection error term of (5.45) cancels on a mode-by-mode
basis, and the current solution error for the physical optics mode is identical to (5.31)
for the TM polarization. For triangle expansion functions, the relative RMS current
solution error is

ErrRMS(C̃) �
π2 cos2 ϕinc

3n2λ
(5.46)

Figure 5.5 shows the relative RMS current solution error, with small regions at the
edges of the strip omitted from the error computation to avoid the edge singularities of
the current. A reference solution is obtained using a discretization density of nλ = 140
with geometrical h-re�nement at the strip edges.
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Figure 5.5: RMS current solution error for a �at strip of width 20 λ for the TE-EFIE. Discretization:
pulse testing and triangle expansion functions. Moment matrix element integrations: exact. Squares:
numerical results. Solid line: theoretical error estimate. Error is computed over the interior of the strip
with a one-wavelength region at each end of the strip excluded. (©2004 IEEE [6].)

5.2.4 Quadrature Error

For the point testing and pulse expansion (b = 0) and point testing with triangle ex-
pansion function (b = 1) discretizations, the contribution to the moment matrix ele-
ments of the hypersingular term in (2.11) can be evaluated analytically and numerical
integration is not needed for that term. ¿e remaining term that must be integrated
numerically has the same kernel as for the TMpolarization. For these lower-order dis-
cretizations, the error introduced by numerical quadrature is therefore the same as the
error given by (5.26) in the TM case for b B 1.
For b A 1, the hypersingular term requires numerical integration. As was shown

in Section 3.4.3, the spectral error can be reduced if the singularity of the integrand
is weakened by integrating by parts. A er integration by parts, the moment matrix
elements are given by

Zmn = η
2nλ ∫

ª

−ª
dβ»
1 − β2

e−j2πk(m−n)~nλ �T(−β)F(β) − T
′(−β)F′(β)

k20
	 (5.47)

where T′(β) and F′(β) are the Fourier transforms of the derivatives t′(x) and f′(x)
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of the testing and expansion functions, scaled by a factor of 1~h.¿e Fourier represen-
tation of the moment matrix is then

N̂qr = η
2n2λD

∫
ª

−ª
dβ»
1 − β2

Bq(β)Br(β) �T(−β)F(β) − T
′(−β)F′(β)

k20
	 (5.48)

where the diagonal elements provide spectral estimates for the moment matrix.
As before, the e�ect of numerical integration on the moment matrix spectrum

can be taken into account in (5.48) by evaluating the integrals in the Fourier trans-
forms T(β), F(β), T′(β), and F′(β) of the testing and expansion functions and their
derivatives using the quadrature rule. For the discretization with smoothness index
b = 3 and an M-point integration rule with weights wn = δ = h~M and abscissas
ξn = (n − 1~2)δ − h~2, we have

TM(β) = sin (πβ~nλ)
M sin [πβ~(Mnλ)]

FM(β) = cos [πβ~(Mnλ)] � sin (πβ~nλ)
M sin [πβ~(Mnλ)]

�
2

T′M(k) = −2jh−1 sin (πβ~nλ)

F′M(k) = − 2jsin2 (πβ~nλ)
hM sin [πβ~(Mnλ)]

¿eFourier transforms of the derivatives of the basis functions are imaginary, because
the derivatives are odd functions.
¿e spectral error introduced by the quadrature rule can be approximated by ex-

panding the integrand of (5.48) around maxima at β = sMnλ for s = �1,�2, . . . and
retaining the leading term for each s. ¿is procedure leads to the spectral error con-
tribution

Eq,3,M = j
Mnλ

¼
1 − β2q

Q
sx0

(−1)s �1 − β2q(−1)sM�
½

�s + βq
Mnλ �

2 − � 1
Mnλ �

2
(5.49)

For small βq, the summation can be evaluated analytically, and the resulting error
is identical to (5.26) for the TM polarization. From this, we can conclude that the
solution error caused by numerical integration for pulse testing and triangle expansion
functions is �rst order in n−1λ , and that integration by parts makes the behavior of the
TE-EFIE with respect to numerical integration equivalent to that of the TM-EFIE.
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5.3 Edge Error Analysis
In the preceding sections, we analyzed the solution and scattering amplitude error
on the interior or smooth part of the scatterer, excluding the edge singularities of the
geometry. To complete the error analysis for the �at strip, we now study the error at
the edges of the strip caused by inaccurate representation of the current singularity.
We will treat the case of the TM polarization, since the singularity is strongest and
the edge e�ect has the greatest impact on the scattered �elds. Since the current is not
square integrable near the edges, we will measure the solution error in terms of the
scattering amplitude.
By introducing the adjoint equation LaJa = Es, we can write the scattering ampli-

tude in variational form as [7, 8]

S = −k0η
4

`Es, Je`Ja,Eie
`Ja,LJe (5.50)

By substituting the approximate currents Ĵ = J + ∆J and Ĵa = Ja + ∆Ja, the leading
scattering amplitude error is found to be

∆S � k0η
4

�`L∆J, ∆Jae − `∆J,Ese`∆Ja,Eie
`Es, Je � (5.51)

which at least formally is second order in the solution errors ∆J and ∆Ja. ¿is ex-
pression provides a more convenient way to estimate scattering amplitude error than
(3.57), since the second term in (5.51) does not require that the operator L be applied
to the solution error ∆J. ¿is approach relies on the result that the scattering ampli-
tude computed by (5.50) using a moment method solution for the current is identical
to that computed with the de�nition (2.44) [8].
¿e �rst-order error factor `∆J,Ese in (5.51) can be estimated by assuming the qua-

sioptimality of Ĵ in the sense of Section 1.3.4. For a piecewise constant expansion,

Ĵ(x) = Q
n
J(xn)f(x − xn) (5.52)

where f(x) is the pulse function given by (2.30b), xn = (n − 1~2)h, and here x is the
distance from the edge of the strip. If the amplitude of the incident �eld is unity, then
by the results of Section 5.1, the amplitude of the current away from the edge is approx-
imately Λ−1q , where q = D cosϕinc. ¿e current at the edge can then be approximated
by

J(x) � Λ−1q (x~λ)−1~2 (5.53)
By making use of this approximation, the �rst-order edge error can be estimated as

`∆J,Ese � Λ−1q h
nλ
Q
n=1

(xn~λ)−1~2 −Λ−1q ∫
λ

0
dx (x~λ)−1~2 (5.54)
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It can be shown that

N−1~2
N
Q
n=1

(n − 1~2)−1~2 � 2 − cN−1~2, N �ª

where c = ζ(2)(1 −º
2) � 0.6. ¿e integral on the right of (5.54) evaluates to 2λ. ¿e

�rst-order error is �nally
`∆J,Ese � 0.6Λ−1q λn−1~2λ (5.55)

which is of order h1~2 with respect to the mesh element length.
We now assume that the �rst term on the right of (5.51) is on the order of the second

term or smaller, and that the solution error for the adjoint equation is similar to that
of the original integral equation. ¿is leads to the edge error contribution

∆S = SS − ŜS � (k0η~4)0.2Λ−1q λn−1λ (5.56)

¿is result indicates that the current error at the strip edges produces a �rst-order
scattering amplitude error contribution.
To combine the edge error (5.56) with the interior error (5.36), we must normalize

(5.56) by themagnitude of the scattering amplitude. Since this is not available in closed
form, we will use the specular scattering approximation

S � (k0η~4)Λ−1q (d + 4λ)

Adding the two error contributions and assuming that d is large leads to the relative
specular scattering amplitude error estimate

SS − ŜS
SSS � TE(1)

q + 0.4D−1n−1λ T (5.57)

For pulse expansion functions (b = 1), the error estimate becomes

SS − ŜS
SSS � T1.8 jηβ2qΛ−1q n−3λ + 0.4D−1n−1λ T (5.58)

where Λq � (η~2)~
¼
1 − β2q and βq = cosϕinc. ¿e �rst term is the third-order er-

ror contribution from spectral aliasing error associated with the interior of the strip,
and the second term is a �rst-order error due to the edge singularities of the current
solution.
As the mesh is re�ned and nλ becomes large, the �rst-order edge contribution

dominates the scattering amplitude error (5.57). For an electrically large scatterer, the
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Figure 5.6: Relative specular scattering amplitude error for a �at PEC strip of width 20 λ for the TM-
EFIE. Incidence angle: ϕinc = π~4. Scattering angle: ϕsca = 3π~4. Discretization: point testing, pulse
expansion. Circles: numerical results. Line: theoretical error estimate (5.57). (©2004 IEEE [6].)

scattering contribution from the interior part of the strip in the specular direction is
stronger than the edge di�raction.¿is accounts for the 1~D dependence in the second
term of (5.57). For nonspecular scattering directions, the scattering from the interior
of the strip is smaller, and error due to edge e�ects is more important.
Figure 5.6 compares the estimate (5.58) to the computed solution error for a �at

strip of length 20λ. A reference solution is obtain using a mesh density of nλ = 200.
Figure 5.7 shows the theoretical error estimate (5.57) for several di�erent discretiza-
tions, along with numerical results. It can be seen that the asymptotic error is �rst
order in n−1λ , regardless of the choice of basis functions or moment matrix integration
rule. From these results, it can be seen that unless moment matrix elements are not
integrated accurately and quadrature error is signi�cant, edge current singularities are
the dominant error contribution. By the quasioptimality principle, edge error is more
sensitive to the choice of expansion functions than to the integral operator, so the �rst-
order error estimate extends to the TM-MFIE and TM-CFIE integral formulations.
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Figure 5.7:Relative specular scattering amplitude error for a �at PEC strip of width 10 λ for the TM-EFIE.
Incidence angle: ϕinc = π~3. Scattering angle: ϕsca = 2π~3. Diamonds: “1/3” discretization. Pluses: b = 1
(point testing, pulse expansion, single-point integration rule). Circles: b = 1 (point testing, pulse expan-
sion, high-order integration rule). Squares: b = 2 (point testing, triangle expansion). Lines: theoretical
error estimates.

5.4 Wedges
¿e �at strip is an extreme case of a singular geometry for which the error due to
inaccurate modeling of the singular edge currents leads to a �rst-order and typically
dominant solution error contribution. We now wish to determine the solution error
for a less extreme geometrical singularity, the PEC wedge.
In order to avoid other geometrical singularities, the natural scatterer geometry for

this analysis is a conecircle, for which a wedge is joined in a smooth way to a circular
cylinder as shown in Figure 5.8. To obtain an error estimate for this scatterer, we will
combine the circular cylinder error estimate

SS − ŜS � 1.8n−3λ (5.59)

obtained from the results of Chapter 3with an estimate for the error due to the singular
behavior of the surface current at the wedge tip.
¿e treatment of Section 5.3 can be readily applied to the case of a wedge by chang-
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θ

Figure 5.8: Geometry of the conecircle scatterer.

ing the singularity of the current solution in (5.53) to

J(x) � x−γ (5.60)

where γ = 1 − π~θ and θ is the exterior angle of the wedge. ¿e resulting scattering
amplitude error estimate is

SŜ − SS � 1.8n−3λ + C(γ)(k0anλ)−2(1−γ) (5.61)

where C(γ) = (1 − γ)(2γ − 1)ζ(γ) and ζ is the Riemann zeta function.
¿e exponent of the wedge singularity error term in (5.61) ranges from −1 at θ =

360X, where the conecircle collapses to a �at strip, to −2 at θ = 180X, for which the
scatterer is a smooth circular cylinder. In the latter case, C(0) = 0, so that the error
estimate reduces to (5.59) as expected. Of note is the jump of the error from second
order to third order as the scatterer becomes smooth. ¿is is related to the second-
order error due to �at mesh facets observed in Section 3.3.3.
¿e theoretical error estimate (5.61) is compared to numerical results for the

backscattering amplitude in Figure 5.9. Reference solutions are obtained using a mesh
density of nλ = 1,000. It can be seen that there is good agreement between theory and
numerical results.
To illustrate that the same error trends hold for bistatic scattering, Figure 5.10 shows

numerical results for the maximum relative scattering width error over a range of
bistatic scattering angles. ¿is error metric also compares well to the theoretical esti-
mate (5.61). Other errormeasures also behave similarly, including the scattering width
error at backscattering, the RMS scatteringwidth error over a range of scattered angles,
and the RMS scattering width error in decibels.

5.5 Summary
From the results developed in this chapter, it can be seen that geometrical singularities
lead to a signi�cant solution error contribution. ¿e total error consists of contribu-
tions from the smooth interior of the scatterer and the current singularities at edges
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Figure 5.9: Backscattering amplitude error for the conecircle geometry for several exterior wedge angles
(θ = 360X is a �at strip and θ = 180X is a circle).¿e distance from the circle center to the wedge tip is λ~2,
and the angle of incidence is ϕinc = 60X relative to the scatterer horizontal axis. Integral equation: EFIE.
Polarization: TM. Mesh: curved facets, varying mesh density nλ. Discretization: point testing and pulse
expansion functions. Circles: numerical results. Lines: theoretical error estimate. (©2004 IEEE [6].)

or corners. For far �eld quantities, the error due to edge e�ects for a �at strip with the
TM polarization is �rst order in the mesh element width. For conducting wedges, the
asymptotic error fallo� rate decreases in proportion to the exterior angle of the wedge,
so that the sharper the wedge, the larger the solution error at a given mesh density. At
a mesh density of ten points per wavelength, relative error can range from worse than
10% for a sharp wedge to much better than 1% for a wedge with larger interior angle.
For electrically large scatterers, the contribution to far �elds from smooth, �at re-

gions of the scatterer may dominate di�racted �elds from isolated geometrical singu-
larities, so that error with respect to mesh density is initially smaller and converges
more rapidly. As the mesh is re�ned, eventually the error contribution from the sin-
gularities will become dominant and the solution convergence rate reduces to a slower
asymptotic value determined by the sharpness of the geometrical singularity.
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Figure 5.10:Maximum relative bistatic scattering width error over 31 equally spaced scattering angles for
the same scatterer and method of moments implementation as in Figure 5.9. (©2004 IEEE [6].)

References
[1] A. G. Ramm, “Eigenfunction expansion of a discrete spectrum in di�raction problems,” Radiotek. i

Elektron., vol. 18, pp. 364–369, 1973.
[2] K. F. Warnick and W. C. Chew, “On the spectrum of the electric �eld integral equation and the

convergence of the moment method,” Int. J. Numer. Meth. Engr., vol. 51, pp. 31–56, May 2001.
[3] S. C. Eisenstat and I. C. F. Ipsen, “¿ree absolute perturbation bounds for matrix eigenvalues imply

relative bounds,” SIAM J. Matrix Anal. Appl., vol. 20, no. 1, pp. 149–158, 1998.
[4] S. Amini and S. M. Kirkup, “Solution of Helmholtz equation in the exterior domain by elementary

boundary integral methods,” J. Comp. Phys., vol. 118, pp. 208–221, 1995.
[5] G. C. Hsiao and R. E. Kleinman, “Mathematical foundations for error estimation in numerical solu-

tions of integral equation in electromagnetics,” IEEE Trans. Ant. Propag., vol. 45, pp. 316–328, Mar.
1997.

[6] K. F. Warnick and W. C. Chew, “Error analysis of the moment method,” IEEE Ant. Propag. Mag.,
vol. 46, pp. 38–53, Dec. 2004.

[7] R. F. Harrington, Field Computation by Moment Method. Malabar, FL: Krieger, 1982.
[8] D. S. Jones, “A critique of the variational method in scattering problems,” IRE Trans. Ant. Propag.,

vol. AP-4, no. 3, pp. 297–301, 1956.





Chapter 6

Resonant Structures

Resonance is a wave phenomenon associated with stored electromagnetic energy. Res-
onance can be characterized generally in terms of radiated power relative to the stored
energy per period at a given frequency. A system with a high-quality factor (high-Q)
resonance stores a large amount of energy while radiating only a small portion to the
environment. For time harmonic problems, the system is assumed to be at a steady
state, so the �eld solution represents a balance between supplied and radiated power.
A three-dimensional structure has an in�nite number of resonances, and so can be
thought of as a combination of an in�nite number of LCR circuits, each with its own
resonant frequency and quality factor.
For exterior scattering from a PEC body, the scatterer is impenetrable and power is

not coupled into internal cavities, so the interior of a hollow, closed scatterer has no
physical impact on the external scattering behavior of the object. As far as the impact
of resonance on a numerical method, however, internal resonances can a�ect solution
accuracy signi�cantly. For a conducting scatterer, an internal resonance is associated
with a �ctitious closed cavity resonator having the same shape as the scatterer. An
internal resonance is nonphysical in the sense that even if the scatterer is hollow, no
energy can enter the interior region from the outside. If the scatterer is a solid con-
ductor, it does not have an internal cavity at all. Numerically, an internal resonance
manifests itself as a zero eigenvalue of the EFIE operator, which leads to a small eigen-
value for themomentmatrix and causes increased numerical error.¿eMFIE operator
also can have zero eigenvalues, corresponding to internal resonances with a PMC type
boundary condition.
Physical resonance is associated with concave regions of a scatterer such as a cavity,

duct, or inlet. For a hollow scatterer with a small hole, at a resonance frequency of
the structure the stored energy is large and the radiated power is small, so the quality
factor of the resonance is high. If the opening of a cavity is large, the quality factor of
the resonance is small. Even a scatterer with no concave region can have modes that
might be viewed as weakly resonant or quasi-resonant.

129
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¿e goal in this chapter is to analyze the impact of resonance on solution accuracy
for the method of moments. We will consider both internal resonance and cavity res-
onance. In both cases, we will develop eigenvalue estimates for the EFIE operator for a
resonant mode at or near the resonant frequency. Including discretization error using
the approach of previous chapters will lead to spectral error expressions and current
and scattering amplitude solution error estimates.
Normally, we think of resonant modes as electric and magnetic �elds near or in-

side a resonant structure. Since the focus here is on surface integral equations, which
deal with currents rather than �elds, in this chapter “resonant mode” will refer to the
currents induced on the scatterer by themodal �elds, rather than the �elds themselves.

6.1 Resonance and the EFIE Operator
Spectrum

We have already seen that the spectrum of the integral operators of electromagnetics
determines in large part the solution accuracy of the method of moments. ¿is close
connection between the operator spectrum and numerical behavior continues to hold
in the case of a resonant structure.
Using Poynting’s theorem, we can relate the energy storage properties of a given

eigenmode to the operator eigenvalue. For time-harmonic �elds in free space, Poyn-
ting’s theorem is [1]

− ∫V E ċ J� dv = ∫y∂V(E �H�) ċ ds + jω ∫V �µSHS2 − єSES2�dv (6.1)

whereV is a region containing the scatterer with boundary surface ∂V. Considering a
PEC scattering problem, we will apply this theorem to the equivalent surface current
Js on the scatterer surface S. When impressed in free space, this current radiates the
�elds Esca andHsca. Using (2.4), Poynting’s theorem becomes

∫S T Js ċ J�s dv = ∫y∂V Esca �Hsca� ċ ds + jω ∫V �µSHscaS2 − єSEscaS2�dv (6.2)

¿e le -hand side of (6.1) changed sign becauseT Js is equal to the incident �eld on the
scatterer surface, which by the PEC boundary condition is the negative of the scattered
�eld radiated by the impressed current Js.
If Js is an eigenfunction of T , such that T Js = λJs, then we have

λ ∫S SJsS2 dv = Prad + jω(UH −UE) (6.3)

wherePrad denotes the surface integral termof (6.2) andUH−UE is the volume integral
term. If the eigenfunction Js is normalized to have unit L2 norm, then the eigenvalue
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is
λ = Prad + jω(UH −UE) (6.4)

¿is result shows that the energy storage properties of a scatterer are closely related to
the eigenvalues of the EFIE operator. ¿e real part of the eigenvalue is the total power
radiated by the current mode to the far �eld, and the imaginary part is determined by
the di�erence between the magnetic and electric energies stored in the scattered �eld.
With a simple LCR circuit, there is a balance between the stored electric and mag-

netic energies at the resonance frequency. We will see shortly that the same holds for
a resonant mode of a conducting structure. At the resonance frequency of the mode,
the imaginary part of the eigenvalue (6.4) vanishes. If the frequency is slightly di�erent
from the resonant frequency of the mode, the stored electric and magnetic energies
are not exactly equal, and the eigenvalue has a small positive or negative imaginary
part. ¿e radiated power is frequency-dependent, but the dependence is weaker than
that of the imaginary part, so that as a function of frequency, the eigenvalue associated
with a resonant or near resonant mode moves in a roughly vertical trajectory across
the positive real axis in the complex plane. For a high Q resonance, little real power is
radiated by the mode and the real part Prad of the eigenvalue is small, so the magni-
tude of the eigenvalue λ = Prad is small at the resonance frequency and the eigenvalue
follows a path that is very close to the imaginary axis.
For a closed scatterer, an internally resonant mode has an eigenvalue with zero real

part (Prad = 0) at the resonance frequency. As a function of frequency, the eigenvalue
moves along the imaginary axis and passes through the origin at resonance, so that
the eigenvalue is identically zero at resonance.

6.1.1 Quasi-Resonant Modes

Some scatterers have modes with eigenvalues that are small in magnitude and so can
be considered as quasi-resonant, but the modes do not have all the characteristic be-
haviors associated with a resonant mode. For a �at strip with TE polarized �elds, the
eigenvalue of the TE-EFIE associated with the surface wave mode is small, and ap-
proaches zero as the electrical size of the scatterer becomes large. Because the eigen-
value has a small magnitude, the amplitude of the surface wave mode in the current
solution is larger than for the TM polarization. As a function of frequency, however,
the eigenvalue associated with the surface wave mode does not cross the real axis in
the complex plane at a particular frequency.
For the TM-EFIE, highly oscillatory nonradiating modes that radiate only evanes-

cent �elds have eigenvalues with a small imaginary part and an even smaller real part.
¿ese modes are ampli�ed in the current solution and cause edge current singulari-
ties. As is the case with the TE surface wave mode, these eigenvalues do not cross the
real axis as the frequency is changed.
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6.1.2 Resonance and the Method of Moments

¿e small operator eigenvalue associated with a resonant mode can signi�cantly re-
duce the accuracy of the method of moments at or near the resonance frequency. We
will use the spectral error de�ned in Chapter 3 as an analysis tool to quantify this ef-
fect. ¿e spectral error in the moment matrix eigenvalue given by (3.15) consists of
multiplicative and additive contributions. In a relative sense, a small eigenvalue is per-
turbed more by an additive shi than by a multiplicative scale factor. Consequently,
the relative spectral error (3.18) is large for the small eigenvalue associated with a res-
onant mode. ¿e task now is to analyze the impact of this large relative spectral error
for internal and real resonances on current and scattering amplitude solution error.

6.2 Internal Resonance
In order to analyze the internal resonances of a closed conducting scatterer, it is conve-
nient to return to the canonical case of the circular PEC cylinder considered inChapter
3. At an internal resonance frequency, one of the eigenvalues of the integral operator
vanishes. For the TM-EFIE, in consideration of (3.2) the internal resonance condition
is

Jq(k0a) = 0 (6.5)

for some integer q. At a resonance frequency, k0a = χ, where χ is a zero of Jq(x). If
this condition holds, then the qth eigenmode on the cylinder is internally resonant.
¿is can be recognized as the governing relationship for the TMmodes of a hollow

circular cylindrical PEC waveguide. From a partial di�erential equation point of view,
(6.5) is the condition for zero eigenvalues of the two-dimensional Laplace problem for
a disk of radius a. When the interior Laplace problem with the Dirichlet boundary
condition on the scatterer surface S has a nontrivial solution, the exterior TM-EFIE
operator has a zero eigenvalue.
For the continuous electric �eld integral equation, it can be seen from (3.32) that

the amplitude of the qth Fourier mode in the incident �eld on the right-hand side of
the moment method linear system (2.8) approaches zero as k0a � χ. ¿e amplitude
of the qth mode in the right-hand side and the qth operator eigenvalue both vanish
at the internal resonance frequency. In (3.34), it is apparent that the amplitude of the
qth mode in the current solution is the amplitude of the mode in the right-hand side
divided by the eigenvalue. ¿is ratio has a �nite limit at k0a = χ. ¿erefore, in regard
to the continuous TM-EFIE, the internal resonance is onlymathematical and does not
correspond to unusual physical behavior of the current mode.
When the continuous integral equation is discretized, the eigenvalue is shi ed by

the spectral error ∆q de�ned in (3.16). Expanding the exact eigenvalue (3.2) about
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k0a = χ leads to
λ̂q = −jηπ

χ
2
J′q(χ)Yq(χ)(k0a − χ) + ∆q (6.6)

for the moment matrix eigenvalue. Although ∆q consists of multiplicative and addi-
tive parts, as noted above the additive part of the spectral error is most important in
determining the numerical behavior of the moment method at resonance frequencies.
Since the additive part of the spectral error is associated with aliasing of higher-

order eigenvalues, which are nearly pure imaginary, the spectral error ∆q is imaginary.
In the complex plane, as a function of frequency the exact eigenvalue λq moves ver-
tically along the imaginary axis. ¿e moment matrix eigenvalue λ̂q follows the same
trajectory, but with a small vertical o�set due to the imaginary spectral error. ¿e ap-
proximate eigenvalue crosses the origin at a slightly di�erent frequency than the exact
eigenvalue. As a result, discretization error shi s the internal resonance. Although the
real part is very small, the spectral error ∆q is not purely imaginary, so the eigenvalue
is shi ed slightly away from the imaginary axis and does not become identically zero
at the shi ed resonance frequency.
¿e shi in resonance frequency in itself may not be a signi�cant problem in most

applications of themomentmethod. At the exact resonance frequency (k0a = χ), how-
ever, the spectral error causes a signi�cant error in the current solution. At resonance,
the approximate eigenvalue (6.6) is nonzero due to the spectral error. ¿e amplitude
of the resonant mode in the incident �eld on the right-hand side of the EFIE is not
a�ected by the additive aliasing error, and only includes a factor of T−q due to the
error associated with projection of the mode onto the testing functions. As a result,
discretization shi s the operator resonance frequency but not the right-hand side res-
onance frequency [2]. ¿e amplitude of the resonant mode in the numerical solution
is the zero mode amplitude in the right-hand side divided by the spectral error ∆q.
Rather than taking on a �nite limit as in the continuous case, numerically, the mode
amplitude in the current solution is zero. As a result, the approximate current solution
is missing the resonant mode. ¿is leads to a very large current solution error at the
exact resonant frequency.
Whether or not the amplitudes of other modes in the current solution are accu-

rate even at the resonance frequency is a di�erent question. ¿is depends on how the
linear system associated with the moment method is solved. At the exact resonance
frequency, the moment matrix is nearly singular, due to the resonant eigenvalue (6.6),
which is equal to the small spectral error ∆q. Depending on the linear system solu-
tionmethod, the near singularity of the moment matrix can corrupt the amplitudes of
other modes in the numerical current solution. As an example, the conjugate gradient
(CG) iterative solver can be applied to the normal form

ZHZ i = ZHvi (6.7)

of the linear system. ¿e amplitude of the resonant mode in the new right-hand side
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Figure 6.1: Parallel strip resonator.

is small, since the corresponding eigenvalue is small. Because this eigenvector is not
present in the right-hand side, the behavior of the CG algorithm is governed by an
e�ectivematrix operator that no longer has the vanishing eigenvalue, and the iteration
converges at a rate similar to nonresonant frequencies.
At frequencies near the exact resonance, the small eigenvalue associated with the

resonant mode is nonzero, but is still strongly perturbed in a relative sense by spectral
error, so the amplitude of the resonant mode in the numerical current solution is in-
correct. ¿erefore, as a function of frequency there is a peak in current solution error
near each resonant frequency. ¿is is apparent (for the MFIE) in Figure 4.1. A similar
behavior is encountered for the EFIE.
For scattered �elds, the resonant modes associated with the EFIE do not radiate

to the far �eld, whereas the resonant modes of the MFIE do radiate [2]. ¿erefore,
for the EFIE scattered �elds can be more accurate than for the MFIE. At the shi ed
resonance corresponding to the smallest value of the moment matrix eigenvalue (6.6),
the linear system cannot be solved accurately and scattered �elds are inaccurate. ¿e
scattering amplitude error is therefore large near the shi ed resonance frequency, but
the peaks in the error as a function of frequency for the scattering amplitude with the
EFIE can be narrower than the peaks in the current solution error [2,3]. For theMFIE,
the current and scattering amplitude errors are both large over a broad band, since the
resonantmode radiates to the far �eld and contributes to the scattering amplitude near
the resonance frequency.

6.3 Cavities
As noted in Chapter 2, numerical di�culties caused by internal resonance can be elim-
inated using the CFIE formulation, since the CFIE does not have small eigenvalues
near the internal resonance frequencies of the EFIE or MFIE. A cavity resonance is
physically coupled to external �elds and the e�ects of resonance on the operator spec-
trum are manifested by the both the EFIE and MFIE (and the CFIE as well).
In order to analyze the numerical behavior of the method of moments for a cavity
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Figure 6.2: Spectrum of the TM-EFIE operator for the parallel strip resonator. (a) D = 10,W = 1. (b) D
= 10,W = 1.2.

resonance, we will consider the canonical resonant scatterer consisting of two parallel
PEC strips of width d, separated by a distance w. ¿is is the parallel strip resonator,
shown in Figure 6.1. We will also consider the half-open parallel strip resonator, for
which one of the ends is closed by a side wall, so that the cavity is open only on one
end.
Figure 6.2 shows the TM-EFIE spectrum for the parallel strip resonator for two dif-

ferent values of the electrical separation distanceW = w~λ between the two strips. In
both cases, the depth in wavelengths is D = d~λ = 10. As with the circular cylinder
shown in Figure 3.1 and the single PEC strip in Figure 5.1, the eigenvalues of nonradi-
ating, rapidly oscillating modes approach the origin along the positive imaginary axis.
¿ese eigenvalues are insensitive to the global geometry of the scatterer.¿e eigenval-
ues of propagating modes depend strongly on the scatterer shape, and for the parallel
strip resonator, eigenvalues of resonant modes are spaced along an arc that also ap-
proaches the origin. As we will see shortly, for a plate electrical separation ofW = 1,
the lowest-ordermode of the cavity is close to resonance. Ignoring edge di�raction, the
surface current associated with this mode is a half sinusoid on each strip that vanishes
at the strip ends and peaks at the midpoints. In Figure 6.2(a), the eigenvalue corre-
sponding to this mode is very close to the origin. ¿e imaginary part is small due to
the balance of electric and magnetic stored energies at resonance, and the real part is
small due to the high quality factor of the resonant mode. For a di�erent plate separa-
tion (W = 1.2), higher-order modes with more oscillations across the strips are close
to resonance, but these modes have a lower quality factor and hence the eigenvalues
have a larger real part and are farther from the origin.
Analytically, the advantage of the parallel strip resonator as a canonical scatterer is
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that the treatment of Chapter 5 for the PEC strip can be applied to obtain eigenvalue
estimates. We will develop a normal operator approximationLwith elements Lqr that
represent the interactions between Fourier modes on the two strips. ¿e matrix rep-
resentation of the operator will have a block structure of the form

L = � L
s Lc

LcH Ls	 (6.8)

¿e upper le block represents interactions between Fouriermodes on the lower strip.
¿e lower right represents interactions betweenmodes on the upper strip. By symme-
try, the two diagonal blocks are identical. ¿e o�-diagonal blocks represent �elds re-
ceived by Fourier modes on one strip due to radiation from modes on the other strip,
or the cross-coupling between the two strips.
We will �rst consider the diagonal blocks of (6.8). ¿e surface currents associated

with the resonant modes of a closed rectangular cavity vanish at the endpoints of each
cavity wall, so that we need only consider the Fourier modes that vanish at the ends of
the strip. For the TM polarization, the interaction between two sinusoidal modes on
one of the strips is

Lsqr = cqcr
k0η
4 ∫

d~2

−d~2 ∫
d~2

−d~2
dx dx′H(2)

0 (k0Sx − x′S) sin (βqk0x) sin (βrk0x′) (6.9)

where βq = q~(2D) is the normalized spatial frequency of the mode of order q and cq
is a mode normalization constant. D = d~λ is the electrical length of the cavity. ¿is
expression is given for q and r odd. If q or r is even, the corresponding sine function
is replaced by the cosine function.
By making use of the 1D Fourier representation (5.2) of the operator kernel, (6.9)

becomes

Lsqr =
η

2π2D ∫
ª

−ª
dβ»
1 − β2

Bq(−β)Br(β) (6.10)

¿is is nearly identical to (5.3), except that because the resonant modes vanish at the
strip ends, the current boundary condition at x = �d~2 is similar to that of the TE
polarization for a single strip. Bq is therefore given by (5.43) rather than the periodic
sinc function in (5.3).
When two identical physical systems are coupled, generally the spectrumof the gov-

erning operator for one of the systems is split by the coupling into pairs of sum and
di�erence eigenvalues. ¿is is the case for the parallel strip resonator. ¿e eigenval-
ues of the normal operator approximation (6.8) consist of sums and di�erences of the
self-coupling and cross-coupling. Since each block of (6.8) is strongly diagonal, the
eigenvalues of the EFIE operator L for the cavity can be approximated by sums and
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di�erences of the diagonal elements of Ls and Lc. ¿e cross-coupling between modes
on the two parallel strips can be found by modifying (5.3) to

Lcqr =
η

2π2D ∫
ª

−ª
dβ»
1 − β2

Bq(−β)Br(β)e−j2πW
»
1−β2 (6.11)

¿e exponential accounts for the e�ects of �eld propagation fromone strip to the other.
It is typical to analyze resonant phenomena as a function of frequency. Sincewe have

represented the scatterer in terms of the dimensionless electrical lengths D = d~λ and
W = w~λ, changing the frequency amounts to changing D andW while keeping the
aspect ratio D~W �xed. We will �rst consider the case of D andW such that one of
the modes of the structure is exactly at resonance.

6.3.1 Resonant Case

At resonance, the di�erence eigenvalue for one of the modes of the parallel strip res-
onator is at a minimum, meaning that the diagonal elements of Ls and Lc associated
with the mode are nearly equal. We can use this in conjunction with the normal oper-
ator approximation (6.8) to �nd a resonance condition for the parallel strip resonator.
By making use of (5.3) and (6.11), the di�erence eigenvalue for the mode of order r

can be approximated as

λq � η
2π2D ∫

ª

−ª
dβ»
1 − β2

Bq(−β)Bq(β) �1 − (−1)re−j2πW
»
1−β2� (6.12)

where r is an integer to be speci�ed below. ¿e function Bq(k) given in (5.43) has
a maximum at βq = q~(2D), and the dominant contribution to the integral comes
from a small region about the maximum. In order for the eigenvalue to be small in
magnitude, the factor in square brackets must be zero at β = βq. ¿is leads to the
resonance condition

W
¼
1 − β2q =

r
2
, r = �0,�1, . . . (6.13)

We note that for the strongly resonant modes q x 0, since the DC mode does not
vanish at the openings of the cavity and therefore radiates to the far �eld.
¿e modal �elds associated with resonances of the open cavity are approximately

given by the nontrivial solutions of the interior Helmholtz problem for a rectangu-
lar domain with the Dirichlet boundary condition. ¿is means that the resonances of
the parallel strip resonator are close to the internal resonances of a closed rectangular
region. By making use of the de�nition of βq, it can be seen that (6.13) is equivalent to

¾
� q
2D

�
2
+ � r

2W
�
2
= 1 (6.14)
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which is the resonance condition for the TMqr mode of a closed rectangular cavity
with side lengths of D andW in wavelengths.
By solving (6.13) for βq, we �nd that the normalized spatial frequency of the reso-

nant mode is given by

βq =
¾

1 − � r
2W

�
2

(6.15)

Since βq is real, the condition r < 2W must hold. As r increases, the angle of propaga-
tion of the �eld radiated by the corresponding mode becomes closer to normal with
respect to the cavity walls, and the �elds aremore strongly con�ned to the cavity.¿us,
the high r resonances radiate little power to the far �eld and the corresponding eigen-
values have small real parts. In order to �nd the mode number of the eigenvalue with
smallest real part, we choose the largest possible value of r, which is

r = 
2W� (6.16)

where 
x� is the integer part of x. From (6.15), the corresponding value of the normal-
ized mode spatial frequency is

βq �
½ α
W

(6.17)

where α = 2W−
2W� is the fractional part of 2W. With this result, we have identi�ed
the resonant mode that will have the smallest eigenvalue and hence will be the most
problematic from a numerical point of view for the method of moments.
We now wish to �nd the operator eigenvalue corresponding to this resonant mode.

¿e real part of the eigenvalue can be estimated by taking the real part of (6.12). A er
combining the integrand for β A 0 with β < 0, we obtain

Re�λq� �
4ηβ2q
π2D ∫

1

0

dk»
1 − β2

sin2 [πD(β − βq)]
(β2 − β2q)2

sin2 �πW
»
1 − β2� (6.18)

¿is integral can be estimated as [4]

Re�λq� � η
º
W

2D
�α + π

2α2

18
� (6.19)

To leading order, the same result is obtained for the TE-EFIE.
Figure 6.3 compares the real part of the eigenvalue corresponding to the mode clos-

est to resonance as a function of the plate separation distance.We can observe in (6.19)
that α, the fractional part of 2W, vanishes if the widthw of the parallel strip resonator
is an integer number of half wavelengths. Since the eigenvalue estimate (6.12) is based
on the normal operator approximation de�ned in (1.4), the estimate does not include
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Figure 6.3:Real part of the smallest cavitymode eigenvalue for a parallel strip resonator of depthL = 10 as
a function of the width. Pluses: computed TM-EFIE operator eigenvalue. Solid line: theoretical estimate,
(6.19). Dots: numerical integration of (6.12). Jumps in the real part occur when a newmodemoves closest
to resonance. (©John Wiley & Sons [4].)

the e�ects of edge di�raction, and the true operator eigenvalue does not exactly vanish
when 2W is an integer. Even with the e�ects of edge di�raction, however, the eigen-
value becomes very small near integer and half-integer cavity widths, as can be seen
in Figure 6.3.
As can be seen in Figure 6.3, (6.19) result gives a good estimate for the real part of

resonant mode eigenvalues for most values ofW. Although it is not readily apparent
in the �gure, however, the estimate breaks down near integer and half-integer cavity
widths, which correspond to the strongest resonances of the structure. If 2W is an
integer, (6.17) predicts a zero value for βq, but as observed above the DC mode is not
strongly resonant, so we must have q A 0. ¿is means that for integer and half-integer
widths, the q = 1 mode is nearest to resonance. Expanding the resonance condition
(6.13) for large D gives the width

W1 =W + W
8D2 (6.20)

whereW is an integer or half integer. At this value for the cavity width, the q = 1 mode
is exactly at resonance. ¿is leads to the value α =W~(4D2), which when substituted
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into (6.19) leads to

Re�λ1� � ηW3~2

8D3 (6.21)

for the real part of the q = 1 resonant mode eigenvalue.
While we have carried through this analysis for the parallel strip resonator, similar

results are obtained for the half-open parallel strip resonator. Since the �elds radiated
by the cavity mode with large r and small βq propagate predominantly in a direction
near normal to the strips, a conducting wall at one end of the resonator has only a
small e�ect on the strongest resonances.

6.3.2 Near-Resonant Case

If the resonance condition (6.13) is not satis�ed exactly, then the imaginary part of the
smallest cavitymode eigenvalue is nonzero. For a given set of cavity dimensionsD and
W, let q be the positive integer for which (6.13) is closest to equality, and letWq be the
nearest cavity width for which the resonance condition holds, so that

Wq
¼
1 − β2q = r~2 (6.22)

We then de�ne the shi νq away from resonance by

νq =W −Wq (6.23)

¿e imaginary part of the di�erence eigenvalue as given by (6.12) can be estimated
as [4]

Im�λq� � jηπνq (6.24)

If the frequency is moved away from a resonance frequency, the eigenvalue maintains
a more or less constant real part, but the imaginary part is nonzero. ¿is matches the
intuition developed in Section 6.1 with regard to the vertical trajectory followed by the
eigenvalue in the complex plane.
To validate these eigenvalue estimates, Figure 6.4 shows the real and imaginary parts

of the smallest cavitymode eigenvalue of the TM-EFIE, as a function of the cavity elec-
trical depthD, for an electrical width ofW = 3. In view of (6.20), themode approaches
resonance as D increases, and the quality factor of the resonance increases as well. As
a result, both the real and imaginary parts of the eigenvalue decrease rapidly as the
depth of the cavity increases. ¿e theoretical prediction for the real part of the eigen-
value is smaller than the computed value due to the additional power loss caused by
edge di�raction.



Resonant Structures 141

10
0

10
1

10
2

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

D

R
es

on
an

t M
od

e 
E

ig
en

va
lu

e

Figure 6.4: Smallest cavity mode eigenvalue as a function of depth for the parallel strip resonator with
electrical widthW = 3. Circles: imaginary part, computed from moment matrix. Pluses: real part, com-
puted from moment matrix. Dashed lines: theoretical estimates, (6.21) and (6.24).

6.3.3 Spectral Error

As noted above, projection error enters into the operator spectrummultiplicatively, so
that its relative e�ect is independent of themagnitude of the eigenvalue. Aliasing error
is additive, so that the relative error becomes large as the magnitude of the eigenvalue
decreases. Since aliasing error is associated with the singularity of the operator kernel
and the kernel is smooth when the source and observation points are well separated,
this spectral error contribution a�ects only the diagonal blocks Ls in (6.8). For the pur-
poses of this section, we will take the discretization scheme to be point matching with
pulse basis functions for the TM-EFIE.Momentmatrix integrals will be evaluatedwith
a single-point quadrature rule for o�-diagonal matrix elements and a �rst-order ana-
lytical integration of the diagonal elements. From (3.64), the spectral error associated
with this discretization scheme is

∆λq � − jηnλ
(ln π− 1) (6.25)

In the spectral error analysis of previous chapters, the high-order eigenvalues of the
EFIE corresponding to nonradiating modes were approximated as purely imaginary.
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As a consequence, the aliasing error approximation in (6.25) is purely imaginary. Since
the high-order eigenvalues do have a very small real part, the spectral error also has a
small real part, which is neglected in (6.25).
Because the spectral error is almost purely imaginary, one e�ect of discretization

is to shi the resonance frequencies of the cavity. As observed earlier in this chapter,
eigenvalues of near resonantmodesmove vertically, parallel to the imaginary axis, with
a real part dictated by the �nite quality factor of the resonance.¿e imaginary spectral
error shi s the eigenvalues so that they cross the real axis at a di�erent frequency.
¿is e�ect can be seen analytically by combining the eigenvalue estimate given by

(6.19) and (6.24) with the spectral error (6.25) to obtain

λq � η
º
W

2D
�α + π

2α2

18
� + j�ηπνq − η

nλ
(ln π− 1)� (6.26)

In view of (6.23), the resulting shi in the location of the resonance considered as a
function of the electrical cavity widthW is approximately

∆W � 0.05
nλ

(6.27)

¿e relative resonance frequency shi is

∆k
k0

� 0.05
nλW

(6.28)

From this result, it can be seen that the shi in the location of the resonance is small if
the width of the resonator is larger than the wavelength. For narrow resonators (W <
1), however, the shi in the resonance can be very large.¿is accounts for the numerical
di�culties with the method of moments for scatterers with closely spaced conducting
surfaces.
To validate the spectral estimate (6.26), Figure 6.5 compares the imaginary part of

the smallest resonant eigenvalue of themomentmatrix for open and half-open parallel
strip resonators forW = 2 and nλ = 10 to the theoretical estimates obtained above, in
the presence of discretization error. A single-point integration rule with analytical self-
interactions is used to computemomentmatrix elements. ForW = 2, the lowest-order
cavity mode is nearest to resonance. For �niteD, the mode is not exactly at resonance,
so the exact eigenvalue has a nonzero imaginary part, but as D increases, the mode
moves closer to resonance and the imaginary part tends to zero. When the EFIE is
discretized, the imaginary part of the eigenvalue tends to the value of the spectral error
(6.25) as the exact eigenvalue becomes small.
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Figure 6.5: Imaginary part of smallest resonant eigenvalue for a parallel strip resonator as a function of
depth with the width �xed atW = 2. Integral equation: EFIE. Polarization: TM. Mesh density: nλ = 10.
Pluses: computedmomentmatrix eigenvalue, open cavity. Circles: computedmomentmatrix eigenvalue,
half-open cavity. Solid line: theoretical eigenvalue estimate, including discretization error (6.25). Dashed
line: theoretical result, without discretization error. (©John Wiley & Sons [4].)

6.3.4 Scattering Amplitude Error

From (5.36), the relative scattering amplitude error neglecting edge di�raction is given
by the aliasing component of the relative spectral error. ¿at analysis was given for a
single �at strip, but the same error estimate can be applied to the parallel strip res-
onator. For the discretization considered in the previous section, the spectral error is
�rst order in n−1λ . Since the error contribution from edge di�raction given by (5.56)
is also �rst order and is not dominant for this discretization scheme, (5.36) can be
used as an estimate for the total scattering amplitude error.¿is reasoning leads to the
estimate

SS − ŜS
SSS � η

nλSλqS
(ln π− 1) (6.29)

From the TM-EFIE spectrum shown in Figure 5.1, it can be seen that λq for non-
resonant modes is of order η~2. With this eigenvalue estimate, the relative scattering
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Figure 6.6: Magnitude of backscattering amplitude for a parallel strip resonator, D = 10, W = 0.5.
Integral equation: EFIE. Polarization: TM. Incidence angle: 67.5X. Solid line: reference solution. Dashed
line: MoM, single-point integration rule with analytical diagonal moment matrix elements, nλ = 10.

amplitude error away from resonances is

SS − ŜS
SSS � 0.3

nλ
(6.30)

Near a resonance frequency of the structure, the magnitude of the eigenvalue of the
resonant mode is much smaller than η~2. Consequently, the relative spectral error
(6.29) is larger and the scattering amplitude error increases signi�cantly.
Figure 6.6 shows the magnitude of the backscattering amplitude of a parallel strip

resonator. Anumerical solution usingMoMwith the single-point integration rule con-
sidered above is compared to a reference solution obtained with a high accuracy dis-
cretization of the TM-EFIE. At 297 MHz, the scatterer is not resonant, and the scat-
tering amplitude error is small. For a mesh density of nλ = 10, the relative scattering
amplitude error estimate (6.30) is 3%.¿is error is small enough that it cannot be read
from Figure 6.6.¿e numerical error observed at 297MHz is 3.2%, which is very close
to the theoretical estimate. ¿e increase in error near resonance frequencies is readily
apparent in Figure 6.6. At the resonant peak near 300 MHz, for example, the relative
scattering amplitude error is 40%. It is also apparent in Figure 6.6 that the resonant fre-
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quencies of the structure are shi ed by discretization. ¿e pattern of resonant peaks
for the MoM results is shi ed by a few MHz relative to the reference solution.

6.4 Summary
We have examined the behavior of the method of moments for closed scatterers with
internal resonances and cavities with physical resonances coupled to external �elds.
¿e resonance properties of a structure are re�ected by the integral operator spec-
trum. ¿e real part of the eigenvalue corresponding to a resonant mode represents
energy radiated by the mode to the far �eld. ¿e smaller the real part, the higher the
quality factor of the resonance. ¿e imaginary part is the di�erence between the en-
ergies stored by the scattered magnetic and electric �elds associated with the mode.
At resonance, the magnetic and electric energies are in balance and the eigenvalue is
purely real. For an internal resonance, the real part is zero and the eigenvalue van-
ishes. For both types of resonance, the magnitude of the eigenvalue is small, which
magni�es the relative impact of the additive spectral error caused by discretization.
¿is leads to large solution error near resonance frequencies. Furthermore, since the
additive part of the spectral error is nearly pure imaginary, discretization shi s the
resonance frequencies of the structure.
In order to improve accuracy of the moment method for resonant structures, a dis-

cretization scheme with small aliasing error is required. From the results of earlier
chapters, this can be achieved by using smooth basis functions and highly accurate
moment matrix integration rules.
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Chapter 7

Error Analysis for 3D Problems

¿e two-dimensional scattering problems we have considered up to this point provide
a mathematically simple framework that is ideal for developing key concepts of nu-
merical analysis. Since real-world applications deal primarily with three-dimensional
structures, it is important to extend these techniques and results to the 3D case.
From a computational point of view, the main challenges with 3D problems are the

complexity of implementing vector integral equations and vector basis functions for
curved meshes and the large number of degrees of freedom required for 3D problems.
Over the past decade, the computational electromagnetics community has largely
worked through the implementation details for vector integral equations, and com-
mercial so ware packages for 3D structures arewidely available. Dealingwith the large
number of degrees of freedom for 3D problems still represents a signi�cant compu-
tational challenge. If ten unknowns per wavelength is adequate for a 2D scatterer, a
similar 3D problemmay require 100 unknowns per square wavelength, which places a
severe limit on the electrical size of problems that can be solved numerically, although
advances in fast algorithms and parallelization have greatly expanded the realm of
computationally feasible radiation and scattering problems.
Understanding of solution error behavior for 3D problems has lagged behind algo-

rithm development. To provide solution error estimates and insight for 3D problems,
we consider the �at PEC plate as a canonical scatterer and obtain spectral error es-
timates for the method of moments for the vector EFIE. One of the goals will be to
understand the connections between the 2D analyses of earlier chapters and 3D prob-
lems. From an implementation point of view, 3D algorithms can be much more com-
plex than 2D, but from a physical point of view, there are close connections between
the phenomena associated with 2D scattering for the TM and TE polarizations and 3D
scattering. For example, we will �nd that the EFIE operator spectrum for the �at plate
is essentially a combination of the spectra for the 2DTM-EFIE and TE-EFIE operators
for the �at strip.¿e bene�t of understanding these connections is that the results and
insight developed for 2D problems can be applied to 3D numerical methods.

147
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7.1 Flat Plate
In Section 5.1, we observed that spectral estimates can be obtained for a �at strip by
approximating the eigenfunctions of the two-dimensional EFIE as modes of the form
e jk0βx. A similar modal expansion can be used for a �at PEC plate with dimensions
d�d. ¿e EFIE operator T is nonnormal, and the Fourier modes are not exact eigen-
functions of the operator, but we can apply the normal decomposition (1.4) to obtain
eigenvalue estimates. ¿ese eigenvalue estimates can be obtained for both the exact
integral operator and the moment matrix discretization, which leads to spectral error
and solution error estimates for the method of moments.
We will approximate the vector eigenfunctions of the EFIE operator as

v = t̂e jk0βċr (7.1)

where t̂ is a constant unit vector tangential to the scatterer surface and

β = βxx̂ + βyŷ (7.2)

de�nes the normalized spatial frequency of the mode. Applying the operator to this
mode and making use of the 2D Fourier representation of the scalar Green’s function
yields

T t̂e jk0βċr=k0ηd
2

8π2 ∫ dkx dky e
jkċr

kz
sin [(kx − k0βx)d~2]

(kx − k0βx)d~2
sin [(ky − k0βy)d~2]

(ky − k0βy)d~2

� �t̂ − k(β ċ t̂)
k0

	 (7.3)

where kz =
¼
k20 − k2x − k2y. By expanding the integrand about the maxima of the sinc

functions at k = k0β, (7.3) can be approximated as

T t̂e jk0βċr�ηd
2

8π2
e jk0βċr»
1 − β2

�t̂ − β(β ċ t̂)� ∫ dkx dky (7.4)

� sin [(kx − k0βx)d~2]
(kx − k0βx)d~2

sin [(ky − k0βy)d~2]
(ky − k0βy)d~2

, d �ª

Evaluating the integrals yields

T t̂e jk0βċr � η
2
»
1 − β2

�t̂ − β(β ċ t̂)� e jk0βċr, d �ª (7.5)
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Equation (7.5) indicates that the eigenvalues of the EFIE operator can be divided into
two groups. If t̂ is parallel to β, then the vector in square brackets is a scalar multiple
of t̂, and t̂e jk0βċr is an approximate eigenfunction of T , with the eigenvalue

λTE � η
2
»
1 − β2 (7.6)

¿is result corresponds to the curl-free modes on the scatterer, which are essentially
the same as the eigenfunctions of the 2DTE-EFIE operatorN . For the divergence-free
modes, t̂ is perpendicular to β, and (7.5) yields the approximate eigenvalue

λTM � η
2

1»
1 − β2

(7.7)

¿ese modes are similar to eigenfunctions of the 2D TM-EFIE operator L.
Because the expansion used to obtain (7.5) fails near the singularity of the integrand

in (7.3), these eigenvalue estimates break down as β approaches the singularities at SβS =
1.¿ese correspond to the surface wave current modes with spatial frequency near k0.
Equation (7.6) predicts a zero value for the eigenvalue of the curl-free surface wave
mode, and (7.7) becomes in�nite for the divergence-free surface wave mode, whereas
the actual operator eigenvalues are �nite and nonzero. It would be possible to develop
eigenvalue estimates for the surface wave modes, but for the purpose of error analysis,
(7.6) and (7.7) are adequate.
¿e operator T has an in�nite number of eigenvalues, with accumulation points at

the origin and at −jª. ¿e largest and smallest eigenvalues correspond to nonradi-
ating modes with large spatial frequency β. ¿e curl-free or TE type nonpropagating
modes have large eigenvalues, due to the divergence operator in (2.5).¿e divergence-
free or TM type nonpropagating modes have small eigenvalues. ¿ese behaviors for
nonpropagating modes are identical to those observed in earlier chapters for the 2D
TE-EFIE and TM-EFIE operators.

7.1.1 Moment Matrix Spectrum

When the EFIE is discretized, the resulting matrix operator has a �nite number of
eigenvalues, corresponding to the range of spatial frequencies representable on the
mesh. ¿e highest representable spatial frequency or mesh Nyquist frequency (2.63)
corresponds to a maximum normalized spatial frequency of

βmax = nλ
2

(7.8)

¿e eigenvectors of the moment matrix correspond approximately to the eigenfunc-
tions of T with normalized spatial frequency β in the range −nλ~2 B β B nλ~2. For a
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two-dimensional mesh, mesh elements typically have di�erent edge lengths, so there
is not a unique way to de�ne the mesh length h used to determine the linear mesh
density nλ = λ~h. Some common choices are the average element edge length or the
maximum edge length.
¿e largest eigenvalue of the moment matrix corresponds to a curl-free or TE type

modewith spatial frequency near themeshNyquist frequency.Using (7.8) in (7.6) leads
to the maximummoment matrix eigenvalue estimate

λTEmax � −
jηnλ
4

(7.9)

¿e smallest eigenvalue is associated with a divergence-freemode and can be obtained
from (7.7) as

λTMmin �
jη
nλ

(7.10)

In Chapter 9, these eigenvalue estimates will be used to analyze the conditioning of the
moment matrix, which is a measure of the di�culty of solving a linear system for the
MoM current solution. ¿ese estimates are valid for low-order basis functions. For
higher-order basis functions (p-re�nement), a more sophisticated treatment will be
developed in Chapter 8.
¿emomentmatrix spectrum for a �at PEC plate is shown in Figure 7.1. By compar-

ison with Figures 5.1 and 5.4, it can be seen that the spectrum for the 3D EFIE operator
can be viewed as a combination of the eigenvalues of the TM-EFIE eigenvalues and the
TE-EFIE eigenvalues for the �at strip. ¿e eigenvalues lie on a question mark shaped
arc in the complex plane that crosses the real axis at roughly (η~2,0), which is the
eigenvalue of the DC (zero spatial frequency) current mode for both the TM-MFIE
and TE-EFIE.
To validate the spectral estimates obtained above, we will compare the numerical

spectrum shown in Figure 7.1 to the theoretical eigenvalue estimates. For a mesh ele-
ment density of nλ = 10, λTEmax � −j940Ω, which is of the same order as the eigenvalue
with largest magnitude observed in Figure 7.1. For nλ = 10, we obtain λTMmin � j38Ω.
Numerically, the smallest momentmatrix eigenvalue is 0.2+ j37Ω, which is very close
to the theoretical estimate. In order to analyze the moment method solution error for
the EFIE, we will now consider the spectral error introduced by discretization for a
particular set of basis functions.

7.1.2 Roo op Basis Functions

For the purposes of spectral error analysis, the roo op basis functions are convenient,
because roo op functions are more homogeneous across a rectangular mesh than ba-
sis functions de�ned on triangular patches.¿e roo op basis is a simple 2Dgeneraliza-
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Figure 7.1:Moment matrix spectrum for 1m � 1m �at PEC plate at 300MHz. Integral equation: EFIE.
Mesh: 200 triangular patches, 280 edges, 10 elements per wavelength. Basis: RWG. ¿e spectrum is
roughly a combination of the TM-EFIE eigenvalues (corresponding to divergence-free modes) for the
�at strip shown in Figure 5.1 and the TE-EFIE eigenvalues (curl-free modes) in Figure 5.4.

tion of the 1D pulse and triangle functions. ¿e triangle portion of the basis function
allows the divergence operators in the EFIE operator T to be evaluated in closed form.
We de�ne two sets of node points,

rmn1 = mhx̂ + (n − 1~2)hŷ, m = 1, . . . ,M − 1, n = 1, . . . ,M (7.11a)
rmn2 = (m − 1~2)hx̂ + nhŷ, m = 1, . . . ,M, n = 1, . . . ,M − 1. (7.11b)

For convenience, we assume that d = Mh, so that the plate is an even number of
discretization lengths in size. ¿e roo op functions are

fmnp(r) = fp(r − rmnp), p= 1, 2 (7.12)

where

f1(r) = � x̂(1 − SxS~h) −h B x B h, −h~2 B y B h~2
0 otherwise (7.13)

f2(r) = � ŷ(1 − SyS~h) −h~2 B x B h~2, −h B y B h
0 otherwise (7.14)
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¿ese basis functions have a linear dependence in one direction of the same form as
the triangle function, and are constant in the orthogonal direction.
For the roo op basis, the moment matrix elements are

Zmnp,m′n′p′ = jk0ηh−2 ∫ ∫ drdr′ g(r, r′) � fmnp(r) ċ fm′n′p′(r′)

+k−20 ∇ ċ fmnp(r)∇′ ċ fm′n′p′(r′) � (7.15)

We will obtain moment matrix spectral estimates using the approximate eigenfunc-
tions t̂e−jk0βċr evaluated at the node points rmnp. We transform the moment matrix
according to

λ̂ � 1
M2 Q

mnp,m′n′p′
tpe−jk0βċ(rmnp−rm′n′p′)Zmnp,m′n′p′ (7.16)

where tp, p = 1, 2 indexes the x and y components of t̂. By adapting the derivation
leading to (7.3), we obtain

λ̂ � k0ηh2

8M2π2 ∫
dk
kz
Q
p,p′

tptp′R2(k − k0β)

��Fp(−k) ċ Fp′(k) − 1
k20
k ċ Fp(−k) k ċ Fp′(k)	 (7.17)

where

R(k) = sin (kxd~2)
sin (kxh~2)

sin (kyd~2)
sin (kyh~2)

(7.18)

F1(k) = x̂ � sin (kxh~2)
kxh~2

	
2 sin (kyh~2)

kyh~2
(7.19)

F2(k) = ŷsin (kxh~2)
kxh~2

� sin (kyh~2)
kyh~2

	
2

(7.20)

By expanding the integrand about each of the maxima of R2(k − k0β) as in the
derivation of (5.15), we arrive at the estimate

λ̂ � k0η
2

ª
Q

q,r=−ª

2
Q
p,p′=1

1
kqrz

tptp′Fpp(kqr)Fp′p′(kqr)(δpp′ − kqrpkqrp′~k20) (7.21)

where
kqr = x̂(k0βx + 2πq~h) + ŷ(k0βy + 2πr~h) (7.22)
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Figure 7.2: Spectral error for the EFIEwith roo op basis functions as a function of discretization density,
for a divergence-free mode with normalized spatial frequency β = 1~2. Solid line: total error, (7.23).
Dashed line: aliasing error contribution.

¿e second subscript on Fpp indexes the x and y components of Fp, and the subscript
pon kqrp denotes the x and y components kqrx and kqry.
From the de�nition (3.16), the spectral error is

∆λ � k0
2
»
1 − β2

2
Q
p,p′=1

tptp′ �Fpp(k0β)Fp′p′(k0β) − 1� (δpp′ − βpβp′)

+ k0η
2 Q

q,rx0

2
Q
p,p′=1

1
kqrz

tptp′Fpp(kqr)Fp′p′(kqr)(δpp′ − kqrpkqrp′~k20) (7.23)

¿is expression is approximate because the spectral error is obtained from eigenvalue
estimates rather than exact expressions. Aswith the 2D�at strip, forwhich exact eigen-
values were not available, we are more interested in the spectral error caused by dis-
cretization than in the eigenvalue itself, and the use of estimates su�ces for this pur-
pose.
¿e spectral error (7.23) can be divided into projection and aliasing error contri-

butions. Projection error is associated with the q = r = 0 term of the summation in
(7.21), and the remaining terms represent the aliasing error. We can determine the or-
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Figure 7.3: Polar representation of spectral error as a function of mode current �ow and wave vector
directions for a �xed mesh density (nλ = 10). Solid line: t̂ rotated; β �xed at x̂~2. Dashed line: both t̂ and
β rotated.

der of the spectral error in h by inspection of (7.23). ¿e projection error is of order
h2, which can be seen by expanding R(k) for small k. For the aliasing error, the term
1~kqrz contributes a factor of h, the term FppFp′p′ contributes a factor of at most h4,
and kqrpkqrp′ contributes a factor of h−2, for an overall order of h3, or n−3λ .
Figure 7.2 shows the spectral error as a function of the mesh density. It can be seen

that the orders of the projection and aliasing errors are second and third order, as
predicted. For these results, t̂ = x̂ and β = ŷ~2. Since the direction and phase vectors
are perpendicular, the mode for which the spectral error is shown is a divergence-free
or TM-type mode.
For modes on a 2D mesh, spectral error depends on the current �ow direction t̂

as well as the direction of spatial variation given by the normalized wave vector β̂.
While the convergence order of the spectral error is the same for any direction, the
magnitude of the error varies with t̂ and β̂ in a way that is similar to the dependence
of dispersion error on the wave propagation direction for the �nite di�erence time
domain algorithm (FDTD). ¿is is illustrated in Figure 7.3, which shows the spectral
error for a �xed mesh density for di�erent mode current �ow and wave vector direc-
tions.¿e spectral error is largest when t̂ and β are parallel. In this case, the mode has
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the largest divergence, and the error contribution from the hypersingular term of the
EFIE is greatest. ¿us, the curl-free or TE type modes have larger spectral error than
TM type modes. Error is smallest for propagation directions that are vertical or hori-
zontal with respect to the rectangular grid used to de�ne the roo op basis functions,
as can be seen from the dashed curve in Figure 7.3.
From the analysis of this section, we can see that the convergence rate of the spectral

error is identical to that of the low-order bases studied in Sections 3.1.3, 3.4.1, and 5.1.3
for the 2D case with ideal discretizations. ¿is indicates that the numerical behavior
of the method of moments for the 3D EFIE is closely related to that observed with the
2D TM-EFIE and TE-EFIE operators.
¿is error analysis ignores current singularities at the scatterer edges and is valid

only for the interior part of the �at plate.¿epredicted convergence rates shouldmatch
those observed for smooth scatterers without edge or corner singularities. We have
seen in Chapter 5 that spectral error and solution error estimates for the smooth cir-
cular cylinder and other smooth scatterers are similar to those for the interior of the
�at strip, ignoring edge singularities. By extension, the convergence order estimates
for the interior of a �at plate can be expected to hold for other smooth scatterers, such
as the PEC sphere for which results are given in the next section.

7.2 RWG Basis Functions
Because the Rao-Wilton-Glisson (RWG) basis functions [1, 2] are de�ned on a trian-
gular mesh, an analytical treatment along the lines of the previous section for roo op
basis functions is tedious. Fortunately, since the roo op andRWGbasis functions have
similar properties, such as �nite divergence and a combination of constant and linear
variations, the spectral error for RWG basis functions can be expected to be close to
that obtained in the previous section for the roo op basis, with a second-order pro-
jection error component and third-order aliasing contribution.
In view of this relationship between roo op and RWG functions, the spectral error

analysis of the previous section provides predicted current and solution error conver-
gence rates which can be compared to numerical results with the RWG basis. Figure
7.4 shows the current solution error for a PEC sphere. RWG functions are used for both
testing and expansion (Galerkin’s method). ¿e error is shown as a function of linear
mesh element density, which here is de�ned to be nλ = λ~hmax, where hmax is the
longest element edge length. For the smooth 2D scatterers studied in earlier chapters,
the RMS current solution error has the same order as the projection error component
of the spectral error, when the error is measured at the mesh element centers. Since
the projection error is second order, we should also expect a second-order current
error.¿is requires that the error be measured at discrete points where the basis func-
tions have an interpolatory property analogous to the one-dimensional basis functions
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Figure 7.4: Current solution error for a PEC sphere with radius 0.5m at 300MHz. Integral equation:
EFIE. Basis functions: RWG testing and expansion (Galerkin’s method). Discretization: ideal, high ac-
curacy numerical integration and curved mesh elements. Solid line: RMS error at mesh element edge
centers. Dashed line: RMS error at edge endpoints. ¿e dotted lines have slopes of −1 and −2. (Results
courtesy of A. F. Peterson.)

studied in earlier chapters. For RWG basis functions, the current is most accurate at
the mesh element edge centers, and it can be seen in Figure 7.4 that the RMS error
is second order when measured at edge centers. Interpolation error causes �rst-order
solution convergence at other points as discussed in Section 2.8. For the RWG basis
functions, this leads to a �rst-order current error when measured at edge endpoints.
Figure 7.5 shows the RCS error for the same scatterer, normalized to the peak RCS of

9.25 λ2. ¿e error measure is the RMS copolarized bistatic RCS error over �ve-degree
increments in θ and ϕ and weighted with a sin θ factor to compensate for the extra
points near the poles of the observation sphere. ¿e RCS error is third order in the
linear mesh element density. ¿is is identical to the third-order convergence rate ob-
served for scattered �elds in earlier chapters for the 2D TM-EFIE and TE-EFIE with
low-order basis function on smooth scatterers and an ideal implementation of themo-
ment method.
Along the lines of the discussion in Section 4.5.1.1, we can arrive at a prediction for

the third-order RCS error convergence rate observed in Figure 7.5 by inspection of the
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Figure 7.5: Relative RMS RCS error for the scatterer of Figure 7.4. ¿e dotted line has a slope of −3.
(Results courtesy of A. F. Peterson.)

smoothness orders of factors in the moment matrix element expression

Zmn = jk0η
h2 ∫ ∫ drdr′ g(r, r′)

´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¶
O(k−1)

<@@@@@@>
fm(r)²
O(k−1)

ċ fn(r′)²
O(k−1)

+k−20 ∇ ċ fm(r)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
O(k−1)

∇′ ċ fn(r′)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
O(k−1)

=AAAAAA?
(7.24)

With the �rst term in square brackets, the RWGbasis functions combine both constant
and linear shape functions. ¿e asymptotic fallo� of the Fourier transforms of the
basis functions is dominated by the constant or pulse-type dependence, so the Fourier
transforms decay as k−1. ¿e divergence operators act on the testing and expansion
RWG functions, yielding a constant value on each mesh element. ¿is is analogous to
a pulse function with a triangular region of support. ¿e Fourier transforms of these
constant functions are asymptotically O(k−1). ¿e 2D Fourier transform of the scalar
Green’s function also has order O(k−1). ¿e product of the Fourier transforms has
orderO(k−3). Since the eigenfunctions of the EFIE operator for a smooth scatterer are
approximately Fourier modes, this is essentially an asymptotic eigenvalue estimate. By
comparing this analysis to the results of Chapter 3, it is apparent that the RWG basis
is similar to discretizing the TM-EFIE with pulse functions and the TE-EFIE with
triangle functions.
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Figure 7.6: Relative RMS RCS error for a PEC sphere with radius 1m at 300MHz. Integral equation:
EFIE. Basis functions: RWG testing and expansion functions. Discretization: nonideal, with single-point
evaluation of moment matrix integrals and �at mesh elements. ¿e dotted line has a slope of −1.

¿eorder of the aliasing error can be estimated from the spectral error contribution
of the �rst aliasedmode, or the q = r = 1 term of the series in (7.21). Equation (7.21) was
derived for the roo op basis, but a similar (albeit more complex) expression holds for
the RWG basis. In the q = r = 1 term, an eigenvalue estimate is evaluated for a mode
with spatial frequency k = 2kmax = k0nλ. Since the eigenvalue is O(k−3) with respect
to the spatial frequency, the aliasing error has order n−3λ or h3. Because the aliasing
error determines the scattering amplitude and RCS errors for an ideal discretization,
this simple convergence order argument predicts the third-order convergence rate ob-
served in Figure 7.5.
It should be noted that these arguments hold only for discretizations that are regular

in the sense of Section 4.5.1, for which there are no cancellations in the spectral error
summation that lead to higher than expected accuracy. ¿ese estimates also ignore
edge error, which must be analyzed separately using the methods of Section 5.3.

7.2.1 Nonideal Discretizations

¿e results in the previous section were for an ideal implementation, with accurate
numerical integration of moment matrix elements and curved mesh elements. For a
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Figure 7.7: Relative RMS RCS error for a PEC sphere with radius 1m at 300MHz. Integral equation:
MFIE. Basis functions: RWG testing and expansion functions.Discretization: nonideal, with single-point
evaluation of moment matrix integrals and �at mesh elements. ¿e dotted line has a slope of −1.

nonideal implementation of the moment method, quadrature error and geometrical
discretization error reduce the solution accuracy. Figure 7.6 shows RCS error for a PEC
sphere with 1 λ radius. ¿e error measure is RMS error for the copolarized bistatic
RCS for a θ cut relative to the maximum RCS. ¿e sphere is illuminated by a plane
wave incident from θ = 0. Flat mesh elements with a single-point quadrature rule
for evaluation of moment matrix elements are employed. Self-interaction terms are
evaluated with four integration points.
¿e RCS convergence rate shown in Figure 7.6 is close to the �rst-order rate pre-

dicted by a simple analysis of (7.24). With a low-order quadrature rule, the basis func-
tions are e�ectively delta functions with Fourier transforms of orderO(1), rather than
O(k−1), for an overall order of the Fourier transforms of the factors in the matrix ele-
ment contribution of O(k−1). ¿is corresponds to an aliasing error convergence rate
of n−1λ . If moment matrix element integrations are evaluated more accurately so that
geometrical discretization error due to �at-facetmesh elements is the dominant source
of error, solution accuracy improves to second order.
Figure 7.7 shows numerical results for the MFIE. ¿e �rst-order convergence rate

matches that obtained theoretically in Section 4.2.3 for the 2DMFIE with geometrical
discretization error.
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7.3 Summary
In this chapter, we have seen close parallels between the error behavior of the method
of moments for 3D scattering problems and the 2D behaviors studied in earlier chap-
ters. While the spectral error analysis is mathematically more complex for 3D vec-
tor integral operators, the governing principles of error behavior are the same as for
the simpler 2D case. Discretization of the integral operator leads to spectral error,
which determines the current and scattering amplitude solution errors. For an ideal
implementation with low-order roo op or RWG basis functions, the error for scat-
tered �elds with the EFIE was third order, matching results obtained in earlier chap-
ters for 2D scatterers. Convergence orders can be obtained from a simple analysis of
the smoothness properties of the operator kernel and basis functions, as long as the
discretization is regular in the sense of Section 4.5.1.
Nonideal discretizations cause a decrease in accuracy and a reduction in the solu-

tion convergence order, due to quadrature error and geometrical discretization error.
At ten unknowns per wavelength, the relative RCS error for an ideal discretization of
the EFIE is 0.03%, which is very small. For a nonideal discretization, the RCS error
increases dramatically to roughly 2%.
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Chapter 8

Higher-Order Basis Functions

with Andrew F. Peterson

¿us far we have considered only low-order basis functions—delta functions, pulse
functions, and triangle functions, and their two-dimensional vector generalizations,
roo op and RWG functions. While these types of basis functions are commonly used
in practice and an understanding of their numerical behaviors is important, higher-
order basis functions o�er a signi�cant gain in computational e�ciency and it would
be desirable to understand in detail their impact on solution accuracy.
Higher-order polynomial basis functions can be indexed by the polynomial order p

of the highest-order polynomial function included in the basis set. Increasing the poly-
nomial order of a basis without increasing the mesh element density is referred to as
p-re�nement. ¿e spline basis functions analyzed in earlier chapters can be extended
to polynomial orders beyond p= 0 and p= 1, but those spline type basis functions are
not complete, since only one smooth polynomial is employed to represent the current
solution per element. Here, we will consider complete polynomial bases, so that on
each element the current solution is a polynomial of order p.
Since a polynomial space of order pcan be spanned by di�erent elementary polyno-

mials, there are various choices for an order pbasis. Some possible choices are mono-
mials (1, x, . . ., xp), Lagrange polynomials, and orthogonal polynomials such as the
Legendre polynomials.Monomials typically are not used due to numerical instabilities
associated with the nonuniformity of the functions across an element at high orders.
For vector basis functions, the range of possibilities further increases, since the poly-
nomial order of each component can be chosen independently.
¿e goal with higher-order bases is to represent a smoothly varying function with

as few as possible degrees of freedom, thereby reducing the size of the linear system
that must be solved to obtain a numerical solution and improving the computational
e�ciency of the method of moments. If the current solution is not smooth, as is the

161
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case near a geometrical singularity, polynomials are not well suited to represent the
solution, and an e�ciency gain is not realized. Near edge singularities, h-re�nement
can be better than p-re�nement. In the analysis of this chapter, we will therefore focus
on smooth scatterers. We will take as a canonical geometry the interior of the �at strip
as treated in Section 5.1, neglecting the edge regions of the scatterer and associated
current singularities. We will consider only ideal discretizations, so that quadrature
error and geometrical discretization error are assumed to be negligible.

8.1 Higher-Order Basis Functions for 2D
Problems

For two-dimensional scattering problems, higher-order polynomials are de�ned with
support on one-dimensional mesh elements.¿e approximation space for the current
solution on the canonical mesh element [−h~2,h~2] consists of p+ 1 polynomials

fa(x), a = 0, 1, . . . , p, −h~2 B x B h~2 (8.1)

where a indexes the family of polynomials used to expand the current solution and p
is the degree of the highest-order polynomial in the basis set. ¿ese polynomials are
shi ed and scaled if necessary to provide p+1 basis functions fn,a(x) on the nthmesh
element. ¿e current solution is of the form

Ĵ(x) =
N
Q
n=1

p
Q
a=0

In,a fn,a(x) (8.2)

where In,a is an unknown coe�cient representing the weight of the ath polynomial
basis function and N is the number of mesh elements.
We will de�ne the mesh element density nλ = λ~h as before, but for higher-order

basis functions, the density of the degrees of freedom (unknowns) increases to (p+
1)nλ because of the use of multiple functions per element to represent the current
solution. For the polynomial basis functions fa, we will consider both orthogonal and
interpolatory polynomials.

Legendre polynomials (orthogonal basis). ¿ebasis functions on each element consist
of the scaled Legendre polynomials

fa(x) = caPa(2x~h) (8.3)

where a is the order of the polynomial and ca =
º
2a + 1 is a normalization constant.

¿e Legendre polynomials Pa(x) are orthogonal with respect to a uniform weighting
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function on the interval [−1, 1]. ¿e order p = 0 case is identical to the pulse func-
tions studied previously, and the �rst-order (p= 1) case consists of constant and linear
functions on each mesh element.

Lagrange polynomials (interpolatory basis). Tode�ne interpolatory polynomials, p+1
node points on each mesh element must be chosen. For the element [−h~2,h~2], we
will denote the node points as ya, a = 0, 1, . . . , p, with the restriction −h~2 B ya B h~2
so that the nodes are con�ned to the element. ¿e basis functions are

fa(x) = Lp,a(x) (8.4)

where Lp,a(x) is the ath canonical Lagrange polynomial of order pwith respect to the
p+ 1 nodes ya. Lp,a(x) is completely determined by the interpolatory property that
the polynomial is unity at the ath node point and zero at the others:

Lp,a(yb) =
¢̈̈
¦̈
¤̈
1 a = b
0 a x b (8.5)

¿e canonical polynomials can be given explicitly as

Lp,a(x) =
p
M

b=0,bxa

(x − yb)
ya − yb

(8.6)

For these basis functions, the trial solution (8.2) is equal to the coe�cient In,a at x =
xn,a, where xn,a is the node point ya mapped to the nth mesh element.
¿e �rst-order Lagrange polynomials are closely related to the triangle functions

considered in earlier chapters. If we take the x coordinates of the apexes of two adja-
cent triangle functions to be the mesh element endpoints, and choose the nodes xn,0
and xn,1 to be the mesh endpoints as well (i.e., y0 = −h~2, y1 = h~2), then the portions
of the two triangle functions with support on the element are identical to the order
p= 1 canonical Lagrange polynomials. ¿e only di�erence between the triangle func-
tions and the Lagrange polynomial expansion is that with the triangle basis function,
the weights of the two linear portions on adjacentmesh elements are constrained to be
equal, whereas this continuity across mesh element boundaries is not enforced with
the higher-order polynomial basis functions considered here. Since continuity is not
enforced, there are two degrees of freedom per mesh element with Lagrange polyno-
mials, and the total number of unknowns is twice as large as with triangle functions.
It has been shown that the moment method solution is continuous at mesh element
boundaries, even if continuity is not enforced [1]. It will be seen that the solution con-
vergence order is identical for these two related types of �rst-order basis functions.
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8.2 Interpolatory Polynomials
¿e goal here is to extend the machinery of Chapter 5 for low-order error analysis to
higher-order basis functions. ¿e scatterer is the �at strip of width d with endpoints
(−d~2,0) and (d~2,0). ¿e mesh consists of N elements having midpoints xn = (n−
1~2)h−d~2, n = 1, . . . ,N, where N = d~h. With this regular mesh, the basis functions
have the form

fn,a(x) = Lp,a(x − xn), xn − h~2 B x B xn + h~2 (8.7)

on the nthmesh element.¿e node points used to de�ne the canonical Lagrange poly-
nomials on the element are xn,a = xn + ya.

8.2.1 Discretized Operator Spectrum

¿e�rst task is to determine the spectral error introduced by discretization of the TM-
EFIE with the higher-order basis functions (8.4).We will consider the case of identical
testing and expansion functions (Galerkin’s method). ¿e moment matrix associated
with a higher-order discretization can be expressed using index notation as

Zmn,ab = h−1`fm,a,Lfn,be (8.8)

where ` ċ , ċ e is the L2 inner product. By making use of (5.10), this can be put in the
spectral form

Zmn,ab = η
2nλ ∫

dβ»
1 − β2

e−j2πβ(m−n)~nλFa(−β)Fb(β) (8.9)

where β = kx~k0 and Fa(β) is the Fourier transform of fa(x), normalized by h−1 as
in (5.12).
To accommodate multiple basis functions per element, it is helpful to de�ne an ap-

proximate operator that is related to the moment matrix but acts directly on the func-
tion space of currents, rather than the discrete space of current samples or unknowns.
¿is approximate operator can be represented as

L̂u = h−1
N
Q
m,n=1

p
Q
a,b=0

fm,aZmn,ab `fn,b,ue (8.10)

¿is de�nition involves projecting the function u onto the expansion functions to ob-
tain a �nite number of coe�cients, applying the moment matrix (8.8), and combining
the testing functions using the resulting coe�cients, so the operator moves from a
function space to a discrete space and back to the function space.
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For interpolatory basis functions, there are two ways to perform the projection
`fn,b,ue from the space of continuous functions to a �nite number of basis expansion
coe�cients.¿e �rst is interpolation, as discussed in Section 2.8.1, and the second is L2
projection, as in Section 2.8.3. For interpolatory basis functions, the analysis is math-
ematically more natural if the former approach is used. Accordingly, we will take the
inner product in (8.8) to be the discrete RMS value where the sample points are the
node points xn,a. With this choice for the projection used in (8.10), by the interpola-
tory property of the basis functions we have `fn,b,ueRMS = u(xn,b).
We will estimate the eigenvalues of the discretized operator using the normal ap-

proximation developed in Section 5.1.1. ¿e operator eigenvalues are approximated
by the diagonal elements of (5.1). Replacing the exact operator L with the approxi-
mate operator L̂ and the L2 inner product with the discrete RMS value leads to the
discretized operator eigenvalue estimate

λ̂q � N−1 ae−jβqk0x, L̂e−jβqk0xfRMS(xn,a) (8.11)

where βq = q~D is the normalized mode spatial frequency and N here is the num-
ber of node points, rather than the number of mesh elements. In Section 5.1, we used
Lqq and L̂qq to denote eigenvalue estimates obtained using the normal approximation
method for the integral operator and moment matrix, respectively, but here for sim-
plicity we will ignore the distinction between the true eigenvalues and the estimates
obtained using the normal approximation and denote the operator and moment ma-
trix eigenvalue estimates as λq and λ̂q.
Evaluating the RMS value in (8.11) and using the interpolatory property of the basis

functions leads to

λ̂q � N−1
N
Q
m,n=1

p
Q
a,b=0

e jβqk0xm,aZmn,abe−jβqk0xn,b (8.12)

¿is is a generalization of (5.9) that allows for multiple sample points per mesh ele-
ment.
We can interpret (8.12) in terms of the matrix transformation given by

Uma,q = N−1~2e−jk0βqxm,a (8.13)

If the nodes points xm,a are evenly spaced, then the transformation is unitary, since

[UHU]qr = N−1
N
Q
m=1

p
Q
a=0

e jk0βqxm,ae−jk0βrxm,a = δqr (8.14)

Equation (8.12) can be seen to be the qth diagonal element of the matrix

L = UHZU (8.15)
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As shown in Section 5.1.1, since this unitary transformation leads to a strongly diagonal
matrix, the diagonal elements provide eigenvalue estimates.
By following the treatment of Section 5.1, we can obtain the eigenvalue estimate

λ̂q � η
2n2λD

∫
ª

−ª
dβ»
1 − β2

sin2 [πD(β − βq)]
sin2 [π(β − βq)~nλ]

F(p)2(β,βq) (8.16)

where

F(p)(β,β′) =
p
Q
a=0

e−jβ
′k0yaFa(β) (8.17)

In deriving (8.16), we have assumed symmetrical node points ya, so that F(−β,−β′) =
F(β,β′).

8.2.2 Interpolation Transfer Function

¿e function F(p)(β,β′) in (8.17) is the Fourier transform of the interpolated polyno-
mial approximation obtained by sampling themode e−jβ

′k0x at the node points ya and
using the samples in (8.2) as coe�cients for the basis functions on one mesh element.
We will refer to F(p)(β,β′) as an interpolation transfer function.
Since the transfer function F(p)(β,β′) �gures heavily in the following treatment, it

will be helpful to understand its properties before moving forward.¿e Fourier trans-
form of the mode u(x) = e−jβ′k0x on one mesh element scaled by 1~h is

1
h ∫

h~2

−h~2
e jk0βxu(x)dx = sin [k0(β − β′)h~2]

k0(β − β′)h~2
= sinc[(β − β′)~nλ] (8.18)

Because the polynomial representation is incomplete, for �xed β′ the Fourier trans-
form F(p)(β,β′) of the interpolated polynomial approximation to the mode e−jβ′k0x
is not exactly equal to the ideal sinc function in (8.18). For p= 0, F(0)(β,β′) reduces to
sinc(β~nλ), which is identical to (2.58) but quite di�erent from (8.18). As p increases,
the interpolated mode becomes closer to the exact mode, and F(p)(β,β′) approaches
the exact Fourier transform (8.18). ¿is is illustrated in Figure 8.1. ¿e convergence of
F(p)(β,β′) for large pto the exact Fourier transformmeans that little error is incurred
when interpolating the mode with a high-order polynomial representation.
Of particular importance is the amplitude of the original mode e−jβ

′k0x in the in-
terpolated polynomial approximation. ¿is is given by

F(p)(β′) � F(p)(β′,β′) (8.19)

If F(p)(β′) is signi�cantly di�erent from unity, then the basis function expansion pro-
vides a poor representation of the mode. As pbecomes large, we have the limit

lim
p�ª

F(p)(β′) = 1 (8.20)
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Figure 8.1: Interpolation transfer function F(p)(β,β′) for Lagrange interpolatory polynomial expan-
sion with β′~nλ = 0.3. Dashed line: p = 0. Dotted: p = 1. Dash-dot: p = 2. Solid line: exact mode
Fourier transform, (8.18). As the polynomial order increases, F(p)(β,β′) approaches the exact Fourier
transform.

¿ismeans that the amplitude of the mode e−jβ
′k0x in the interpolated approximation

converges to one as the order of the basis set becomes large. Since the interpolatory
polynomials add to unity on the element, from (8.17) it follows that we have the same
limiting value as h becomes small.
Figure 8.2 shows F(p)(β) for several polynomial orders.¿e improved approximat-

ing power of the basis functionswith order pis evident as the “passband” of the transfer
function becomes �atter as the polynomial order increases and F(p)(β) approaches an
ideal low-pass �lter characteristic. As the order increases and more polynomials are
used to expand the current solution on each element, the function F(p)(β) becomes
closer to unity for small values of β. ¿e mesh Nyquist frequency de�ned in (2.63)
corresponds to β~nλ = 1~2, from which it can be seen that for orders p= 2 and higher,
F(p)(β) is very close to one over the range of spatial frequencies corresponding to the
modeled modes discussed in Section 3.1.2.
To obtain explicit results for the transfer function, we will choose the nodes ya to

be evenly and symmetrically spaced on [−h~2,h~2], with y0 = −h~2 and yp = h~2
if p is odd and yp~2 at the element center if p is even. Closed-form expressions for
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Figure 8.2: F(p)(β) for Lagrange interpolatory polynomial expansion. Solid line: p = 0. Dashed: p = 1.
Dotted: p= 2. Dash-dot: p= 3. Solid/circles: p= 4. Solid/squares: p= 5.

F(p)(β,β′) are rather lengthy, but the small argument expansions

F(0)(β) � 1 − π
2β2

6n2λ

F(1)(β) � 1 − π
2β2

3n2λ

F(2)(β) � 1 − π
4β4

60n4λ
(8.21)

F(3)(β) � 1 − π4β4

405n4λ

can be obtained. It is interesting to observe that the exponents do not increase mono-
tonically and increment only for every other order.
From these considerations, we can see that for both p-re�nement and h-re�nement,

the behavior of the transfer function F(p)(β,β′) re�ects the improved approximating
power of the basis set. We will �nd that the deviation of F(p)(β,β′) from the ideal
Fourier transform of the mode e−jβ

′k0x determines the spectral error associated with
the discretization.
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8.2.3 Spectral Error

¿eintegrand of (8.16) has localmaxima at βq,s = βq+snλ, s = 0,�1,�2, . . .. Expanding
the integrand about each local maximum and retaining the leading-order term yields
the spectral estimate

λ̂q �
ª
Q
s=−ª

λq+sNF(p)2(βq,s,βq) (8.22)

where λq represents the operator eigenvalue estimate (5.5). ¿e relative spectral error
is

E(p)
q = λ̂q − λq

λq
= F(p)2(βq) − 1 + 1

λq
Q
sx0

λq+sNF(p)2(βq,s,βq) (8.23)

As before, we can decompose the spectral error into two contributions,

E(p)
q = E(p,1)

q + E(p,2)
q (8.24)

where the projection error E(p,1)
q is de�ned to be F(p)2(βq) − 1 and the aliasing error

is the remaining sum in (8.23).

8.2.4 Current Solution Error

Armed with spectral error estimates, we can now analyze the current solution error
associated with smooth scatterer regions away from geometrical singularities. For the
�at strip, this is the interior region C̃ with small regions near the edges omitted from
the error computation as in Sections 5.1 and 5.2. For a plane incident wave, using the
normal EFIE operator approximation the current solution can be approximated as in
Chapter 5 by

J(x) � λ−1q e jk0x cosϕ (8.25)

where q = D cosϕ and the fractional part of D cosϕ is unimportant for large D.
To �nd the numerical solution obtained using the method of moments, we can

transform the linear system (2.27) to

UHZUx = UHvi (8.26)

with the unitary matrix given by (8.13). Using (8.17) and (8.19), it can be shown that
the right-hand side has one nonzero element given by

[UHvi]q = F(p)(βq) (8.27)

where βq = cosϕ. ¿e approximate numerical solution can then be estimated as

Ĵ(x) � λ̂−1q F(p)(βq)e jk0x cosϕ (8.28)
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Figure 8.3:Relative current solution error estimate (8.30) for Lagrange polynomial basis functions. Error
is measured in the discrete RMS norm at the node points used to de�ne the Lagrange polynomials.
Angle of incidence: ϕinc = 60X. Integral equation: EFIE. Polarization: TM. Moment matrix element
integration: exact. Scatterer: interior of �at strip. ¿e independent variable is the total density of the
degrees of freedom per wavelength, (p+ 1)nλ. Solid line: p= 0. Dashed: p= 1. Dotted: p= 2. Dash-dot:
p= 3. Solid/circles: p= 4. Solid/squares: p= 5.

In deriving this expression, we have ignored an additional interpolation error term
introduced when the current solution (8.2) is expanded using the basis functions to-
gether with the coe�cients from the solution of the linear system (8.26). Since the
interpolatory basis functions are equal to one at the node points xn,a, we can use the
discrete RMS norm to measure the current solution error and avoid this additional
source of error. Since the RMS error was used in earlier chapters for low-order basis
functions, this means that the higher-order results in this section can be compared
directly to the lower-order cases considered previously.
Using these approximations for the exact and numerical current solutions, we can

estimate the current solution error on the interior of the �at strip. ¿e discrete RMS
relative interior current solution error is

ErrRMS(C̃) =
YJ − ĴYRMS(C̃)
YJYRMS(C̃)

�
RRRRRRRRRRR
λ̂q − λqF(p)(βq)

λ̂q

RRRRRRRRRRR
(8.29)

which has the same form as (5.29). Assuming that the spectral error is small relative
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Figure 8.4: Relative current solution error estimate (8.30) (solid line) and scattering amplitude error
estimate (8.31) (dashed line) for Lagrange polynomial basis functions as a function of order. Angle of
incidence: ϕinc = 60X. Integral equation: EFIE. Polarization: TM. Moment matrix element integration:
exact. Scatterer: interior of �at strip. Mesh element density: nλ = 10.

to λq (which holds for nonresonant scatterers), the relative error can be approximated
as

ErrRMS(C̃) � UE(p,2)
q + F(p)(βq) �F(p)(βq) − 1�U (8.30)

As with lower-order basis functions, projection error caused by the testing functions
cancels in the current solution. In the projection error term of the spectral error
(8.23), the transfer function F(p)(βq) is squared, but since F(p)(βq) �F(p)(βq) − 1� �
F(p)(βq)−1, the exponent e�ectively reduces by one and only the projection error due
to the expansion functions remains in the current solution error.
¿is error estimate is shown in Figure 8.3 as a function of the density of degrees

of freedom per wavelength. ¿e asymptotic order of the current solution error in
the mesh element length h = λ~nλ can be obtained from the projection error term
F(p)(βq) − 1 of (8.30). From (8.21), the discrete RMS current error order is p+ 2 for p
even, and p+ 1 for podd. For the p = 1 Lagrange polynomials, the order is h2, which
is identical to the current solution convergence rate obtained in earlier chapters for
triangle basis functions.
Figure 8.4 shows theRMScurrent error (8.30) as a function of polynomial order.¿e

exponential convergence of the interior current solution error with respect to polyno-
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mial order is evident in the �gure, since the order is shown on a linear scale and the
logarithmic error falls o� roughly linearly. ¿e increase in current error from p= 0 to
p = 1 matches the results of Chapters 3 and 5 that projection error for triangle func-
tions is larger than that of pulse functions. ¿is is evident, for example, in (5.20).

8.2.5 Scattering Amplitude Error

To compute the numerical scattering amplitude (2.45) with higher-order basis func-
tions, a plane wave in the scattering direction must be projected onto the basis func-
tions using a generalization of (2.46) allowing for multiple polynomials on each mesh
element. ¿is projection leads to an additional factor of F(p)(β) in the scattered �eld
that cancels a like factor in the projection error term of (8.23). As a result, the scat-
tering amplitude error is determined only by the aliasing error term of (8.23). ¿is is
another manifestation of the variational property discussed in Section 3.2. ¿e result-
ing relative specular scattering amplitude error estimate is

SS(ϕ) − Ŝ(ϕ)S
SS(ϕ)S � UE(p,2)

q U = W 1
λq
Q
sx0

λq+sNF(p)2(βq,s,βq)W (8.31)

¿is result neglects the error caused by current singularities at the edges of the strip,
so it must be viewed as a scattering amplitude error estimate for smooth scatterers.
¿e error estimate is shown in Figure 8.5, from which it is evident that the scattering
amplitude error is of order 2p+ 3.
¿e terms of the summation over s in (8.31) fall o� as 1~s or faster, and the order of

the sum with respect to n−1λ is the same as that of the s = 1 term of the sum. With this
simpli�cation, the error becomes

UE(p,2)
q U � η

2SλqSnλ
F(p)2(βq + nλ,βq) (8.32)

where we have used (5.5). For the irregular cases in Section 4.5.1.2, cancellations in the
summation cause this reasoning to break down, but for higher-order discretizations,
the approximation is valid.
To understand these results, we recall that F(p)(β,βq) converges to the Fourier

transform of themode e−jβqk0x as p increases.¿e exact Fourier transform (8.18) van-
ishes identically at β = βq + nλ, so (8.32) approaches zero for large p. Moreover, the
exact Fourier transform is zero at βq,s = βq+ snλ, s x 0, so all terms in the summation
in (8.31) are negligible as well. For small p, F(p)(βq + snλ,βq) is nonzero due to error
caused by interpolation of the mode e−jβqk0x by the Lagrange polynomials basis func-
tions. ¿us, the scattering amplitude error as well as the current error are determined
by the deviation of the interpolation transfer function from the exact mode Fourier
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Figure 8.5: Relative scattering amplitude error estimate (8.31) for Lagrange polynomial basis functions.
Angle of incidence: ϕinc = 60X. Integral equation: EFIE. Polarization: TM. Moment matrix element
integration: exact. Scatterer: interior of �at strip. Solid line: p = 0. Dashed: p = 1. Dotted: p = 2. Dash-
dot: p= 3. Solid/circles: p= 4. Solid/squares: p= 5.

transform. ¿e current error is determined by the deviation of the amplitude of the
mode in the interpolated polynomial approximation from unity, and the scattering
amplitude error is determined by the amplitudes of the aliases of the mode at spatial
frequencies k0βq + sk0nλ, s x 0.
¿e convergence order of the estimate (8.31) can be obtained in a simple way us-

ing the smoothness arguments developed for the regular discretizations considered in
Section 4.5.1.1. ¿e Fourier transform of a continuous polynomial function of order p
is asymptotically O(k−p−1). ¿e TM-EFIE kernel has a 1D Fourier transform of order
O(k−1). Combining these factors for the kernel and testing and expansion functions
leads to a combined asymptotic behavior ofO(k−2p−3), which corresponds to an alias-
ing error of order h2p+3 or n−2p−3λ . For the TE-EFIE, derivative operators decrease the
smoothness of the kernel so that the Fourier transform of the kernel is O(k), and the
aliasing error order decreases to h2p+1. For the MFIE, a smoothness order argument
based on the identity term in the operator leads to an aliasing error of order h2p+2.
¿ese predicted convergence rates agree with the error analyses of low-order basis

functions of earlier chapters. For the p = 1 polynomial basis functions, the scattering
amplitude solution convergence orders predicted above for Galerkin testing are h3,
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h4, and h5 for the TE-EFIE, MFIE, and TM-EFIE, respectively.¿ese estimates match
those given in the p+ p′ = 2 column of Table 4.1 for triangle testing and expansion
functions.
¿e analysis of this section was carried out for Galerkin testing. For pointmatching,

the Fourier transform of the delta testing function is O(1) with respect to k, and the
convergence rates decrease to hp, hp+1, and hp+2 for the TE-EFIE, MFIE, and TM-
EFIE, respectively. It should be observed that these estimates do not always hold for p<
3, since some of the lowest-order discretizations are irregular as described in Section
4.5.1.2.

8.3 Orthogonal Polynomials
For orthogonal basis functions beyond order p = 0, the interpolatory property used
in earlier chapters and in Section 8.2 is not available, and in order to develop solution
error estimates, the treatment must be modi�ed by replacing the RMS error measure
with the L2 error for the current solution.

8.3.1 Discretized Operator Spectrum

For orthogonal basis functions, wewill de�ne the approximate operator (8.10) with the
L2 inner product. With this interpretation, the approximate operator is now equiva-
lent to orthogonal projection of a continuous function onto the polynomial expan-
sion functions, leading to a �nite number of coe�cients to which the moment matrix
is applied, a er which a continuous function is �nally obtained from a linear combi-
nation of the testing functions. ¿e basis functions appear four times in the approxi-
mate operator—twice in themomentmatrix, and twice inmoving from the continuous
function space to a discrete space and back again.
To determine the spectrum of the approximate operator, we can use (8.11) with the

RMS value replaced by the L2 inner product. ¿is leads to the eigenvalue estimate

λ̂q � N−1 ae−jβqk0x, L̂e−jβqk0xfL2 (8.33)

Inserting the de�nition of L̂ and following the derivation of the preceding section leads
to an eigenvalue estimate of the same form as (8.16), but with F(p)(β,β′) rede�ned
according to

F(p)(β,β′) =
p
Q
a=0

Fa(β)Fa(−β′) (8.34)

¿is is a Fourier representation of the projection operator from the space of L2 func-
tions onto the trial subspace spanned by the basis polynomials.
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Figure 8.6: F(p)(β) for the Legendre polynomial expansion. Solid line: p = 0. Dashed: p = 1. Dotted:
p= 2. Dash-dot: p= 3. Solid/circles: p= 4. Solid/squares: p= 5.

8.3.2 Projection Transfer Function

To understand F(p)(β,β′) as de�ned by (8.34), we observe that this is the Fourier
transformof themode e−jβ

′k0x a er projection onto the basis function subspace.More
speci�cally, the mode is �rst projected onto the basis functions using the L2 inner
product to obtain a �nite number of coe�cients, a er which the coe�cients are used
to form a linear combination of the same basis functions. Whereas (8.17) is associated
with polynomial interpolation of a continuous function, (8.34) is determined by L2
projection onto a polynomial space. F(p)(β,β′) can also be viewed as the Fourier rep-
resentation of the approximate completeness relation associated with the orthogonal
polynomial basis. We will refer to (8.34) as a projection transfer function.
As with the interpolation transfer function de�ned previously, (8.34) converges to

the Fourier transform of the mode e−jβ
′k0x as the polynomial order of the basis func-

tions increases. For small values of the order p, F(p)(β,β′) is signi�cantly di�erent
from the exact Fourier transform. In particular, F(p)(β′) = F(p)(β′,β′) de�ned by
(8.19) is di�erent from unity, so that projection introduces a scale factor in the am-
plitude of the mode e−jβ

′k0x that is analogous to the scale factor in (2.65). For p-
re�nement and h-re�nement, F(p)(β′) has the same limiting behavior as in (8.20).
For the Legendre polynomial basis functions, we can give an explicit formula for the
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projection transfer function. Since the Fourier transform of a Legendre polynomial is
proportional to a spherical Bessel function, (8.34) evaluates to

F(p)(β,β′) =
p
Q
a=0

(2a + 1)ja(πβ~nλ)ja(πβ′~nλ) (8.35)

where ja(x) is the spherical Bessel function of order a. ¿e improvement in the ap-
proximation power as p increases can be seen analytically by expanding F(p)(β) for
small β, which leads to

F(0)(β) � 1 − π
2β2

3n2λ

F(1)(β) � 1 − π
4β4

45n4λ
(8.36)

F(2)(β) � 1 − π6β6

1575n6λ

¿e improved solution convergence obtained with p-re�nement is evident in the de-
crease of the constant and the increasing order of these expansions with p.
¿e behavior of F(p)(β,β′) for �xed β′ is similar to Figure 8.1 for Lagrange poly-

nomials. F(p)(β) is shown in Figure 8.6 for several values of the order p. As the order
of the basis set increases and more polynomials are used to expand the current solu-
tion on each element, the function F(p)(β) becomes closer to unity for small values
of β. For orders p = 2 and higher and modeled modes with spatial frequency below
the mesh Nyquist frequency k0nλ~2, or β~nλ < 1~2, F(p)(β) is close to one, indicating
small projection error. Because the projection transfer function converges to some-
thing analogous to a rectangular low-pass spatial �lter characteristic, higher-order ba-
sis functions reduce the spectral error associated with discretization of the integral
operator.

8.3.3 Spectral Error

¿e approximate operator eigenvalues for orthogonal basis functions are given by
(8.22), but with F(p)(β,β′) de�ned as in (8.34), and the spectral error is identical to
(8.23) with the same reinterpretation of the projection transfer function.

8.3.4 Current Solution Error

In analyzing the current solution error for higher-order orthogonal basis functions,
we must make a departure from the approach used in earlier chapters. ¿e spectral
error (8.23) with the projection transfer function (8.34) does contribute to the current
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Figure 8.7: Relative L2 norm current solution error estimate (8.39) for Legendre polynomial basis func-
tions. Angle of incidence:ϕinc = 60X. Integral equation: EFIE. Polarization: TM.Momentmatrix element
integration: exact. Scatterer: interior of �at strip. ¿e independent variable is the density of degrees of
freedom per wavelength (p+ 1)nλ. Solid line: p = 0. Dashed: p = 1. Dotted: p = 2. Dash-dot: p = 3.
Solid/circles: p= 4. Solid/squares: p= 5.

solution error, but with a noninterpolatory basis, we cannotmeasure the discrete RMS
current error at special sample points where the interpolation error is zero. Here, we
must measure the current error using the L2 norm.
¿e current solution error for the interior of the �at strip without edge singularity

e�ects can be estimated simply by projecting the physical optics current mode onto
the basis functions and computing the L2 error, as was done in deriving (2.66) for a
single basis function per mesh element. Projecting the mode J(x) = e−jβk0x onto the
basis functions leads to the coe�cients

In,a = ∫ e−jβk0x fn,a(x)dx (8.37)

¿e projected mode is then expanded using the basis functions according to (8.2) to
obtain the continuous function

Ĵ(x) = Q
n,a
In,a fn,a(x) (8.38)
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Figure 8.8: Relative current solution error estimate (8.39) (solid line) and scattering amplitude error
estimate (8.31) (dashed line) for Legendre polynomial basis functions as a function of order. Angle of
incidence: ϕinc = 60X (β = 0.5). Integral equation: EFIE. Polarization: TM. Moment matrix element
integration: exact. Scatterer: interior of �at strip. Mesh element density: nλ = 10.

It can be shown that the relative L2 error is

YĴ − JY
YJY = T1 − F(p)(β)T1~2 (8.39)

which generalizes (2.66) to higher-order basis functions.
¿is error estimate is shown in Figure 8.7, where it can be seen that the L2 error is of

order hp+1.We have ignored the additional perturbation to the current solution caused
by the spectral error, but for the Legendre polynomial basis functions, the spectral er-
ror has order h2p+2 and is negligible in comparison to the dominant error contribution
in (8.39). A similar observation for the p= 0 case wasmade in Section 2.8, where it was
found that L2 error was dominated by interpolation error and had order h for pulse
functions (p= 0). Figure 8.8 shows the error estimate (8.39) as a function of order.

8.3.5 Scattering Amplitude Error

For orthogonal basis functions, we have the same cancellation of projection error due
to variationality that occurs with interpolatory polynomials, fromwhich it follows that
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the scattering amplitude error is determined by the aliasing component of the spectral
error. ¿is leads to a relative specular scattering amplitude error estimate identical
to (8.31), but with F(p)(β,β′) given by (8.34). As before, the estimate neglects the
error caused by current singularities at the edges of the strip.¿e scattering amplitude
error is similar to that observed in Figure 8.5 with respect to the number of degrees of
freedom. ¿e estimate is shown in Figure 8.8 as a function of polynomial order. ¿e
convergence rate of the scattering amplitude solution is h2p+3, which is identical to
that observed with Lagrange polynomials.¿e p= 0 Legendre polynomials basis with
Galerkin testing is identical to the case of pulse expansion and testing functions, for
which the scattering amplitude solution convergence rate is h3 as given by the p+p′ = 0
entry for the TM-EFIE in Table 4.1.

8.4 3D Problems
For 3D scattering problems, the �exibility in choosing higher-order basis functions is
greater than for 2D problems, because the polynomial basis functions on surfacemesh
elements are two-dimensional and the polynomial orders for each dimension can be
chosen separately. Because of the continuity properties of physical �elds and currents,
however, the number of degrees of freedomwith a full higher-order polynomial vector
expansion is greater than is needed. Typically, a subset of the full space of vector �elds
with polynomial coe�cients is chosen.
¿e basis function smoothness at mesh element edges can be used to classify these

subsets of vector basis functions [2]. ¿ere are two main classes of vector basis func-
tions, the divergence conforming basis functions with �nite divergence and possibly
discontinuous tangential components between adjacent basis functions, and curl con-
forming basis functions that impose tangential continuity andmay have discontinuous
normal components. Divergence conforming bases include:

Constant normal, linear tangential (CN/LT):¿ese basis functions have a con-
stant normal component and linear tangential component on mesh element
edges. For triangular elements, these are the Rao-Wilton-Glisson (RWG) basis
functions [3], and are the most commonly used basis functions for electromag-
netic surface integral equations. On a rectangularmesh, the CN/LT vector func-
tions are the roo op basis functions analyzed above. CN/LT functions combine
the one-dimensional pulse and triangle functions.

Linear normal, linear tangential (LN/LT):At element edges, both the normal and
tangential components vary linearly. We use LN/LT and LT/LN, respectively, to
distinguish the divergence conforming and curl conforming vector basis func-
tions with linear normal and linear tangential components.

Linear normal, quadratic tangential (LN/QT): At element edges, the normal
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Figure 8.9:RCS error for a PEC spherewith radius 0.5m at 300MHz. Integral equation: EFIE.Discretiza-
tion: ideal, with high-accuracy numerical integration and curved mesh elements. Diamonds: CN/LT
(RWG). Squares: LN/LT. Circles: LN/QT. In all cases, the vector basis functions are divergence conform-
ing, and the testing and expansion functions are identical (Galerkin’s method). ¿e dotted lines have
slopes of −3 and −5.

component of each basis function is linear and the tangential component is
quadratic.

Common curl conforming bases include:

Constant tangential, linear normal (CT/LN): ¿ese are Nedelec type edge ele-
ments [4].

Linear tangential, linear normal (LT/LN).

Linear tangential, quadratic normal (LT/QN).

¿ese basis sets are listed in order of increasing overall polynomial order.
For these basis functions, the convergence order can be predicted using the analy-

sis of Sections 4.5.1.1 and 7.2. For regular discretizations, the contribution of the �rst
eigenvalue alias to the spectral error can be used as a scattering amplitude or RCS error
estimate. ¿e �rst alias can be estimated from the products of the Fourier transforms
of the testing functions, expansion functions, and the operator kernel evaluated at the
mesh Nyquist frequency (2.63). Since the mesh Nyquist frequency is proportional to



Higher-Order Basis Functions 181

h−1, a Fourier transform which decays asymptotically as k−α, k � ª, corresponds to
a scattering amplitude or RCS error of order hα.
We will consider the LN/QT basis with the EFIE as an example. Assuming Galerkin

testing and an ideal implementation of themethod ofmoments, the convergence order
argument of Section 7.2 becomes

Zmn = jk0η
h2 ∫ ∫ drdr′ g(r, r′)

´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¶
O(k−1)

<@@@@@@>
fm(r)²
O(k−2)

ċ fn(r′)²
O(k−2)

+k−20 ∇ ċ fm(r)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
O(k−2)

∇′ ċ fn(r′)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
O(k−2)

=AAAAAA?
(8.40)

¿e Fourier transform of the vector basis function is dominated by the linear part of
the basis, which leads to a decay rate of k−2. ¿e divergence of a quadratic function is
linear, which also corresponds to an O(k−2) Fourier transform in the hypersingular
term of the EFIE. ¿e overall order of the product of the Fourier transforms of the
expansion and testing functions and the kernel is O(k−5), which corresponds to an
RCS convergence rate of h5.

8.4.1 Numerical Results

To verify the solution error behavior for the method of moments with higher-order
vector basis functions, we will present numerical results for the RCS error. Figure 8.9
shows the RCS error for the EFIE with an ideal discretization (curved mesh elements
and accurate integration of moment matrix elements). All the vector basis functions
considered are divergence conforming. ¿e scatterer is a PEC sphere with radius a =
0.5 λ.¿e order of the error is the same for the LN/LT andCN/LTbases, although error
with the CN/LT basis is smaller. For the LN/QT basis, the order of the polynomial
basis is su�ciently high for both the normal and tangential components that the RCS
convergence rate improves to � h order. ¿is is the same as the convergence rate for
the p+ p′ = 2 entry for the TM-EFIE in Table 4.1.
As considered at length in Section 4.5, theMFIE can be less accurate than the EFIE,

despite the smoothness of the integral part of the operator and the simplicity of dis-
cretizing the identity term.¿is is re�ected in the RCS error results for the MFIE with
Galerkin testing shown in Figure 8.10, since the � h-order error observed for the EFIE
is not achieved with theMFIE.¿e fourth-order convergence rate for the LT/LN basis
functions matches the fourth-order rates of the p+ p′ = 2 entry in Table 4.1 for the
2D MFIE. ¿e linear dependence of the basis is similar to the triangle function, and
triangle basis functions with Galerkin testing leads to the h4 convergence rate given in
Table 4.1 for order p+ p′ = 2. For that case, the order argument given in Section 4.5.1.1
indicates that the scattering amplitude error is dominated by aliasing error caused by
the identity part of the MFIE operator.
RCS error is shown in Figure 8.11 for the MFIE with point matching instead of
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Figure 8.10:RCS error for a PEC sphere withGalerkin’smethod. Integral equation:MFIE. Discretization:
ideal, with high-accuracy numerical integration and curvedmesh elements. Squares: LT/LN. Diamonds:
CT/LN. Circles: LT/QN. In all cases, the vector basis functions are curl conforming, and the testing and
expansion functions are identical (Galerkin’s method). ¿e dotted lines have slopes of −2, −3, and −4.

Galerkin testing. ¿e LT/LN basis with point matching is a regular case, since the
second-order scattered �eld convergence rate can be obtained from a smoothness or-
der argument, with point testing contributing an O(1) factor, the identity term O(1),
and an O(h2) factor for the linear expansion functions. ¿e error for the CT/LN and
LT/QN bases is not signi�cantly a�ected by the use of point matching. For CT/LN or
LT/QN expansion functions with point matching, the simple operator and basis func-
tion smoothness argument predicts a convergence rate of h (�rst order) for CT/LN and
h2 for LT/QN, but the observed convergence rates are h2 and h3, respectively. ¿ese
must be considered irregular cases, since the smoothness order argument predicts a
poorer convergence rate than is observed. Since the computational cost of the method
of moments is reduced by the elimination of the testing integral, point matching for
the CT/LN and LT/QN bases is more e�cient for the same solution accuracy.
One interesting observation is that RCS accuracy is better for the EFIE with the

CN/LT basis than with the LN/LT basis (see Figure 8.9), even though the CN/LT ba-
sis is a subset of the LN/LT basis. Similarly, the MFIE is slightly more accurate with
the LT/LN basis than with the LT/QN basis. ¿e observed convergence rates for the
pairs of basis functions are identical, but surprisingly the absolute error is smaller for
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Figure 8.11: RCS error for a PEC sphere with point matching. Integral equation: MFIE. Discretization:
ideal, with high-accuracy numerical integration and curvedmesh elements. Squares: LT/LN. Diamonds:
CT/LN. Circles: LT/QN. In all cases, the vector basis functions are curl conforming.¿e dotted lines have
slopes of −2 and −3.

the lower-order basis. Explanation of this phenomenon must await a more detailed
analysis of MoM accuracy with higher-order vector basis functions.
¿e RCS error order argument illustrated in (8.40) also agrees with empirical con-

vergence rates for higher-order basis functions observed by others. Fink [5] computed
RCS errors for a PEC sphere with conformal mesh elements and Galerkin testing.¿e
basis functions were obtained by multiplying the RWG functions with modi�ed Sil-
vester polynomials of order p, so that the p = 0 case corresponded to the RWG basis
and higher-order bases were complete to order p. If we consider the RWG function
to be a combination of a pulse function and a triangle function, the basis functions
obtained by multiplying an RWG function by order p Silvester polynomials have an
e�ective polynomial order of pand contribute a factor of hp+1 to theRCS error through
the �rst term inside the square brackets of (8.40). ¿e divergence operators in the hy-
persingular term act on the “triangle” or linear part of the basis functions, so that the
basis is e�ectively one order smoother before the derivative, and the divergence ∇ ċ f
also contributes a factor of hp+1 to the RCS error. ¿e Green’s function contributes a
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factor of h. Combining the factors leads to the RCS error order estimate

RCS Error (EFIE) � hp+1±
f,Testing

h1®
g

hp+1±
f,Expansion

+ hp+1±
∇ċf

h1®
g

hp+1±
∇ċf

= h2p+3 (8.41)

For theMFIE, as argued previously, the dominant contribution to the RCS error arises
from the identity term of the operator, so the error order analysis becomes

RCS Error (MFIE) � hp+1±
f,Testing

h0

Ī
hp+1±

f,Expansion

= h2p+2 (8.42)

¿e estimates (8.41) and (8.42) match the numerical results for the EFIE and MFIE
with high-accuracy moment matrix integrations and curved mesh elements reported
in [5, Figures 3-20 and 3-23].

8.5 Summary
We have considered the problem of obtaining solution error estimates for the method
of moments with higher-order polynomial basis functions. By allowing for multiple
expansion and testing functions on each mesh element, the spectral error concept de-
veloped in earlier chapters can be extended to accommodate higher-order basis func-
tions. ¿e most signi�cant new aspect of the solution error analysis for higher-order
bases is the introduction of a transfer function associated with interpolation for La-
grange polynomials or projection of a continuous function onto the basis subspace
for orthogonal polynomials. As the order of the polynomial basis increases, this trans-
fer function approaches an ideal low-pass �lter characteristic, so that a mode with any
spatial frequency between zero and themeshNyquist frequency can be accurately rep-
resented in the basis subspace.¿is transfer function determines both the current and
scattering amplitude solution errors.
¿e error estimates in this chapter were for the interior of the �at strip, ignoring

error caused by edge singularities.¿is implies that the solution error convergence or-
ders are valid for smooth scatterers, along the lines of the discussion in Section 3.5.
For the TM-EFIE and Legendre polynomial basis functions, the L2 current solution
error for smooth scatterers is of order hp+1 and the scattering amplitude error is of
order h2p+3. For Lagrange polynomials, the RMS current error is of order hp+1 for p
odd and hp+2 for peven, and the scattering amplitude error is of order h2p+3.¿e scat-
tering amplitude error has the same order for both types of basis functions. ¿e order
p = 1 Lagrange polynomial basis with Galerkin testing corresponds to the p+ p′ = 2
entry in Table 4.1, which for the TM-EFIE has order h5, as expected. Using smoothness
order arguments, the convergence rates h2p+2 and h2p+1 with orthogonal polynomials
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for the MFIE and TE-EFIE, respectively, are predicted for scattering amplitudes and
RCS.
All of these results assume an ideal implementation of the method of moments,

with conformal mesh elements or a �at scatterer and exact integration of the moment
matrix elements. If an insu�ciently accurate integration rule for moment matrix ele-
ments is used, solution errors will be worse than predicted by the ideal analysis given
here.
For 3D problems, the situation is more complex, because there are additional de-

grees of freedom in choosing higher-order vector basis functions. In most cases, how-
ever, smoothness order arguments predict the observed RCS error convergence rates.
With Galerkin testing the RCS convergence rate is h2p+3 for the EFIE and h2p+2 for
the MFIE, as long as the part of the basis function on which the divergence operators
in the EFIE act are at least one order smoother than p.
¿ere is a close parallel between the 2D and 3D error behaviors. For the 2D and 3D

versions of the method of moments, the MFIE error estimates are identical. For the
EFIE, the 2D and 3D error convergence rates also have a perfectly intuitive relation-
ship. An order pvector basis function constructed so that the divergence operator acts
on a smoother shape function of order p+ 1 is equivalent to choosing a scalar basis
function for the TE-EFIE that is one order smoother than the basis function for the
TM-EFIE. ¿e additional smoothness counteracts the action of the derivatives in the
hypersingular term of the EFIE and the convergence orders for both 2D polarizations
are h2p+3, which is the same as the observed 3D convergence order.
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Chapter 9

Operator Spectra and Iterative Solution
Methods

Moment method analysis of electrically large radiation and scattering problems can
require so many degrees of freedom that direct linear system solution methods are
impractical, due to the high computational cost of matrix factorization. To reduce the
time required for the linear system solution, iterative algorithms can be employed.
For the largest problems, the number of unknowns can be so high that �lling the mo-
ment matrix is not feasible. Fast methods such as the multilevel fast multipole algo-
rithm (MLFMA) [1] can be used to compute matrix-vector multiplications (matvecs)
indirectly, without actually �lling the moment matrix. ¿e matvec operation must be
used in conjunction with an iterative algorithm to obtain a current solution. For these
reasons, iterative linear system solution algorithms are widely used in computational
electromagnetics.
¿ere are two main classes of iterative algorithms. ¿e �rst consists of stationary

iterations based on matrix splittings, such as the Jacobi iteration. ¿ese algorithms
have been used sporadically in conjunction with electromagnetic integral equation
solvers [2, 3]. ¿e second class is the nonstationary iterations, the most important
of which are methods of the conjugate gradient (CG) family, or Krylov subspace it-
erations [4]. Both stationary and nonstationary iterations are used in computational
electromagnetics [5], but the Krylov subspace family is more common. Stationary it-
erations perform well for some types of linear systems, but in general are less robust
than the Krylov subspace iterations. For these reasons, we will restrict attention here
to methods of the later class.

187



188 Numerical Analysis for Electromagnetic Integral Equations

9.1 Krylov Subspace Algorithms
¿emost basic Krylov subspace linear system solution algorithm is the conjugate gra-
dient (CG) algorithm, which can be used for symmetric positive de�nite (SPD)matri-
ces. Since the linear systems that arise from the method of moments for electromag-
netic surface integral equations are non-SPD, the conjugate gradient method can be
applied to the normal forms of the linear system (CGNE or CGNR). Other members
of the family of Krylov subspace iterations include:

• Biconjugate gradient (BCG);

• Biconjugate gradient-stabilized (BCG-stab);

• Generalized minimum residual (GMRES);

• Quasi-minimum residual (QMR);

• Transpose-free quasi-minimum residual (TFQMR);

• Conjugate gradient squared (CGS).

Of these algorithms, GMRES is typically the most robust, but also has the high-
est memory requirement, since one additional vector is stored for each iteration.
Transpose-free methods require matrix-vector multiplications only with A and not
AH, which is useful for fast algorithms that are implemented in such a way that only
matvecs with A can be computed.
¿e Krylov subspace associated with the linear system

Ax = b (9.1)

is de�ned to be
Kk = span�b,Ab,A2b, . . . ,Ak−1b� (9.2)

At the kth step, the CG algorithm �nds the vector xk in this subspace that minimizes
the functional

f(x) = 1
2x

TAx − bTx (9.3)

If the matrix A is SPD, this quadratic function has the property that its global mini-
mum value is f(A−1b), which can readily be seen by taking the vector derivative with
respect to the argument x. As the algorithm progresses, the Krylov subspace becomes
larger. Because the CG algorithm minimizes f(x) over these subspaces, the sequence
of approximate solution vectors xk approaches the solution to the linear system.
When the iteration count is equal to N (the size of the linear system), then as a

consequence of the Cayley-Hamilton theorem the Krylov subspace KN is equal to the
full vector space RN, and ignoring numerical error the vector xN must be equal to
x = A−1b. Because of this “�nite completion” property, theCGalgorithmcan be viewed
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as a direct solution method when it is run for N iterations. Due to rounding error,
however, the algorithm in practice fails to converge in N steps. For this reason, CG
was not widely used in the early years a er its development. As it became clear that
CG is useful as an approximate iterative linear system solverwhen run for fewer thenN
iterations, and that despite the rounding error, the solution could be quite accurate for
many problems at relatively low iteration counts (k N), interest in CGwas renewed
and the algorithm is now widely used in applications of scienti�c computation.

9.1.1 CG Algorithm

¿e conjugate gradient algorithm is as follows:

Initialization (k = 0):
x0 (initial guess, almost always x0 = 0) (9.4a)
r0 = b −Ax0 (initial residual vector) (9.4b)
d0 = r0 (initial search direction vector) (9.4c)

Loop over k = 0, 1, 2, . . .

γk =
rTk rk
rTkAdk

(9.5a)

xk+1 = xk + γkdk (update the approximation for x) (9.5b)
rk+1 = rk − γkAdk (next residual vector) (9.5c)

ηk =
rTk+1rk+1
rTk rk

(9.5d)

dk+1 = rk+1 + ηkdk (next search direction) (9.5e)

¿e vector dk is referred to as the search direction, since xk+1 is obtained from the
previous approximation xk by adding a scalar multiple of dk. ¿e vector rk produced
by the algorithm is equal to the residual error vector

rk = b −Axk (9.6)

which is a measure of how close xk is to the solution to the linear system.

9.1.2 CGNE and CGNR

For non-SPDmatrices, the CG algorithm cannot be used directly. IfA is not SPD, then
we can solve the normal equation

AHAx = AHb (9.7)
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¿e resulting algorithm is conjugate gradient on the normal equation (CGNE). An-
other possibility is to apply CG to the equation

AAHy = b (9.8)

and then compute x = AHy. ¿is is known as CGNR.
¿e CGNE algorithm is as follows:

Initialization (k = 0):

r0 = AHb −AHAx0 (9.9a)
d0 = r0 (9.9b)

Loop over k = 0, 1, 2, . . .

y = Adk (matvec by A) (9.10a)

γk =
rHkrk
yHy

(9.10b)

xk+1 = xk + γkdk (9.10c)
y � AHy (matvec by AH) (9.10d)

rk+1 = rk − γky (9.10e)

ηk =
rHk+1rk+1
rHkrk

(9.10f)

dk+1 = rk+1 + ηkdk (9.10g)

9.1.3 Residual Error

Since we do not know the solution x, the error ek = x − xk is not available. ¿e norm
of the residual error (9.6) is readily available during the iteration, and can be used in
place of the actual solution error as an indicator of convergence of the algorithm.¿e
relative residual error norm is

rk = YrkY
Yr0Y

(9.11)

Although the residual vector is not equal to the solution error ek, the residual norm is
equal to the solution error in a weighted norm. If we de�ne

YyYA = YAyY (9.12)

then the norm of the residual error is the A-norm of the solution error,

YrkY = YA(x − xk)Y = YekYA (9.13)
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¿e residual error norm can be used to bound the norm of the solution error, since

YrkY = YAekY
B YAYYekY
= SλmaxSYekY (9.14)

where λmax is the largest eigenvalue of A. Since A is SPD, the eigenvalues are positive
and equal to the singular values. Similarly,

YekY = YA−1rkY
B YA−1YYrkY
= 1

SλminS
YrkY (9.15)

Combining the two inequalities leads to

1
SλmaxS

YrkY B YekY B 1
SλminS

YrkY (9.16)

so that the residual error norm bounds the solution error.

9.1.4 Condition Number

For a normal matrix, the ratio
κ(A) = SλmaxS

SλminS
(9.17)

is the condition number of the matrix in the L2 norm. In general, the condition num-
ber is de�ned to be

κ(A) = YAYYA−1Y (9.18)

where Y ċ Y denotes a matrix norm. With the L2 norm, the condition number for an
arbitrary matrix is

κ(A) = σmax
σmin

(9.19)

where σmax and σmin are the largest and smallest singular values. ¿is quantity is a
measure of how nearA is to a singular operator. IfA is the identity, then the condition
number is one. If A is singular, the condition number is in�nite. An operator with a
large condition number is said to be ill-conditioned.
If the condition number of A is close to one, then the residual error is always close

to the solution error. If the condition number is large, then residual error may not be a
goodmeasure of solution error. In some cases, the condition number can be large, but
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residual error is still a good indicator of solution error, because the residual and error
vectors may not be close to the eigenvectors with very small or very large eigenvalues
and the extreme limits in the inequality (9.16) are not reached. As we will see later, the
condition number also has a strong in�uence on the convergence rate of CG and other
Krylov subspace algorithms.

9.1.5 Other Krylov Subspace Methods

One problem with CGNE is that this algorithm may converge more slowly than CG,
because AHA is more poorly conditioned than A:

κ(AHA) � κ(A)2 (9.20)

Although aswewill see shortly this simplistic reasoningmay not always hold, it is o en
desirable to use iterative algorithms that work directly with non-SPD matrices. ¿ese
include biconjugate gradient (BCG), biconjugate gradient-stabilized (BCG-stab), gen-
eralized minimum residual (GMRES), quasi-minimum residual (QMR), transpose-
free quasi-minimum residual (TFQMR), and conjugate gradient squared (CGS).
BCG is similar toCG, but can have erratic convergence for non-SPDmatrices.Mod-

i�cations of BCG such as BCG-stab seek to reduce the erratic convergence behav-
ior. As noted above, the generalized minimum residual method (GMRES) is typically
the most robust of the Krylov subspace iterations, but to compute the kth iteration, k
vectors from previous iterations must be stored, as opposed to two or three for CG.
Restarted GMRES, or GMRES(n), throws away all but n of these stored vectors, re-
ducing the memory requirement but also slowing convergence.

9.2 Iteration Count Estimates
In this section, we develop estimates for the number of iterations required to solve a
linear system to a given error tolerance. According to the classical theory of Krylov
subspace iterations, as the iteration count increases, the relative residual error norm
(9.11) tends to decay as rk � ρk, where ρ is referred to as the asymptotic convergence
factor of the iteration. For an SPD matrix, approximating the spectrum as an interval
on the positive real axis leads to the convergence factor estimate [6]

ρ �
»
κ(A) − 1»
κ(A) + 1

(9.21)

For the method of moments with the CGNR and CGNE algorithms, the matrix
that enters into (9.21) is A = ZHZ. Assuming that κ(A) � κ(Z)2, for large condition
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numbers the number of iterations required to obtain a residual error of rK B є is

K � κ(Z) S lnєS
2

(9.22)

where є is the residual error tolerance parameter, and provides a stopping condition
for the iteration.¿e iteration count estimate for CGNR and CGNE is proportional to
the condition number of the moment matrix.
For other iterative methods such as the biconjugate gradient method (BCG) or gen-

eralized minimum residual (GMRES), which can be applied to non-SPDmatrices, the
asymptotic convergence factor depends on the distribution of the spectrum ofZ in the
complex plane. If the spectrum is approximated by a disk not containing the origin,
the convergence factor becomes [7]

ρ = κ(Z) − 1
κ(Z) + 1 (9.23)

which leads to the same iteration count estimate (9.22) as CGNE.
In practice, actual convergence rates can deviate signi�cantly from these estimates.

If the right-hand side belongs to an invariant subspace, for example, then the e�ective
condition number is reduced to that of the operator restricted to the subspace. For
a strongly nonnormal matrix, convergence can be very slow, even though the matrix
may have the same condition number as another normal matrix. As demonstrated in
Section 5.1, however, the degree of nonnormality of the moment matrix for electro-
magnetic integral operators is typically weak and (9.22) is o en a reasonable estimate
of the number of iterations required to reach an accurate solution for the method of
moments.

9.3 Condition Number Estimates
¿e eigenvalue estimates obtained for the EFIE and MFIE operators in earlier chap-
ters were used to analyze MoM solution error, but the estimates can also be used to
determine the moment matrix condition number. Together with the iteration count
estimate (9.22), these results will determine the computational cost of solving the mo-
ment method linear system with an iterative algorithm.

9.3.1 Circular Cylinder, TM-EFIE

For the circular cylinder, it followed from (3.6) that for a regular discretization, themo-
ment matrix has a complete system of eigenvectors and is therefore a normal matrix.
¿e singular values of a normal matrix are equal to the magnitudes of the eigenvalues,
so that we can obtain the condition number from the extremal eigenvalues.
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¿e largest eigenvalue of the moment matrix arises frommaximizing (3.2) over the
modeled modes. As a function of q, SJq(k0a)H(2)

q (k0a)S is oscillatory and increases in
magnitude for SqS < k0a, and decays monotonically for SqS A k0a. ¿emaximum value
occurs at SqS � k0a. Using expansions of the Bessel andHankel functions [8, Equations
8.441 #3, 8.443, and 8.454], we arrive at the asymptotic expression

Jν(ν)H(2)
ν (ν) � 62~3(1 + jº3)

9 Γ2(2~3) ν−2~3 ν�ª (9.24)

From this result, it can be seen that the largest eigenvalue of the moment matrix is

λmax � η2π(1 + jº3)
64~3 Γ2(2~3) (k0a)1~3 (9.25)

where we have neglected the small eigenvalue shi due to discretization error. ¿is
eigenvalue corresponds to a surface wavemode with spatial frequency k0 on the cylin-
der. ¿e magnitude of the eigenvalue grows with the 1~3 power of the electrical size of
the cylinder. In Section 9.3.3, we will see that the corresponding growth rate exponent
for the strip is 1~2, since the surface wave mode is more strongly self-coupled for a �at
scatterer.
¿e smallest eigenvalue of the moment matrix is more di�cult to determine, due to

the internal resonances associated with closed conducting bodies discussed in Section
6.2. Near an internal resonance, the eigenvalue associated with the resonant mode is
small in magnitude, and the condition number of the moment matrix is large. Due
to the imaginary part of the spectral error, the locations of the resonance are shi ed
with respect to the exact internal resonance frequencies by discretization error, so the
peaks in the matrix condition number are shi ed slightly from the exact resonance
frequencies.
If nomodes are near resonance, then the smallest eigenvalues of themomentmatrix

correspond to nonradiating modes with rapid spatial oscillation. ¿e spectrum of the
operator L has an accumulation point at the origin, due to the vanishing eigenvalues
of eigenfunctions of increasingly large order. Employing a �nite basis to discretize the
EFIE leads to a cuto�of the spectrumnear this accumulation point at themeshNyquist
frequency (2.63). For the circular cylinder, this corresponds to the Fourier mode with
order SqS = N~2. Applying the large-order expansion Jν(x)H(2)

ν (x) � j(πSνS)−1 +
O(ν−3), ν�ª [8, Equation 8.452] to λN~2 = (ηπk0a~2)JN~2(k0a)H(2)

N~2(k0a) leads
to the result

λmin � jη
nλ

(9.26)

for the highest-order eigenvalue of the moment matrix. For an irregular discretiza-
tion with variable mesh element sizes, the minimum eigenvalue is determined by the
smallest discretization length or the largest value of the mesh density nλ.
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Figure 9.1:Condition number of themomentmatrix for a circular cylinder. Integral equation: TM-EFIE.
Discretization: point testing and pulse expansion functions. Le plot: �xed cylinder radius (k0a = π) as
a function of mesh element density. Right plot: �xed mesh density as a function of cylinder radius.¿e
dotted lines are the theoretical lower bound (9.27). (©2000 IEEE [9].)

As long as the highest-order eigenvalue (9.26) is smaller in magnitude than the
eigenvalues of low-order modes that may be near to internal resonance, the moment
matrix condition number can be approximated by the ratio of (9.25) to (9.26) as

κ(Z) C 0.6nλ(k0a)1~3 (9.27)

Since internal resonances cause the magnitude of the smallest eigenvalue of the mo-
ment matrix to decrease, this estimate is a lower bound for the condition number.¿e
estimate is compared to computed values in Figure 9.1.
If the kernel of the integral equation were smooth, then the high-order eigenvalues

would fall o�more rapidly, and the smallest eigenvalue of themomentmatrixwould be
much smaller than (9.26). ¿is would cause a much higher matrix condition number
and increase the di�culty of solving the integral equationnumerically.¿ere is a trade-
o� between the di�culty of integrating the kernel of an integral operator of the form
(3.5) and the matrix condition number. With a weakly singular kernel, integration is
more di�cult and aliasing error is generally large, but the moment matrix condition
number is reasonable. For a smooth kernel, aliasing error is negligible, but the resulting
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moment matrix is ill-conditioned. For an operator such as the TE-EFIE that includes
derivatives, as we will see shortly the high-order eigenvalues are large in magnitude.
¿e intermediate case is a second-kind integral equation, for which the eigenvalues
tend to a constant and conditioning is best.

9.3.2 Circular Cylinder, TE-EFIE

¿e spectrum of the TE-EFIE operator N has an accumulation point at −jª, since
the eigenvalues of nonradiating modes increase in magnitude as the spatial frequency
increases. ¿e maximum eigenvalue of the moment matrix corresponds to the mode
with order q = N~2 at the mesh Nyquist frequency and can be estimated as

λmax � − jηnλ4 (9.28)

where we have made use of J′ν(x)H(2)′
ν (x) � −jSνS~(πx2), ν � ª. As with the TM

polarization, internal resonances lead to small eigenvalues that dominate the con-
dition number. Away from internal resonance frequencies, the smallest eigenvalues
correspond to the surface wave mode with SqS � k0a. For this mode, we can use
J′ν(ν)H(2)′

ν (ν) � 0.2 (1 − jº3)ν−4~3, ν�ª to obtain

λmin � 0.3 η(1 − j
º
3)(k0a)−1~3 (9.29)

¿e resulting condition number estimate is

κ(Z) � 0.4nλ(k0a)1~3 (9.30)

which is of the same order as the TM result.

9.3.3 Flat Strip, TM-EFIE

As for the cylinder, employing a �nite basis to discretize the EFIE leads to a cuto�
of the spectrum near this accumulation point, so that the spectrum of Z corresponds
to the N lowest-order eigenvalues of L. From (5.15), the eigenvalue of the moment
matrix with the smallest magnitude corresponds to the normalized spatial frequency
βq = nλ~2. With (5.15) and neglecting spectral error, the smallest eigenvalue is the
same as that obtained in (9.26) for the circular cylinder. Since a high-order mode does
not radiate strongly, the mode self-coupling is local and the eigenvalue is not strongly
sensitive to the global geometry of the scatterer.
As with the circular cylinder, the largest eigenvalue of the TM-EFIE operator cor-

responds to the surface wave mode. From (5.7), the eigenvalue is

λmax � η
º
2

3
(1 + j)D1~2 (9.31)
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Figure 9.2: Condition number of the moment matrix for the �at strip as a function of the width D in
wavelengths. Integral equation: TM-EFIE. Discretization: point testing and pulse expansion functions,
nλ = 10. Circles: computed moment matrix condition number. Solid line: theoretical approximation,
(9.32). Dotted line: theoretical approximation, (5.6) and (5.7), including discretization error. (©2001 John
Wiley & Sons [10].)

¿e surface wave mode can be considered to be antiresonant, since its eigenvalue
grows with the width of the strip. If the strip lies in a lossy medium, so that k0 has
a nonzero imaginary part, then the singularities in the integrand of (5.13) at SβS = 1
are eliminated, and for large D the maximum eigenvalue becomes independent of the
scatterer size.
Since the moment matrix is nonnormal for the �at strip, the singular values are

larger than the eigenvalues, and the condition number is larger than the ratio of the
maximum and minimum eigenvalues. ¿e degree of nonnormality is weak, however,
and the eigenvalue ratio provides a reasonable estimate of the condition number. By
making use of the extremal eigenvalue estimates obtained above, we have

κ(Z) � 2
3
nλD1~2 (9.32)

Figure 9.2 shows the computed condition number for nλ = 10 as a function of D and
the theoretical estimate with and without discretization error and higher-order terms
in the eigenvalue estimates obtained in Section 5.1.
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Figure 9.3: Condition number of the moment matrix for the �at strip. Integral equation: TE-EFIE. Dis-
cretization: point testing and pulse basis functions, nλ = 10. Circles: computedmomentmatrix condition
number. Solid line: theoretical approximation, (9.33). Dotted line: theoretical approximation, (5.39) and
(5.40), including discretization error. (©2001 John Wiley & Sons [10].)

9.3.4 Flat Strip, TE-EFIE

For the TE polarization, as for the circular cylinder, the largest eigenvalue of the mo-
ment matrix arises from the discrete mode with largest spatial frequency. ¿is corre-
sponds to the estimate (5.39) evaluated at q = N~2, which leads to the same result as
(9.28).¿e smallest eigenvalue arises from the surface wavemode and is approximated
by (5.40). From the ratio of the extremal eigenvalues, the moment matrix condition
number can be estimated as

κ � π
4
nλD1~2 (9.33)

Figure 9.3 shows the condition number as a function of the strip length for a discretiza-
tion density of nλ = 10.

9.3.5 Parallel Strip Resonator

¿e eigenvalues of resonant modes for a parallel strip resonator were analyzed in Sec-
tion 6.3. In order to obtain condition number estimates, we also require estimates of
the largest eigenvalues of the EFIE operator. For the parallel strip resonator, surface
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wave modes radiated parallel to the strips and are not strongly coupled from one strip
to the other, so the single strip surface wave mode eigenvalue estimates can be used
to estimate the largest eigenvalue of the TM-EFIE for the cavity. For the TE-EFIE, the
largest eigenvalue is determined by the mode at the mesh Nyquist frequency. Since
this mode is nonradiating and only locally coupled, the estimate (9.28) for the circular
cylinder can be used for the cavity.
For large cavity dimensions, there are many closely spaced resonances, so we can

assume that regardless of the dimensions or frequency one mode is near enough to
resonance that the imaginary part of the eigenvalue can be taken to be zero, and the
real part (6.19) can be employed as an estimate of the magnitude of λmin. For the TM
polarization, this leads to a condition number estimate of

κTM � 4
3
D3~2

α
º
W

(9.34)

where we have retained only the leading-order term of (6.19). D is the cavity depth in
wavelengths and α is the fractional part of twice the cavity widthW in wavelengths.
For the TE polarization,

κTE � nλD
2α

º
W

(9.35)

¿e growth rate for the TE polarization with D is not as large as that of the TM case,
since the largest eigenvalue ofN does not depend on electrical size, whereas the largest
eigenvalue of L increases in magnitude with electrical size.
From (9.34) and (9.35), it can be seen that the condition number of themomentma-

trix is maximal at the smallest possible value of α. ¿is corresponds to the resonance
of the q = 1 current mode, for which the �elds are approximated by the TM1n rectan-
gular waveguide mode.¿e normalized spatial frequency of the mode is β1 = 1~(2D),
and at resonance the smallest eigenvalue is equal to the real part given by (6.21). With
(9.31), the maximum condition number is

κTMmax �
16
3
D7~2

W3~2 (9.36)

for the TM polarization. For the TE polarization,

κTEmax �
2nλD3

W3~2 (9.37)

As shown by these estimates, the condition number of the moment matrix grows
rapidly with the cavity depth D. Since the parameter α increases with the mode num-
ber q, the most extreme ill-conditioning is con�ned to narrow bands near the lowest-
order resonances of the cavity corresponding to small values of q, where the cavity
width is near to an integer or half-integer number of wavelengths.
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Figure 9.4:Moment matrix condition number for a parallel strip resonator with depth D = 10 in wave-
lengths, as a function of width in wavelengths. Integral equation: TM-EFIE. Discretization: point testing
and pulse expansion functions, nλ = 10. Solid line/dots: computed value, open cavity. Solid line: com-
puted value, half-open cavity. Dashed line: theoretical estimate, (9.34). Circles: (6.19) and (6.24), includ-
ing discretization error (6.25), at exact resonances of the lowest-order mode (q = 1). (©1999 John Wiley
& Sons [11].)

¿ese theoretical condition number estimates for the cavity can be validated by
comparison with numerical results. Figure 9.4 shows the condition number of the
moment matrix for a cavity of length D = 10 in wavelengths as a function of width.
¿e more precise theoretical estimate obtained by taking into account both (6.19) and
(6.24), as well as the spectral error (6.25), is shown at the locations of the resonances
of the TM1nmode. AsW increases, the cavity mode eigenvalues move past the origin
in the complex plane, and the condition number is largest when one of the modes is at
resonance and its eigenvalue has a vanishing imaginary part.¿e smaller peaks corre-
spond to higher-order modes moving through resonance, and the largest peaks near
integer or half-integer widths correspond to resonances of the q = 1 mode, which is
most strongly con�ned to the cavity and has the highest quality factor.
Figure 9.5 is an expansion of a small interval of the results shown in Figure 9.4. ¿e

theoretical locations of the resonances of the EFIE are marked by circles. ¿e shi ing
of the peaks of the computed condition numbers away from these locations is caused
by discretization error.
Numerical results are shown for both the open and half-open parallel strip res-
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Figure 9.5: Condition number of moment matrix for the same cavity as in Figure 9.4, over a smaller
range of the widthW. Solid line/dots: computed value, open cavity. Solid line: computed value, half-open
cavity. Dashed line: theoretical estimate, (9.34). Dotted line: (6.19) and (6.24), including discretization
error (6.25). Circles: (6.19) and (6.24), without discretization error, at exact resonances. (©1999 John
Wiley & Sons [11].)

onators. Away from resonant peaks, the condition number for the half-open cavity
is approximately twice that of the open cavity.

9.3.6 Higher-Order Basis Functions

It is known that the condition number of the moment matrix increases rapidly with
the polynomial order pof the basis, at least as fast as p2 [12].¿e spectral estimates ob-
tained in Section 5.1 are only valid formodes numbers in the range SqS B N~2, whereN
is the number ofmesh elements.¿is su�ces for the low-order basis functions consid-
ered above, but for higher-order basis functions, the additional degrees of freedom on
eachmesh elementmean that the order of themodewith smallest eigenvalue is greater
than N~2. A more sophisticated treatment is required in order to obtain a condition
number estimate for higher-order basis functions.
Let U be the unitary transformation with matrix elements

Unq = N−1~2e−jβqk0xn (9.38)

where βq and xn are de�ned as before. Transforming each block of themomentmatrix
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corresponding to the polynomial functions indexed by a and b leads to

Aqr,ab =
N
Q
m,n=1

U�
mqZmn,abUnr (9.39)

By making use of (8.9), this matrix element can be written as

Aqr,ab = η
2n2λD

∫
ª

−ª
dβ»
1 − β2

sin [πD(β − βq)]
sin [π(β − βq)~nλ]

sin [πD(β − βr)]
sin [π(β − βr)~nλ]

Fa(−β)Fb(β)
(9.40)

Expanding the integrand about the maxima for the diagonal elements with q = r leads
to

Aqq,ab � η
2

ª
Q
s=−ª

Fa(−βq,s)Fb(βq,s)¼
1 − β2q,s

(9.41)

where βq,s = βq + snλ.
¿eminimum eigenvalue of themoment matrix can be estimated from the smallest

eigenvalue ofAqq,ab for the largest value of q, which is q = N~2. For high-ordermodes,
the EFIE operator approaches its static limit and is approximately self-adjoint, and the
matrix Aqq with elements given by Aqq,ab for q = N~2 is approximately Hermitian.
We can therefore employ the variational bound

Tλ̂minT B Wv
HAN~2,N~2v
vHv

W (9.42)

to estimate the smallest eigenvalue. It turns out that the minimum eigenvalue is ob-
tained with the trial vector with elements given by va = Fa(k), which leads to

Tλ̂minT B
RRRRRRRRRRRRRR

η
2F(p)(β,β) Qs

F(p)2(β,βq,s)¼
1 − β2q,s

RRRRRRRRRRRRRR
(9.43)

By the variational expression (9.42), minimizing this expression over β leads to an
upper bound for the smallest eigenvalue of the moment matrix.
We will now apply this eigenvalue bound to the Legendre polynomial expansion.

Using the asymptotic approximation ja(x) � cos [x + (a + 1~2)2~(2x) − π(a − 1)~2]~x
for the spherical Bessel function, it can be shown that the minimum of the right-hand
side of (9.43) occurs for β = nλ~2+ nλs′, where s′ is a large integer. For β of this form,
F(p)(β,β) � (p+ 1)(p+ 2)~(2β2), and

F(p)(β,βq,s) � (ββq,s)−1
p~2
Q
a=0

(4a + 1) cos �(2a + 1~2)
2

2πs
	 (9.44)
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Figure 9.6:Moment matrix condition number as a function of polynomial order for Legendre polyno-
mial expansion applied to a �at strip, D = 1, nλ = 4. Integral equation: TM-EFIE. Solid line: theoretical
estimate, (9.46). Pluses: numerical results.

Using this in (9.43) leads to the estimate

Tλ̂minT � η
nλ(p+ 1)(p+ 2)

ª
Q
s=p~2

(2~π2)s−3
¢̈̈
¦̈
¤̈

p~2
Q
a=0

(4a + 1) cos �(2a + 1~2)
2

2πs
	
£̈̈
§̈
¥̈

2

(9.45)

for p even, with a similar result for p odd. ¿e summation over q can be evaluated
numerically and is nearly independent of p, with an approximate value of 3.1. ¿e
resulting condition number estimate is

κ � 0.2nλ(p+ 1)(p+ 2)D1~2 (9.46)

¿is estimate is compared to numerical results for the Legendre expansion applied to
a �at strip of length D = 1 in wavelengths in Figure 9.6.

9.3.7 Flat Plate—3D

For a �at plate, the extremal eigenvalues of themomentmatrix for the EFIE correspond
to the largest curl-free eigenvalue (7.9) and the smallest divergence-free eigenvalue
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Figure 9.7: Moment matrix condition number for a square plate. Integral equation: EFIE. Solid line:
theoretical estimate, (9.47). Circles: computed.

(7.10). ¿ese eigenvalue estimates lead to the condition number estimate

κ � π2

k20h2
= n2λ

4
(9.47)

¿is result breaks down as the plate size d becomes large relative to the wavelength
λ = 2π~k0, since the eigenvalues of the curl-free and divergence-free surface wave
modes depend on k0d and eventually will surpass the eigenvalues of the nonradiating
modes. For a large enough plate dimension or frequency, the condition number begins
to grow with the electrical size of the scatterer.
Since the high-spatial frequency, nonradiating modes that determine the condi-

tion number estimate (9.47) radiate evanescent �elds and are not globally coupled,
the eigenvalues depend only on local properties of the scatterer. ¿erefore, unless res-
onance or large electrical size leads to eigenvalues that are larger than (7.9) or smaller
than (7.10), the estimate (9.47) holds for arbitrary scatterers.
Figure 9.7 compares the theoretical condition number estimate to numerical results

for a square plate. For the computed values, RWG basis functions are employed on a
regular triangular mesh. ¿e plate size is d = 1λ for the smaller values of nλ, and
d = 0.1λ for the largest.
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9.4 Low-Frequency Breakdown
For a �xed mesh, the estimate (9.47) shows that the condition number of the moment
matrix for the EFIE grows as 1~k20 as the frequency decreases.¿is is observed in prac-
tice as the low-frequency breakdown of the method of moments. As the frequency de-
creases, the curl-free and divergence-free modes discussed in Section 7.1 decouple and
the eigenvalues separate into two groups. If the basis used to discretize the EFIE is such
that the divergence-free modes can be separated from the curl-free modes, then the
two subspaces can be rescaled to improve the conditioning of the discretized operator
at low frequencies. ¿is can be accomplished using the loop-star or loop-tree tech-
niques [13–16]. In this section, we analyze low-frequency breakdown and approaches
to overcoming this problem for the EFIE.
We have already obtained estimates for the largest curl-free or TE type mode

eigenvalue and the smallest divergence-free or TM type eigenvalue. To analyze low-
frequency breakdown, we need to estimate the smallest curl-free eigenvalue and the
largest divergence-free eigenvalue. For an electrically small �at PEC plate, since the
DC or constant current mode is divergence-free, the smallest curl-free eigenvalue
corresponds to a mode with the lowest possible nonzero spatial frequency, which is
β = π~(k0d). For this mode, (7.6) yields the estimate

λTEmin � −
jη
2

π
k0d

(9.48)

for this eigenvalue. ¿e curl-free part of the spectrum of the moment matrix lies be-
tween the two extremal eigenvalues given by (7.9) and (9.48).
For small k0h, the largest divergence-free eigenvalue corresponds to the mode with

lowest spatial frequency (β � 0). If k0d  1, the approximation used in obtaining
(7.4) breaks down for β = 0, since kz is rapidly varying near the maxima of the sinc
functions at kx = 0, ky = 0. A more accurate evaluation of the integral in (7.3) is
obtained by expanding the sinc functions, retaining terms up to second order, and
integrating up to the �rst zeros of the sinc functions. ¿is leads to the estimate

λTMmax �
k0ηd2

2π2 ∫
2π~d

0 ∫
2π~d

0

dkx dky
kz

�1 − k2xd2

24
− k2yd2

24
	 (9.49)

Evaluating the integral in the limit as k0 � 0 yields

λTMmax �
jηk0d
2π

�(4 − π2~9) log (1 +
º
2) − π2

º
2~9� � jη

2
k0d
π

(9.50)

At low frequencies, the divergence-free part of the spectrum lies between the values
given by (7.10) and (9.50).
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Figure 9.8: Moment matrix spectra for 1m � 1m plate for decreasing frequencies. (a) f = 300MHz,
(b) f = 150MHz, (c) f = 75MHz, and (d) f = 37.5MHz. ¿e spectra are normalized to η = 1.
Squares: theoretical extremal curl-free eigenvalue estimates, (7.9) and (9.48). Pluses: theoretical extremal
divergence-free eigenvalue estimates, (7.10) and (9.50). As the frequency becomes small, the two parts
of the spectrum separate. ¿e curl-free eigenvalues move to −jª, and the divergence-free eigenvalues
move towards the origin. Magni�ed views of the eigenvalues near the origin are shown as insets.

To validate these estimates, Figure 9.8 shows the moment matrix spectrum for a
plate of side d = 1m at various frequencies. RWG vector basis functions are employed
on a regular triangular mesh. ¿e discretization length h is taken to be the minimum
distance between mesh nodes, 0.1m. As discussed in Chapter 7, for large k0d, the
spectrum lies on a question mark shaped arc in the complex plane, which extends
from the negative imaginary axis, through η~2 on the real axis, where the curl-free
and divergence-free parts of the spectrum join, and ending near the origin along the
positive imaginary axis.¿is can be seen in Figure 9.8(a). As k0 decreases, the twoparts
of the spectrum separate, moving towards the accumulation points of the spectrum of
T at 0 and−jª.¿is sequence of spectra illustrates the phenomenonof low-frequency
breakdown.



Operator Spectra and Iterative Solution Methods 207

9.4.1 Helmholtz Decomposition

To overcome the ill-conditioning caused by low-frequency breakdown, a vector basis
is required that allows the curl-free and divergence-free modes to be separated. ¿is
is referred to as a Helmholtz decomposition.
To analyze the improvement in condition number with a Helmholtz decomposi-

tion, we will �rst assume that the decomposition is exact, so that the curl-free and
divergence-free modes can be explicitly separated. If the divergence-free moment ma-
trix block is scaled by 1~(k0h), and the curl-free block by k0h, then the condition
number becomes

κ � d2

π2h2
(9.51)

which is independent of frequency and low-frequency breakdown no longer occurs.
¿e eigenvalue estimates obtained above can be used to further optimize the condi-

tion number. ¿e optimal scaling factors are k0d~π and −π~(k0h), in which case the
spectrum of the scaled operator is a single interval in the complex plane with extrema
at −jand −jd~h. ¿e condition number improves to

κ � d~h (9.52)

which is the same as that of the discretized integral equation for the Laplace or static
problem (k0 � 0).¿is is to be expected, because at very low frequencies the dynamic
problem decouples into two static problems that could be solved individually.
For the loop-star and loop-tree bases, the loop space is divergence-free, and the

restriction of the discretized operator to this space is well conditioned, with κ � d~h.
¿e restriction to the star or tree spaces, however, has been observed empirically to be
poorly conditioned [17, 18], so that the estimates (9.51) and (9.52) are not achieved by
the loop-star or loop-tree approaches.
An analysis of the matrix spectrum shows that the ill-conditioning of the tree part

of the moment matrix is due to the existence of modes in the discrete tree space with
eigenvalues that are much smaller than eigenvalues associated with a continuous curl-
free space. Figure 9.9(a) shows the eigenfunction corresponding to the eigenvalue with
smallest magnitude of the tree space matrix for a square plate. ¿e charge accumula-
tion for this mode is small, since the current �ows back and forth between the vertical
cuts that de�ne the tree space. Figure 9.9(b) shows the approximate curl-free mode
with smallest eigenvalue for the RWGdiscretization of the same problem,which corre-
sponds to the eigenvalue with smallest positive imaginary part in Figure 9.8(d). Strong
charge accumulations exist at the corners of the plate.
¿eproblemwith the loop-star and loop-treemethods is thatwhile themode shown

in 9.9(a) does have a nonzero divergence, the divergence is too small as compared
to the curl-free modes that would be realized with an exact Helmholtz decomposi-
tion. For this example, the ratio of the smallest curl-free eigenvalue to the smallest
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(a) (b)

Figure 9.9: (a) Mode corresponding to smallest eigenvalue of the tree space interaction matrix for a
square plate of side 0.025λ. (b) Mode corresponding to smallest curl-free eigenvalue. Superimposed on
the vector �elds are the charge densities associatedwith eachmode.¿e curl-freemode is associatedwith
a relatively strong charge density or divergence, whereas the tree space mode is nearly divergence-free,
so the eigenvalue encroaches on the divergence-free part of the spectrum and causes ill-conditioning.

tree space eigenvalue is approximately 30.¿e condition number of the tree space ma-
trix is roughly 30 times larger than that of the curl-free restriction of the full moment
matrix, due to the presence of low-charge or nearly divergence-free modes in the tree
space.
Oneway to improve this residual ill-conditioning is tomultiply the tree spacematrix

with the inverse of a discretization of the divergence operator [17, 18]. Since the low-
charge modes have small divergence, multiplication by this inverse operator increases
the eigenvalues of these modes relative to other modes and compresses the spectrum
of the tree matrix.

9.5 Preconditioners
Since the condition number of a matrix strongly in�uences the convergence of an iter-
ative solution algorithm, if thematrix in a linear system can be e�ectively transformed
so that the matrix has a smaller condition number, the computational cost of solving
the linear system can be improved. A le preconditionerM transforms the linear sys-
tem to

M−1Ax =M−1b (9.53)
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If an iterative algorithm is applied to the preconditioned linear system, the condition
number that governs convergence is that ofM−1A, which should satisfy

κ(M−1A)  κ(A) (9.54)

In implementing a preconditioned iteration, it would be computationally costly to ac-
tually computeM−1 or its product with A. An iterative algorithm can be modi�ed to
include a preconditioner by solving

My = c (9.55)

for y at each iteration. IfM were equal to A, this would take as much work as solving
the original linear system, but the condition number of the matrix in (9.54) would be
unity and the iteration would only require one step. ¿us, we want the precondition-
ing matrix to be similar enough to A that the preconditioned matrix has a condition
number as close to unity as possible, but structured in a way that the linear system
(9.55) can be solved e�ciently. ¿e preconditioner can either be constructed blindly
from the matrix A, or the physics of the problem that led to A can be used to suggest
a form forM.
A common preconditioner for themethod of moments is a nearest neighbormatrix

of interactions between closely spaced testing and expansion functions. For 2D scat-
tering, this leads to a banded matrix. In 3D, the matrix is not banded, but is typically
sparse, so an algorithm for solving a sparse linear system exactly or approximately
must be used to solve (9.55). ¿e physical radius of the near-neighbor region deter-
mines the e�ectiveness of the preconditioner. ¿e larger the radius, the harder it is to
solve (9.55) at each step in the iteration, but convergence of the iteration improves.
As shown in the previous section, condition number increases with the mesh den-

sity due to eigenvalues associated with high-order, nonradiating modes. For a �xed
physical radius, the nearest neighbor preconditioner overcomes the growth of the con-
dition number with the discretization density, because the preconditioner accurately
models the localized self-interaction of evanescent modes with high spatial frequency.
As the mesh density increases, the number of matrix elements falling within the near
neighbor radius increases, and (9.55) becomes harder to solve. Since the precondi-
tioner does not model the long-range interactions that determine the surface wave
eigenvalues, the condition number can still increase with electrical size of the scatterer.
Near-neighbor preconditioners also do not overcome ill-conditioning due to resonant
e�ects, since resonance is produced by global interactions.
Other physics-based preconditioners can be developed from virtually any scatter-

ing approximation that can be e�ciently computed. For rough surfaces, a precondi-
tioner can be constructed using a �at approximating surface [19]. High-frequency ap-
proximations for long-range interactions can also be used to develop preconditioners.
Calderon identities can be used to precondition the EFIE, due to the approximate in-
verse relationship between the TM-EFIE and TE-EFIE operators [20, 21].
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9.6 Summary
We have seen that the convergence behaviors of Krylov subspace type iterative linear
system solution algorithms are strongly in�uenced by the moment matrix condition
number. Condition number estimates can be obtained from the spectral estimates de-
veloped in earlier chapters. Factors that increase the matrix condition number and
slow the convergence of iterative algorithms include mesh re�nement, which leads
to a linear increase in condition number for 2D problems and a quadratic increase
for 3D problems, resonance, and increasing polynomial order of basis functions. For
the EFIE, decreasing the frequency e�ectively increases the mesh element density per
wavelength, also causing ill-conditioning. A spectral analysis of low-frequency break-
down provides insight into this e�ect and guidance for optimizing low-frequencymo-
ment method approaches.

References
[1] C. C. Lu and W. C. Chew, “A multilevel algorithm for solving a boundary integral equation of

scattering,”Micro. Opt. Tech. Lett., vol. 7, pp. 466–470, July 1994.
[2] L. Tsang, C. H. Chan, and H. Sangani, “Application of a banded matrix iterative approach to Monte

Carlo simulations of scattering of waves by random rough surface: TM case,” Microw. Opt. Tech.
Lett., vol. 6, pp. 148–151, Feb. 1993.

[3] D. A. Kapp and G. S. Brown, “A new numerical method for rough-surface scattering calculations,”
IEEE Trans. Ant. Propag., vol. 44, pp. 711–721, May 1996.

[4] G. H. Golub and H. A. van der Vorst, “Closer to the solution: Iterative linear solvers,” in¿e State
of the Art in Numerical Analysis (I. S. Du� and G. A. Watson, eds.), pp. 63–92, Oxford: Clarendon
Press, 1997.

[5] J. C. West and J. M. Sturm, “On iterative approaches for electromagnetic rough-surface scattering
problems,” IEEE Trans. Ant. Propag., vol. 47, pp. 1281–1288, Aug. 1999.

[6] G. H. Golub and C. F. V. Loan,Matrix Computations. Baltimore: Johns Hopkins University Press,
2 ed., 1993.

[7] T. A. Driscoll, K.–C. Toh, and L. N. Trefethen, “From potential theory to matrix iterations in six
steps,” SIAM Review, vol. 40, pp. 547–578, 1998.

[8] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products. San Diego: Academic
Press, 5 ed., 1994.

[9] K. F. Warnick and W. C. Chew, “Accuracy of the method of moments for scattering by a cylinder,”
IEEE Trans. Micr. ¿. Tech., vol. 48, pp. 1652–1660, Oct. 2000.

[10] K. F. Warnick and W. C. Chew, “On the spectrum of the electric �eld integral equation and the
convergence of the moment method,” Int. J. Numer. Meth. Engr., vol. 51, pp. 31–56, May 2001.

[11] K. F. Warnick and W. C. Chew, “Convergence of moment method solutions of the electric �eld
integral equation for a 2D open cavity,”Microw. Opt. Tech. Lett., vol. 23, pp. 212–218, Nov. 1999.

[12] M.Maischak, P. Mund, and E. P. Stephan, “Adaptive multilevel BEM for acoustic scattering,”Comp.
Meth. Appl. Mech. Engrg., vol. 150, pp. 351–367, 1997.

[13] J. R. Mautz and R. F. Harrington, “An E-�eld solution for a conducting surface small or comparable
to the wavelength,” IEEE Trans. Ant. Propag., vol. 32, pp. 330–339, Apr. 1984.

[14] E. Arvas, R. F. Harrington, and J. R. Mautz, “Radiation and scattering from electrically small con-
ducting bodies of arbitrary shape,” IEEE Trans. Ant. Propag., vol. 34, pp. 66–77, Jan. 1986.



Operator Spectra and Iterative Solution Methods 211

[15] M. Burton and S. Kashyap, “A study of a recent, moment-method algorithm that is accurate to very
low frequencies,” Appl. Comp. Electromag. Soc. J., vol. 10, pp. 58–68, Nov. 1995.

[16] W.Wu, A.W. Glisson, and D. Kajfez, “A study of two numerical solution procedures for the electric
�eld integral equation at low frequency,” Appl. Comp. Electromag. Soc. J., vol. 10, pp. 69–80, Nov.
1995.

[17] W. C. Chew, J. S. Zhao, and J. M. Song, “Solving Maxwell’s equations from zero to microwave
frequencies,” 30th Plasmadynamics and Lasers Conference, Paper 99–3729, Norfolk, VA, American
Institute of Aeronautics and Astronautics, June 28–July 1, 1999.

[18] J. S. Zhao andW. C. Chew, “Integral equation solution of Maxwell’s equations from zero frequency
to microwave frequencies,” IEEE Trans. Ant. Propag., vol. 48, pp. 1635–1645, Oct. 2000.

[19] L. Tsang, C. H. Chan, and K. Pak, “Monte Carlo simulation of a two-dimensional random rough
surface using the sparse-matrix �at-surface iterative approach,” Electron. Lett., vol. 29, pp. 1153–
1154, June 1993.

[20] S. Amini and S. M. Kirkup, “Solution of Helmholtz equation in the exterior domain by elementary
boundary integral methods,” J. Comp. Phys., vol. 118, pp. 208–221, 1995.

[21] G. C. Hsiao and R. E. Kleinman, “Mathematical foundations for error estimation in numerical
solutions of integral equation in electromagnetics,” IEEE Trans. Ant. Propag., vol. 45, pp. 316–328,
Mar. 1997.





About the Author

Karl F. Warnick received a B.S. magna cum laude with university honors in 1994 and
a Ph.D. in 1997, both from Brigham Young University in Provo, Utah. From 1998 to
2000, he was a postdoctoral research associate and visiting assistant professor in the
Center for Computational Electromagnetics at the University of Illinois at Urbana–
Champaign. In 2000, he joined the Department of Electrical and Computer Engi-
neering at Brigham Young University, where he is currently an associate professor.
Professor Warnick was a recipient of the National Science Foundation Graduate Re-
search Fellowship, Outstanding Faculty Member award for Electrical and Computer
Engineering in 2005, and the BYU Young Scholar Award (2007), and he served as the
technical program cochair for the 2007 IEEE International Symposium on Antennas
and Propagation. He has published more than 100 conference articles and scienti�c
journal papers and is a coauthor of the book Problem Solving in Electromagnetics, Mi-
crowave Circuits, andAntennaDesign for Communications Engineering (ArtechHouse,
2006) with Peter Russer.

213





Index

C, 17
F, 28, 105
Fq, 37, 44
L2

error, 29, 48, 174
inner product, 25, 52, 164
norm, 26, 177
projection, 175

S, 17
T, 105
Tq, 37, 43
K, 18
L, 17
MTE, 19
MTM, 19
N , 17
T , 16
nλ, 21
b, 44
i convention, 15
jconvention, 15
2D, 17
3D, 16

Accumulation point, 38, 149, 194
Adjoint, 52

problem, 52
Aliasing error, 10, 42, 45, 50, 63, 77, 79, 88, 97,

108, 141, 145, 153, 159, 169
Antismoothing operator, 116
Approximation error, 6
Asymptotic

convergence factor, 192

error estimate, 4

Basis function, 21, 28
CN/LT, 179
CT/LN, 179
delta, 22, 43, 44, 63
entire-domain, 21
expansion, 21
higher-order, 43, 161, 201
interpolatory, 163, 164
LN/LT, 179
LN/QT, 179
local, 22
loop-star, 205
loop-tree, 205
low-order, 43, 63, 96, 108
LT/LN, 179
LT/QN, 179
orthogonal, 76, 162
pulse, 22, 28, 43, 45, 63
roo op, 150
RWG, 22, 179, 204
smooth, 42
spline, 43
testing, 21
triangle, 22, 43, 45, 64, 163
vector, 22, 147, 179

Biconjugate gradient method (BCG), 188, 193
Bistatic scattering, 25, 82
Boundary

condition, 15, 16, 18
element method, 22
integral equation, 15

215



216 Numerical Analysis for Electromagnetic Integral Equations

bra-ket notation, 41

Cavity, 19, 129, 134, 198
CGNE, CGNR, 189
Characteristic impedance, 16
Circular cylinder, 33, 74, 193
Combined �eld integral equation (CFIE), 19,

73, 86, 134
Condition number, 191, 193, 195–197, 199, 203,

204
Conecircle, 124
Conjugate gradient method (CG), 188, 189
Continuity, 163
Convergence

absolute, 64
rate, 4, 6

Convolution, 35, 43
Curl-free mode, 149, 203
Current

error, 77, 79
surface, 15

Curvature correction, 85
Cylindrical wave expansion, 34, 46, 77

DC mode, 39
Degrees of freedom, 23, 162
Delta function, 22, 43, 44, 63
Dirichlet

boundary condition, 137
function, 57, 105

Discretization, 20
1/3 rule, 109
ideal, 33, 34, 55, 65, 90, 155, 181
irregular, 92, 172, 181
length, 21
nonideal, 56, 83, 158
point/pulse, 79, 82
regular, 90, 158, 173, 180
unstable, 64, 117

Dispersion relation, 16
Divergence-free mode, 149, 203

Edge error, 121
EFIE, 16
Eigenvalue

high-order, 38, 195
low-order, 38

Electric �eld integral equation (EFIE), 16, 33,
89, 131, 181

Elements per wavelength, 21
Energy, 131
Error

radar cross section, 181
L2, 26, 29, 48, 174, 177
aliasing, 10, 42, 45, 50, 63, 77, 79, 88, 97,

108, 141, 145, 153, 159, 169
asymptotic, 4
current, 46, 77, 79, 110, 118, 169
discrete, 26, 31
empirical, 2
geometrical, 59, 85
interpolation, 28, 31, 46, 48, 94, 156, 170,

177, 178
measure, 26
projection, 9, 30, 41, 45, 63, 76, 79, 88,

108, 153, 169
quadrature, 56, 65, 83, 110, 119
radar cross section, 156, 158
radar cross-section, 27
relative, 26
residual, 6, 190
RMS, 26, 28, 46, 48, 78, 170
scattering amplitude, 27, 49, 80, 98, 114,

121, 143, 172, 178
spectral, 8, 38, 40, 62, 63, 76, 104, 107, 117,

132, 141, 153
Expansion function, 21
Extinction theorem, 19

Far �elds, 21
Field point, 17
First-kind operator, 95
Flat plate, 148, 203
Flat strip, 101, 164, 196, 203

interior, 110, 121, 122, 162, 169, 177
interior error, 101

Flat-facet mesh, 56, 59, 66, 83, 85
Fourier

mode, 28, 34, 101
transform, 25, 29

Galerkin’s method, 22, 155, 164, 181
Galerkin-Petrov method, 22
Geometrical discretization error, 59, 66, 85
Geometrical re�nement, 113, 118
GMRES, 188, 193
Green’s function, 16



Index 217

Helmholtz decomposition, 207
Higher-order basis functions, 96, 161, 201
Hypersingular, 18, 65

Ideal discretization, 33, 34, 55, 74, 90, 155, 181
Identity

matrix, 77
operator, 73, 75, 77, 93, 96, 181

Incident �eld, 15, 24, 77
Inner product

L2, 25, 52, 74, 102, 164
Integral equation, 16

CFIE, 19
EFIE, 16
MFIE, 18
second-kind, 19, 73
surface, 15
volume, 15

Integration
rule, 56, 73, 83, 110
single-point, 58, 84

Internal resonance, 79, 129
Interpolation, 28, 48, 163

error, 28, 31, 46, 48, 94, 156, 170, 177, 178
Interpolatory basis, 163, 164
Irregular

discretization, 92, 181
mesh, 64

Iteration count, 192
Iterative algorithm, 21, 187

Kernel, 16
smooth, 35, 73, 195
weakly singular, 195

Krylov subspace, 188
iteration, 188

Lagrange polynomials, 163
LCR circuit, 129, 131
Legendre polynomials, 162, 203
Linear system, 21
Loop-star basis, 205, 207
Loop-tree basis, 205, 207
Low-frequency breakdown, 205

Magnetic �eld integral equation (MFIE), 18, 73,
75, 77, 89, 93, 96, 181

Matvec, 188
Maxwell’s equations, 15

Mesh, 10, 21
curved, 23
density, 36
discretization length, 21
element, 22
element density, 21, 162
element length, 36
�at-facet, 56, 59, 66, 83, 85
irregular, 64
Nyquist frequency, 9, 30, 39, 42, 106, 167,

176, 180, 184, 194, 196, 199
patch, 23
regular, 22, 33, 64, 164

Method of moments (MoM), 20, 22
MFIE, 18, 89
Midpoint integration rule, 56, 83, 110, 119
Mie series, 46
Mode, 28

aliased, 42
antiresonant, 107
curl-free, 149, 203
DC, 39, 113, 115, 137
divergence-free, 149, 203
Fourier, 34, 101
high-order, 42, 45
modeled, 9, 40, 88, 108, 167, 176
nonradiating, 36, 38, 44, 141, 149, 194, 204
oscillatory, 39
quasi-resonant, 131
radiating, 36
surface wave, 103, 107, 115, 116, 118, 194,

196, 197
unmodeled, 9, 40, 88, 106, 108

Moment
matrix, 21, 37
method, 20

Nonideal discretization, 56, 83, 158
Nonnormal

matrix, 197
operator, 67, 101

Nonradiating mode, 36
Norm

L2, 26
Sobolev, 27

Normal
equation, 189
matrix, 191
operator, 8, 11, 34, 35, 102



218 Numerical Analysis for Electromagnetic Integral Equations

Numerical
analysis, 1
integration, 56, 65, 83, 110, 119
method, 11

Nyquist
frequency, 9, 30, 39, 42, 106, 167, 176, 180,

184, 194, 196, 199
sampling theorem, 23

Operator
adjoint, 52
antismoothing, 62, 75, 116
compact, 6, 35
discretized, 21, 36
�rst-kind, 95
hypersingular, 18, 119
identity, 19, 75, 77, 93, 96
nonnormal, 8, 67, 101
normal, 8, 11, 34, 35, 74, 102
second-kind, 95
self-adjoint, 2, 6, 8, 102
smoothing, 35
smoothing properties, 74
spectrum, 35
static, 5
weakly singular, 18

Order
convergence, 4, 6

Orthogonal basis, 76, 77, 162
Overlap matrix, 75
Oversampling, 24

Parallel strip resonator, 134, 198
Patch, 23
PEC, 15, 19, 33
Periodic sinc function, 57, 83, 98, 105, 110
Phasor, 15
Physical optics, 19
Plane wave, 16
Point

matching, 44
testing, 44, 61, 79, 181

Polarization
TE, 17
TM, 17

Polynomial
order, 43

Power, 131
Poynting’s theorem, 38, 130

Preconditioner, 208
Principal value, 18
Projection error, 9, 30, 41, 45, 63, 76, 79, 88, 108,

153, 169
Pulse function, 22, 28, 43, 45, 63, 79

Quadrature
error, 56, 65, 83, 110, 119
rule, 56, 159

Quality factor, 129
Quasi-resonant mode, 131
Quasioptimality, 6, 121

Radar cross section, 156, 158
Radar cross-section, 24
Radiating modes, 36
Rayleigh-Ritz procedure, 22
RCS, 24
Reaction, 25
Reference solution, 67, 87, 113, 118, 123, 125
Re�nement

h, 162, 168
p, 162, 168

Regular
discretization, 90, 180
mesh, 33, 64, 164

Regularization, 88, 96
Residual error, 6, 190
Resonance, 129

cavity, 134, 198
frequency shi , 133, 140, 142, 145
internal, 19, 79, 86, 129, 132, 195

Right-hand side, 21, 77
RMS, 46, 170

error, 26, 28, 48, 78
Roo op basis, 150
RWG basis, 22, 155, 179, 204

Scattered
�eld, 15
plane wave, 25, 114

Scatterer
closed, 17, 19
conecircle, 124
�at strip, 162, 169
open, 17
parallel strip resonator, 134
PEC, 15, 33
smooth, 33, 67, 87, 155



Index 219

wedge, 124
Scattering

amplitude, 5, 24, 26, 27, 49, 143
amplitude, specular, 114, 172, 179
bistatic, 25, 50, 82
cross-section, 24
width, 24

Scattering amplitude
error, 49, 80, 114, 172, 178
specular, 114

Scattering problem
2D, 17
3D, 16, 147, 179

Second-kind operator, 95
Self-adjoint, 2, 6
sinc function, 44, 79, 98, 166
Single-point integration, 58, 84, 113
Singularity, 162

current, 27, 110
edge, 101, 121, 131, 155, 162
wedge, 124

Smooth scatterer, 33, 67, 87
Smoothing operator, 35, 74
Sobolev

norm, 4, 27
space, 3
space, fractional order, 4

Source point, 17
SPD, 188
Spectral

convergence theory, 8
decomposition, 34, 74

Spectral error, 8, 38, 40, 62, 63, 76, 104, 107, 117,
132, 141, 153

relative, 40
Specular scattering amplitude, 114, 172, 179
Spline, 43
Stairstepping, 29
Stored energy, 131
Superconvergence, 51, 54, 55, 58, 61, 66, 70, 83,

88, 93, 110
Surface

closed, 19
current, 15
integral equation, 15

Surface wave mode, 103, 107, 115, 116, 118, 194,
196, 197

Symmetric product, 25, 52

TE-CFIE, 20
TE-EFIE, 17, 62, 89, 114, 150
TE-MFIE, 19
Ten unknowns per wavelength, 24, 48, 70, 126,

160
Testing function, 21
Time harmonic, 15, 129
TM-CFIE, 20
TM-EFIE, 17, 34, 150, 164
TM-MFIE, 19, 74, 89
Total �eld, 15
Triangle function, 22, 43, 45, 64, 163

Unknowns, 21, 23, 162
Unmodeled mode, 40, 106

Variational
principle, 51
property, 51, 65, 82, 121, 172

Vector basis functions, 22, 147, 179
Volume integral equation, 15

Wave vector, 16, 24
Wavenumber, 16
Wedge, 124
Weighted residuals, 22


	Numerical Analysis for Electromagnetic Integral Equations
	Contents
	Preface
	Chapter 1
 Introduction
	1.1 Approaches to Error Analysis
	1.2 Empirical Methods
	1.3 Sobolev Spaces and Asymptotic Error Estimates
	1.3.1 Sobolev Norms
	1.3.2 Sobolev Norms and the Scattering Amplitude
	1.3.3 Static Limit
	1.3.4 Quasioptimality and Approximation Error
	1.3.5 Convergence ¿eorems
	1.3.6 Limitations of Existing Error Estimates

	1.4 Spectral Convergence Theory
	1.4.1 Normal Operator Decomposition
	1.4.2 Spectral Error
	1.4.3 Error Contributions
	1.4.4 Canonical Scattering Problems

	References

	Chapter 2  Surface Integral Equation Formulations and the Method of Moments
	2.1 Electric Field Integral Equation
	2.1.1 2D Scattering Problems

	2.2 Magnetic Field Integral Equation
	2.2.1 2D Scattering Problems

	2.3 Combined Field Integral Equation
	2.3.1 2D Scattering Problems

	2.4 Method of Moments
	2.4.1 Vector Basis Functions

	2.5 Number of Unknowns
	2.6 Scattering Amplitude, ScatteringWidth, and Radar Cross-section
	2.7 Error Measures
	2.8 Basic Concepts of Modal Error Analysis
	2.8.1 Interpolation Error
	2.8.2 Mesh Nyquist Frequency
	2.8.3 Projection Error

	References

	Chapter 3  Error Analysis of the EFIE
	3.1 TM-EFIE with Ideal Discretizations
	3.1.1 Discretized Operator Spectrum
	3.1.2 Comparison of the Discretized and Exact Operator Spectra
	3.1.3 Spectral Error
	3.1.4 Spectral Error for Low-Order Basis Functions
	3.1.5 Current Solution Error
	3.1.6 Scattering Amplitude Error

	3.2 Variational Principles, the MomentMethod, and Superconvergence
	3.2.1 Superconvergence
	3.2.2 Idealizing Assumptions

	3.3 TM-EFIE with Nonideal Discretizations
	3.3.1 Quadrature Error
	3.3.2 Reducing Quadrature Error
	3.3.3 Geometrical Discretization Error

	3.4 TE-EFIE
	3.4.1 Spectral Error
	3.4.2 Spectral Error for Low-Order Basis Functions
	3.4.3 Quadrature Error
	3.4.4 Geometrical Discretization Error

	3.5 Solution Error for Other SmoothScatterers
	3.6 Summary
	References

	Chapter 4  Error Analysis of the MFIE and CFIE
	4.1 TM-MFIE with Ideal Discretizations
	4.1.1 Operator Smoothing Properties
	4.1.2 Discretized Operator Spectrum
	4.1.3 Spectral Error
	4.1.4 Current Solution Error
	4.1.5 Current Error for the Point/Pulse Discretization
	4.1.6 Scattering Amplitude Error
	4.1.7 Scattering Amplitude Error for the Point/Pulse Discretization

	4.2 Nonideal Discretizations
	4.2.1 Quadrature Error
	4.2.2 Single Integration Point
	4.2.3 Geometrical Discretization Error

	4.3 CFIE
	4.4 Solution Error for Other SmoothScatterers
	4.5 Superconvergence and Regularization
	4.5.1 Convergence Rates for EFIE and MFIE
	4.5.2 Nonsuperconvergent Cases
	4.5.3 First- and Second-Kind Operators
	4.5.4 Higher-Order Basis Functions
	4.5.5 High-Order Convergence with Low-Order Basis Functions

	4.6 Summary
	References

	Chapter 5  Geometrical Singularities and the Flat Strip
	5.1 Flat Strip Interior Error, TM-EFIE
	5.1.1 Normal Operator Approximation
	5.1.2 Discretized Operator Spectrum
	5.1.3 Spectral Error
	5.1.4 Spectral Error for Low-Order Basis Functions
	5.1.5 The Magic “1/3” Discretization
	5.1.6 Quadrature Error
	5.1.7 Current Solution Error
	5.1.8 Scattering Amplitude Error

	5.2 Flat Strip Interior Error, TE-EFIE
	5.2.1 Discretized Operator Spectrum
	5.2.2 Spectral Error
	5.2.3 Current Solution Error
	5.2.4 Quadrature Error

	5.3 Edge Error Analysis
	5.4 Wedges
	5.5 Summary
	References

	Chapter 6  Resonant Structures
	6.1 Resonance and the EFIE OperatorSpectrum
	6.1.1 Quasi-Resonant Modes
	6.1.2 Resonance and the Method of Moments

	6.2 Internal Resonance
	6.3 Cavities
	6.3.1 Resonant Case
	6.3.2 Near-Resonant Case
	6.3.3 Spectral Error
	6.3.4 Scattering Amplitude Error

	6.4 Summary
	References

	Chapter 7  Error Analysis for 3D Problems
	7.1 Flat Plate
	7.1.1 MomentMatrix Spectrum
	7.1.2 Rooftop Basis Functions

	7.2 RWG Basis Functions
	7.2.1 Nonideal Discretizations

	7.3 Summary
	References

	Chapter 8  Higher-Order Basis Functions
	8.1 Higher-Order Basis Functions for 2D Problems
	8.2 Interpolatory Polynomials
	8.2.1 Discretized Operator Spectrum
	8.2.1 Discretized Operator Spectrum
	8.2.2 Interpolation Transfer Function
	8.2.3 Spectral Error
	8.2.4 Current Solution Error
	8.2.5 Scattering Amplitude Error

	8.3 Orthogonal Polynomials
	8.3.1 Discretized Operator Spectrum
	8.3.2 Projection Transfer Function
	8.3.3 Spectral Error
	8.3.4 Current Solution Error
	8.3.5 Scattering Amplitude Error

	8.4 3D Problems
	8.4.1 Numerical Results

	8.5 Summary
	References

	Chapter 9  Operator Spectra and Iterative Solution Methods
	9.1 Krylov Subspace Algorithms
	9.1.1 CG Algorithm
	9.1.2 CGNE and CGNR
	9.1.3 Residual Error
	9.1.4 Condition Number
	9.1.5 Other Krylov Subspace Methods

	9.2 Iteration Count Estimates
	9.3 Condition Number Estimates
	9.3.1 Circular Cylinder, TM-EFIE
	9.3.2 Circular Cylinder, TE-EFIE
	9.3.3 Flat Strip, TM-EFIE
	9.3.4 Flat Strip, TE-EFIE
	9.3.5 Parallel Strip Resonator
	9.3.6 Higher-Order Basis Functions
	9.3.7 Flat Plate—3D

	9.4 Low-Frequency Breakdown
	9.4.1 Helmholtz Decomposition

	9.5 Preconditioners
	9.6 Summary
	References

	About the Author
	Index


